
Chapter 1

Introduction

In this chapter, we describe the aims of perturbation theory in general terms, and
give some simple illustrative examples of perturbation problems. Some texts and
references on perturbation theory are [6], [7], and [10].

1.1 Perturbation theory

Consider a problem

P ε(x) = 0 (1.1)

depending on a small, real-valued parameter ε that simplifies in some way when
ε = 0 (for example, it is linear or exactly solvable). The aim of perturbation theory
is to determine the behavior of the solution x = xε of (1.1) as ε→ 0. The use of a
small parameter here is simply for definiteness; for example, a problem depending
on a large parameter ω can be rewritten as one depending on a small parameter
ε = 1/ω.

The focus of these notes is on perturbation problems involving differential equa-
tions, but perturbation theory and asymptotic analysis apply to a broad class of
problems. In some cases, we may have an explicit expression for xε, such as an
integral representation, and want to obtain its behavior in the limit ε→ 0.

1.1.1 Asymptotic solutions

The first goal of perturbation theory is to construct a formal asymptotic solution of
(1.1) that satisfies the equation up to a small error. For example, for each N ∈ N,
we may be able to find an asymptotic solution xε

N such that

P ε (xε
N ) = O(εN+1),

where O(εn) denotes a term of the the order εn. This notation will be made precise
in Chapter 2.
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Once we have constructed such an asymptotic solution, we would like to know
that there is an exact solution x = xε of (1.1) that is close to the asymptotic solution
when ε is small; for example, a solution such that

xε = xε
N +O(εN+1).

This is the case if a small error in the equation leads to a small error in the solution.
For example, we can establish such a result if we have a stability estimate of the
form

|x− y| ≤ C |P ε(x)− P ε(y)|

where C is a constant independent of ε, and | · | denotes appropriate norms. Such an
estimate depends on the properties of P ε and may be difficult to obtain, especially
for nonlinear problems. In these notes we will focus on methods for the construction
of asymptotic solutions, and we will not discuss in detail the existence of solutions
close to the asymptotic solution.

1.1.2 Regular and singular perturbation problems

It is useful to make an imprecise distinction between regular perturbation problems
and singular perturbation problems. A regular perturbation problem is one for which
the perturbed problem for small, nonzero values of ε is qualitatively the same as
the unperturbed problem for ε = 0. One typically obtains a convergent expansion
of the solution with respect to ε, consisting of the unperturbed solution and higher-
order corrections. A singular perturbation problem is one for which the perturbed
problem is qualitatively different from the unperturbed problem. One typically
obtains an asymptotic, but possibly divergent, expansion of the solution, which
depends singularly on the parameter ε.

Although singular perturbation problems may appear atypical, they are the most
interesting problems to study because they allow one to understand qualitatively
new phenomena.

The solutions of singular perturbation problems involving differential equations
often depend on several widely different length or time scales. Such problems can
be divided into two broad classes: layer problems, treated using the method of
matched asymptotic expansions (MMAE); and multiple-scale problems, treated by
the method of multiple scales (MMS). Prandtl’s boundary layer theory for the high-
Reynolds flow of a viscous fluid over a solid body is an example of a boundary layer
problem, and the semi-classical limit of quantum mechanics is an example of a
multiple-scale problem.

We will begin by illustrating some basic issues in perturbation theory with simple
algebraic equations.
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1.2 Algebraic equations

The first two examples illustrate the distinction between regular and singular per-
turbation problems.

Example 1.1 Consider the cubic equation

x3 − x+ ε = 0. (1.2)

We look for a solution of the form

x = x0 + εx1 + ε2x2 +O(ε3). (1.3)

Using this expansion in the equation, expanding, and equating coefficients of εn to
zero, we get

x3
0 − x0 = 0,

3x2
0x1 − x1 + 1 = 0,

3x0x2 − x2 + 3x0x
2
1 = 0.

Note that we obtain a nonlinear equation for the leading order solution x0, and
nonhomogeneous linearized equations for the higher order corrections x1, x2,. . . .
This structure is typical of many perturbation problems.

Solving the leading-order perturbation equation, we obtain the three roots

x0 = 0,±1.

Solving the first-order perturbation equation, we find that

x1 =
1

1− 3x2
0

.

The corresponding solutions are

x = ε+O(ε2), x = ±1− 1
2
ε+O(ε2).

