PHYSICS 140B : STATISTICAL PHYSICS
FINAL EXAMINATION SOLUTIONS

(1) Provide clear, accurate, and substantial answers for each of the following:

(a) For a fermionic system of number density n and with single particle dispersion e(k),
where k is the wavevector, what is the definition of the Fermi energy and the Fermi sur-
face? [5 points]

(b) Write down the symmetric transfer matrix R for the one-dimensional spin-1 Ising
Hamiltonian,

H=-7> 5,541 .
where each S, € {—1,0,+1}. [6 points]

(c) For the cluster v shown in Fig. 1, identify the symmetry factor s., the lowest order virial
coefficient B; to which v contributes, and write an expression for the cluster integral b, (')
in terms of the Mayer function f(r). [5 points]

Figure 1: The connected cluster ~y for problem 1c.

(d) Describe the physics of spinodal decomposition, phase separation, and the Maxwell
construction. Include a sketch of p(v, T') versus v to illustrate your description. [5 points]

(e) What does it mean to say that for the Landau free energy density (with b > 0)
f(m) = Sam?® — Lym® + Lom?*
that “a first order transition preempts the second order transition”? [6 points]

(a) The Fermi energy ey (n) is the the highest energy level achieved by occupying single
particle states consecutively, subject to the Pauli principle. Thus,

R
n— /ds o)

where g(¢) is the single particle density of states. The Fermi energy is also the value of the
chemical potential at 7' = 0: p(T' = 0,n) = ex(n). The Fermi surface is the locus of points
in k-space where ¢(k) = ¢p..



(b) The transfer matrix is 3 x 3 and of the form

eJ/k‘BT 1 e—J/kBT
RSS’ = eJSSI/kBT = 1 1 1 s
e—J/k‘BT 1 eJ/kBT

with f = 1/k,T. The rows and columns consecutively correspond to S = 1, S = 0, and
S =—1.

(c) The symmetry factor is 2!-2! = 4, because, consulting the right panel of Fig. 2, vertices
2 and 5 can be exchanged, and vertices 3 and 4 can be exchanged. There are five vertices,
hence the lowest order virial coefficient to which this cluster contributes is B5. The cluster
integral is
1
b'y - W/ddl"l dd332 ddl"s dd$4 dd335 Ji2 fis faz faz fos f34 f35 fas
1
= Z/dd%/dd%/ddx?,/dd% fi2 15 fos faz fos faa f35 [a5

where f,. = exp|—u(r;;)/kyT| — 1. See Fig. 2 for the labels.
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Figure 2: The connected cluster y for problem 1b and its labeled version.

(d) The Maxwell construction is a fix for the van der Waals system and other related phe-
nomenological equations of state p = p(T’, v) in which, throughout a region of temperature
T, the pressure as a function of volume p(v) is nonmonotonic. This is unphysical since
the isothermal compressibility r, = —v~!(0v/0p); becomes negative, which signals an
absolute thermal instability, known as spinodal decomposition. The regime of instability is
even larger than this, however, because of the possibility of phase separation into regions of
different bulk density. The situation is depicted in Fig. 3. To remedy these defects, one
replaces the unstable part of the p(v) curve with a flat line extending from v = v, tov = v,
at each temperature 7" in the unstable region, such that the following two conditions hold:

Vg

() p(T,0) = p(Towy) (i) /dvp<T,v>=<v2—v1>p<T,v1>
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Figure 3: The Maxwell construction corrects a nonmonotonic p(v) to include a flat section,
known as the coexistence region, which guarantees that the Helmholtz free energy of the
system is at a true minimum. The system is absolutely unstable between volumes v4 and
Ve. For v € [v,, v4] of v € [ve, vc], the solution is unstable with respect to phase separation.

(e) Assuming y > 0, the minimum value of f(m) lies below f(0) = 0 provided that
a < a, = 2y?/b. At this critical value of a oc T — T, the location of the minimum dis-
continuously jumps from m = 0 at a = af to m = 3a/y at a = a_. Thus the coefficient
of the m? term remains positive at this transition. As a is lowered further below a., and
eventually becomes negative, the location of the minimum evolves smoothly.

(2) Consider the equation of state

p(T,v) =

RT _a
v—>b exp RTv? ’

where v is the volume per mole.
(a) Find v.. [6 points]
(b) Find T),. [5 points]
(c) Find p.. [5 points]

(d) Defining the dimensionless quantities p = p/p,, T =T/T,,and v = v/v,, write the
equation of state p = p(7",v). Show that p(I'= 1,9 = 1) = 1. [10 points]

(a) We examine p(T',v) at fixed T" and identify any temperature range where (0p/dv), > 0,
which would indicate an absolute thermodynamic instability where x, < 0. It is conve-
nient to compute

1dp Olnp 1 . 2a
pov  Ov  v—b RT3



Setting the RHS to zero, and defining v = bu, we obtain the equation

ud B 2a
u—1 RTH?

g(u) =

Clearly g(u) divergesas u — 17 and as u — cc. Setting ¢’ (u) = 0 we find a single minimum
atu* = 3, where g(2). Thus, v, = u*b = 3b.

