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Chapter 7 
 
 

1. ( ) bxx Axeψ −=  gives / bx bxd dx Ae bAxeψ − −= −  and 2 2 2/ 2 bx bxd dx bAe b Axeψ − −= − + .  Then 
substituting into Equation 7.2 we have 

 
2 2

2

0

( 2 )
2 4

bx bx bx bxeAbe b Axe Axe EAxe
m xπe

− − − −− − + − =
  

 
Canceling common factors gives 
 

2 2 2 2 2 2 2 2

0 0

or 0
2 4 4 2

b b e b e bx Ex x E
m m m mπe πe

   
− − = − + − − =   

  

     

  
For this expression to equal zero for all x, both terms in parentheses must be zero.  Thus  
 

2 2 2 2 2 4

2 2 2 2
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1or and
4 4 2 32

b e me b meb E
m a mπe πe π e

= = = = − = −
 

 

 

 
2. The probability density is 2 2 2 2( ) ( ) bxP x x A x eψ −= = .  To find the maximum, we set the 

first derivative equal to zero: 
 

2 2 2 2 22 2 0bx bxdP A xe bA x e
dx

− −= − =  

 
 This has solutions at x = 0, x = ∞, and x = 1/b = a0.  The first two give minima and the 

third gives the maximum. 
 
3. The probability to find the electron in a small interval is 2 2 2( ) bxP x dx A x e dx−= .  

Substituting the values of A and b, and evaluating the resulting expression for x = a0 and 
dx = 0.02a0 (appropriate to the interval from x = 0.99a0 to x = 1.01a0), we obtain 

 
02 /2 2 2

0 03 3
0 0

4 4( ) (0.02 ) 0.0108x aP x dx x e dx a e a
a a

− −= = =  

 
4. (a)  ( 1) (3)(4) 12l l= + = =L     
 
 (b)  There are 2l + 1 = 7 possible z components: 3 , 2 , ,0, , 2 , 3z lL m= = + + + − − −       . 
 
 (c)  cos / ( 1) / 12l lm l l mθ = + =  
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5. For l = 2, ml = +2, +1, 0, −1, −2.  With cos / ( 1) / 6l lm l l mθ = + = , we have 
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−
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6. l = 0:  (4, 0, 0) 
 
 l = 1:  (4, 1, +1), (4, 1, 0), (4, 1, −1) 
 
 l = 2:  (4, 2, +2), (4, 2, +1), (4, 2, 0), (4, 2, −1), (4, 2, −2) 
 
 l = 3:  (4, 3, +3), (4, 3, +2), (4, 3, +1), (4, 3, 0), (4, 3, −1), (4, 3, −2), (4, 3, −3) 
 
7. (a) lmax = n – 1 = 5 so l = 0, 1, 2, 3, 4, 5 for n = 6. 
 
 (b) ml = +6, +5, +4, +3, +2, +1, 0, −1, −2, −3, −4, −5, −6 
 
 (c) 1 5n l≥ + = for l = 4, so the smallest possible n is 5. 
 
 (d) For ml = 4, 4l ≥ so the smallest possible l is 4. 
 
8.  The normalization integral for the (1, 0, 0) wave function is 

  0
22 22 /2 3 2 1 1

1,0,0 0 2 20 0 0 0 0 0
sin ( , , ) 4 sinr ar dr d d r a e r dr d d

π π π π

πθ θ φ ψ θ φ θ θ φ
∞ ∞ −−=∫ ∫ ∫ ∫ ∫ ∫  

  02 /3 2
0 3 30

0 0

4 2!4 1
(2 / )

r aa e r dr
a a

∞ −−= = =∫  
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π π π π

πθ θ φ ψ θ φ θ θ φ
∞ ∞ −−=∫ ∫ ∫ ∫ ∫ ∫  

  02 /3 2
0 3 30

0 0

4 2!4 1
(2 / )

r aa e r dr
a a

∞ −−= = =∫  



Chapter 7 Page 4 
 

0 0

0 0 0

0

0

/ 2 / 2

5
00

2
/ 2 / 2 / 2

2 25
0 0 00

/ 2

5
0

/ 2

5
0

1 cos
232

1 1 1 cos
2 2 432

1 ( sin )
32

1sin (2sin cos )
32

r a r a

r a r a r a

r a

r a

re e
r aa

re e e
r a a aa

re
a

re
a

ψ θ
π

ψ θ
π

ψ θ
θ π

ψθ θ θ
θ θ π

− −

− − −

−

−

 ∂
= − ∂  

 ∂
= − − + ∂  

∂
= −

∂

∂ ∂  = − ∂ ∂ 

 

 
Equation 7.10 then gives 
 

0

2 2
/ 2

25
0 0 0 00

2 2

2,1,0 2,1,0 2 2,1,0
0 0 0 0

cos 1 2 21
2 4 2 432

1 1 1 1 1( , , ) ( , , ) ( , , )
4 2 8 2 4 8

r a r r ee
m a a r a ra

e er r E r
r a r r a

θ
πeπ

ψ θ φ ψ θ φ ψ θ φ
πe πe

−
   
− − + + − − −       

   
= − + − = − =   

   



 

 

10. With 0/
1,0,0 3

0

1( , , ) r ar e
a

ψ θ φ
π

−= , 0 0

2
/ /

2 23 3
0 00 0

1 1 1 1andr a r ae e
r a r aa a
ψ ψ

π π
− −   ∂ ∂

= − =   ∂ ∂   
. 

Substituting into Equation 7.10, we have 
 

 

0 0 0
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2 2
/ / /

23
0 0 00

2 2
/

1,0,0 1,0,03
0 0 0 00

1 1 2
2 4

1 1 1 1 1 ( , , ) ( , , )
4 2 2 4

r a r a r a

r a

ee e e
m a a r ra

e ee r E r
a r r aa

πeπ

ψ θ φ ψ θ φ
πe πeπ

− − −

−

  
− − −  

  

 
= − + − = − = 

 



 

 

with 
2 2 2 4

2 2 2 2
0 0 0 0 0

1 1
2 4 2 4 4 32

e e me meE
a πe πe πe π e

= − = − = −
 

 which is E1 from Equation 7.13. 

 
11. (a) For n = 2, l = 1, ml = 0, the probability to find the electron in a volume element dV is 

given by Equation 7.16: 
  

0

2
2 / 2 2

2,1,0 3 2
0 0

1 3( , , cos sin
24 4

r arr dV e r dr d d
a a

ψ θ φ θ θ θ φ
π

−  =  
 

 

 
and for ml = ±1,  
 