Continuing in this way, we can obtain a convergent power series expansion about
ε = 0 for each of the three distinct roots of (1.2). This result is typical of regular
perturbation problems.

An alternative — but equivalent — method to obtain the perturbation series is
to use the Taylor expansion

x(ε) = x(0) + ẋ(0)ε+
1
2!
ẍ(0)ε2 + . . . ,

where the dot denotes a derivative with respect to ε. To compute the coefficients,
we repeatedly differentiate the equation with respect to ε and set ε = 0 in the result.
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For example, setting ε = 0 in (1.2), and solving the resulting equation for x(0), we
get x(0) = 0,±1. Differentiating (1.2) with respect to ε, we get

3x2ẋ− ẋ+ 1 = 0.

Setting ε = 0 and solving for ẋ(0), we get the same answer as before.

Example 1.2 Consider the cubic equation

εx3 − x+ 1 = 0. (1.4)

Using (1.3) in (1.4), expanding, and equating coefficents of εn to zero, we get

−x0 + 1 = 0,

−x1 + x3
0 = 0,

−x2 + 3x2
0x1 = 0.

Solving these equations, we find that x0 = 1, x1 = 1, . . . , and hence

x(ε) = 1 + ε+O(ε2). (1.5)

We only obtain one solution because the cubic equation (1.4) degenerates to a linear
equation at ε = 0. We missed the other two solutions because they approach infinity
as ε → 0. A change in the qualitative nature of the problem at the unperturbed
value ε = 0 is typical of singular perturbation problems.

To find the other solutions, we introduce a rescaled variable y, where

x(ε) =
1
δ(ε)

y(ε),

and y = O(1) as ε → 0. The scaling factor δ is to be determined. Using this
equation in (1.4), we find that

ε

δ3
y3 − 1

δ
y + 1 = 0. (1.6)

In order to obtain a nontrivial solution, we require that at least two leading-order
terms in this equation have the same order of magnitude. This is called the principle
of dominant balance.

Balancing the first two terms, we find that∗

ε

δ3
=

1
δ
,

which implies that δ = ε1/2. The first two terms in (1.4) are then O(ε−1/2), and the
third term is O(1), which is smaller. With this choice of δ, equation (1.6) becomes

y3 − y + ε1/2 = 0.

∗Nonzero constant factors can be absorbed into y.
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Solving this equation in the same way as (1.2), we get the nonzero solutions

y = ±1− 1
2
ε1/2 +O(ε).

The corresponding solutions for x are

x = ± 1
ε1/2

− 1
2

+O
(
ε1/2

)
.

The dominant balance argument illustrated here is useful in many perturbation
problems. The corresponding limit, ε→ 0 with x(ε) = O(ε−1/2), is called a distin-
guished limit.

There are two other two-term balances in (1.6). Balancing the second and third
terms, we find that

1
δ

= 1

or δ = 1. The first term is then O(ε), so it is smaller than the other two terms. This
dominant balance gives the solution in (1.5). Balancing the first and third terms,
we find that

ε

δ3
= 1,

or δ = ε1/3. In this case, the first and third terms are O(1), but the second term
is O(ε−1/3). Thus, it is larger than the terms that balance, so we do not obtain a
dominant balance or any new solutions.

In this example, no three-term dominant balance is possible as ε → 0, but this
can occur in other problems.

Example 1.3 A famous example of the effect of a perturbation on the solutions of
a polynomial is Wilkinson’s polynomial (1964),

(x− 1)(x− 2) . . . (x− 20) = εx19.

The perturbation has a large effect on the roots even for small values of ε.

The next two examples illustrate some other features of perturbation theory.

Example 1.4 Consider the quadratic equation

(1− ε)x2 − 2x+ 1 = 0.

Suppose we look for a straightforward power series expansion of the form

x = x0 + εx1 +O(ε2).

We find that

x2
0 − 2x0 + 1 = 0,

2(x0 − 1)x1 = x2
0.
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Solving the first equation, we get x0 = 1. The second equation then becomes 0 = 1.
It follows that there is no solution of the assumed form.

This difficulty arises because x = 1 is a repeated root of the unperturbed prob-
lem. As a result, the solution

x =
1± ε1/2

1− ε

does not have a power series expansion in ε, but depends on ε1/2. An expansion

x = x0 + ε1/2x1 + εx2 +O(ε3/2)

leads to the equations x0 = 1, x2
1 = 1, or

x = 1± ε1/2 +O(ε)

in agreement with the exact solution.