(b) Since g(u*) = 2l is the minimum value, we identify 7, by setting

:2_7_ 2a T 8a

W) =T 7 T~ wRp

(c) Now we plug v, and T, into the equation of state to obtain

16a

Pe = p(TC7UC) = Tbg eXp(_%)

(d) Writing p = p/p., T =T/T.,and © = v/v,, we have

_ T 3 2
5(T.0) = —— v
BT, 7) 3v—2exp<2 2Tv2>

Note that p(1,1) = 1, which is equivalent to p, = p(T, v.).

c) c

(3) Consider a system consisting of mobile ions of charge +Ze > 0 and electrons of charge
—e < 0. Let the ion mass be m , and the electron mass be m_. The average number density
of ionsisn,.

(a) Let 2, be the fugacities for the ions (+) and electrons (—). Within Debye-Hiickel theory,
what is the formula for the charge density p(r)? Hint: Your formula should involve the
local potential ¢(r). [5 points]

(b) Assuming overall charge neutrality, what is the number density n_ of electrons? What
is the relation between the number densities n,, the fugacities z,, and the masses m . at
temperature 7? Hint: At |r| — oo, take ¢(r) — 0. [6 points]

(c) What is the full nonlinear self-consistent equation for ¢(r)? [56 points]

(d) Assuming |e¢(r)| < kpT, the linearized self-consistent equation for ¢(r) in the pres-
ence of an external charge distribution p. (1) = Q é(r) is

Vi =rp ¢ —AnQo(r)
where £, is the Debye screening wavevector. Find an expression for k. [6 points]

(e) In d = 3 dimensions, again assuming |e¢(r)| < k,T', what is the total charge distribu-
tion p; (r) in the presence of the external charge Q? [56 points]



(a) We have

p(r)=Zez, )\jrd exp <— ZZQS;T)) —ez_ ¢ exp<e]f(;)> ,

where A\ = (27h?/mk,T)"/? and 2z, = exp(u /k,T).

(b) Charge neutrality entails
Zen, —en_=0 = n_=1242n,

The densities are n, = z, A;%. Thus, Zz+)\jrd —z_ "%

o) ()

(c) We have

2
V¢ = —dnp = 4nZen

where we have used n_ = Zn

(d) With |e¢| < kiT, we expand the above nonlinear self-consistent Poisson equation,
including the external charge, to obtain

AnZ(1+Z)nge

2
V2 = — ¢ —4rQ(r)

Thus we have

_ (AmZ(1+ Z)n, € 1/2
o = kT

(e) The potential is given by the Yukawa form,

5(r) = % exp(—nyr)
The total charge density is

Piot(T) = Pext (1) + p(7)
2 exp(—K,r
:Q(;(T)—QI{DG p( D)

4rr

Note that
[ pam =0 .

which says that the external charge is completely screened.

(4) Consider a four-state Ising model on a cubic lattice with Hamiltonian

H=-JY 88 -HY S, |
(i) i



where each spin variable S, takes on one of four possible values: S, € {-2,—1,+1,+2},
and the first sum is over all nearest-neighbor pairs of the lattice (i.e. over all unique links).
Note there is no S; = 0 state.

(a) What is the mean field Hamiltonian H,,.? [5 points]

(b) Find the mean field free energy per site f(6,h,m), where m = (S;), 0 = kp;T/zJ,
h=H/zJ,and f = F/NzJ. Here z is the lattice coordination number. [5 points]

(c) Find the mean field equation relating m, 6, and h. [5 points]

(d) Expand f to fourth order in m, retaining terms only to first order in h, and working to
lowest order in 6 — .. What is §.? [6 points]

e) If J/k, = 100K, what is the critical temperature 7,,? [5 points]

(a) The mean field is H g = H + zJm where m = (S;). The mean field Hamiltonian is

H,, = SNzJm? — (H + sz)ZSZ- ;

i
where the square of the fluctuation terms on each site have been neglected.
(b) The partition function is Z,,, = Trexp(—H,,/k;T) = exp(—NzJ f), with

f(@,h,m) = ém —GlnTrexp[ (m + h)S/0]

= %mz —0In [2 cosh<mT+h> + 2005h<#>

(c) Setting f’(m) = 0, we obtain the mean field equation:

sinh ( + 2sinh (2m+2h)

"= cosh ( ) + cosh (2m+2h)

(d) Isolating the contribution from the high temperature entropy, we have

f= %mz —6In [% cosh<mT+h> + %cosh<w> —60In4

0

Now we expand using coshu = 1+ 2u? + u? + O(u®) and In(1 + ¢) = € — 32 + O(&%),



where both v and ¢ are small. This yields, with u = (m + h)/0,

f+91n4:%m2—Hln[%Jr§u2+4—18u4+...+%+i(2u)2+%(2u)4+...]
:%mz—eln[1+%u2+}l—gu4+...]
= %m2—9[%u2+i—gu4—%(%uz)z—l—...]

5(m+h)?  41(m+ h)?
460 96 63

41
—3>m2+ m4—3hm+...

1,2
2m -

1
2 46 96 63 26
From this we find 6, = %, and

f(0,h,m) =—0Ind+ (0 — 6.)m* + 455 m* — hm

(e) We have k,T, = zJ0. = 6 x 5 x 100K = 1500 K.