Example 1.5 Consider the transcendental equation

xe−x = ε. (1.7)

As ε→ 0+, there are two possibilities:

(a) x→ 0, which implies that x = ε+ ε2 +O(ε2);
(b) e−x → 0, when x→∞.

In the second case, x must be close to log 1/ε.
To obtain an asymptotic expansion for the solution, we solve the equation itera-

tively using the idea that e−x varies much more rapidly than x as x→ 0. Rewriting
(1.7) as e−x = ε/x and taking logarithms, we get the equivalent equation

x = log x+ log
1
ε
.

Thus solutions are fixed points of the function

f(x) = log x+ log
1
ε
.

We then define iterates xn, n ∈ N, by

xn+1 = log xn + log
1
ε
,

x1 = log
1
ε
.

Defining

L1 = log
1
ε
, L2 = log

(
log

1
ε

)
,
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we find that

x2 = L1 + L2,

x3 = L1 + log(L1 + L2)

= L1 + L2 +
L2

L1
+O

((
L2

L1

)2
)
.

At higher orders, terms involving

L3 = log
(

log
(

log
1
ε

))
,

and so on, appear.
The form of this expansion would be difficult to guess without using an iterative

method. Note, however, that the successive terms in this asymptotic expansion
converge very slowly as ε → 0. For example, although L2/L1 → 0 as ε → 0, when
ε = 0.1, L1 ≈ 36, L2 ≈ 12; and when ε = 10−5, L1 ≈ 19, L2 ≈ 1.

1.3 Eigenvalue problems

Spectral perturbation theory studies how the spectrum of an operator is perturbed
when the operator is perturbed. In general, this question is a difficult one, and
subtle phenomena may occur, especially in connection with the behavior of the
continuous spectrum of the operators. Here, we consider the simplest case of the
perturbation in an eigenvalue.

Let H be a Hilbert space with inner product 〈·, ·〉, and Aε : D(Aε) ⊂ H → H a
linear operator in H, with domain D(Aε), depending smoothly on a real parameter
ε. We assume that:

(a) Aε is self-adjoint, so that

〈x,Aεy〉 = 〈Aεx, y〉 for all x, y ∈ D(Aε);

(b) Aε has a smooth branch of simple eigenvalues λε ∈ R with eigenvectors
xε ∈ H, meaning that

Aεxε = λεxε. (1.8)

We will compute the perturbation in the eigenvalue from its value at ε = 0 when ε
is small but nonzero.

A concrete example is the perturbation in the eigenvalues of a symmetric matrix.
In that case, we have H = Rn with the Euclidean inner product

〈x, y〉 = xT y,
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and Aε : Rn → Rn is a linear transformation with an n×n symmetric matrix (aε
ij).

The perturbation in the eigenvalues of a Hermitian matrix corresponds to H = Cn

with inner product 〈x, y〉 = xT y. As we illustrate below with the Schrödinger
equation of quantum mechanics, spectral problems for differential equations can be
formulated in terms of unbounded operators acting in infinite-dimensional Hilbert
spaces.

We use the expansions

Aε = A0 + εA1 + . . .+ εnAn + . . . ,

xε = x0 + εx1 + . . .+ εnxn + . . . ,

λε = λ0 + ελ1 + . . .+ εnλn + . . .

in the eigenvalue problem (1.8), equate coefficients of εn, and rearrange the result.
We find that

(A0 − λ0I)x0 = 0, (1.9)

(A0 − λ0I)x1 = −A1x0 + λ1x0, (1.10)

(A0 − λ0I)xn =
n∑

i=1

{−Aixn−i + λixn−i} . (1.11)

Assuming that x0 6= 0, equation (1.9) implies that λ0 is an eigenvalue of A0

and x0 is an eigenvector. Equation (1.10) is then a singular equation for x1. The
following proposition gives a simple, but fundamental, solvability condition for this
equation.

Proposition 1.6 Suppose that A is a self-adjoint operator acting in a Hilbert space
H and λ ∈ R. If z ∈ H, a necessary condition for the existence of a solution y ∈ H
of the equation

(A− λI) y = z (1.12)

is that

〈x, z〉 = 0,

for every eigenvector x of A with eigenvalue λ.

Proof. Suppose z ∈ H and y is a solution of (1.12). If x is an eigenvector of A,
then using (1.12) and the self-adjointness of A− λI, we find that

〈x, z〉 = 〈x, (A− λI) y〉
= 〈(A− λI)x, y〉
= 0.

�
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In many cases, the necesary solvability condition in this proposition is also suf-
ficient, and then we say that A−λI satisfies the Fredholm alternative; for example,
this is true in the finite-dimensional case, or when A is an elliptic partial differential
operator.

SinceA0 is self-adjoint and λ0 is a simple eigenvalue with eigenvector x0, equation
(1.12) it is solvable for x1 only if the right hand side is orthogonal to x0, which im-
plies that

λ1 =
〈x0, A1x0〉
〈x0, x0〉

.

This equation gives the leading order perturbation in the eigenvalue, and is the
most important result of the expansion.

Assuming that the necessary solvability condition in the proposition is sufficient,
we can then solve (1.10) for x1. A solution for x1 is not unique, since we can add
to it an arbitrary scalar multiple of x0. This nonuniqueness is a consequence of the
fact that if xε is an eigenvector of Aε, then cεxε is also a solution for any scalar cε.
If

cε = 1 + εc1 +O(ε2)

then

cεxε = x0 + ε (x1 + c1x0) +O(ε2).

Thus, the addition of c1x0 to x1 corresponds to a rescaling of the eigenvector by a
factor that is close to one.

This expansion can be continued to any order. The solvability condition for
(1.11) determines λn, and the equation may then be solved for xn, up to an arbitrary
vector cnx0. The appearance of singular problems, and the need to impose solvabilty
conditions at each order which determine parameters in the expansion and allow for
the solution of higher order corrections, is a typical structure of many pertubation
problems.

1.3.1 Quantum mechanics

One application of this expansion is in quantum mechanics, where it can be used
to compute the change in the energy levels of a system caused by a perturbation in
its Hamiltonian.

The Schrödinger equation of quantum mechanics is

i~ψt = Hψ.

Here t denotes time and ~ is Planck’s constant. The wavefunction ψ(t) takes values
in a Hilbert space H, and H is a self-adjoint linear operator acting in H with the
dimensions of energy, called the Hamiltonian.
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Energy eigenstates are wavefunctions of the form

ψ(t) = e−iEt/~ϕ,

where ϕ ∈ H and E ∈ R. It follows from the Schrödinger equation that

Hϕ = Eϕ.

Hence E is an eigenvalue of H and ϕ is an eigenvector. One of Schrödinger’s
motivations for introducing his equation was that eigenvalue problems led to the
experimentally observed discrete energy levels of atoms.

Now suppose that the Hamiltonian

Hε = H0 + εH1 +O(ε2)

depends smoothly on a parameter ε. Then, rewriting the previous result, we find
that the corresponding simple energy eigenvalues (assuming they exist) have the
expansion

Eε = E0 + ε
〈ϕ0,H1ϕ0〉
〈ϕ0, ϕ0〉

+O(ε2)

where ϕ0 is an eigenvector of H0.
For example, the Schrödinger equation that describes a particle of mass m mov-

ing in Rd under the influence of a conservative force field with potential V : Rd → R
is

i~ψt = − ~2

2m
∆ψ + V ψ.

Here, the wavefunction ψ(x, t) is a function of a space variable x ∈ Rd and time
t ∈ R. At fixed time t, we have ψ(·, t) ∈ L2(Rd), where

L2(Rd) =
{
u : Rd → C | u is measurable and

∫
Rd |u|2 dx <∞

}
is the Hilbert space of square-integrable functions with inner-product

〈u, v〉 =
∫

Rd

u(x)v(x) dx.

The Hamiltonian operator H : D(H) ⊂ H → H, with domain D(H), is given by

H = − ~2

2m
∆ + V.

If u, v are smooth functions that decay sufficiently rapidly at infinity, then Green’s
theorem implies that

〈u,Hv〉 =
∫

Rd

u

(
− ~2

2m
∆v + V v

)
dx

=
∫

Rd

{
~2

2m
∇ · (v∇u− u∇v)− ~2

2m
(∆u)v + V uv

}
dx
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=
∫

Rd

(
− ~2

2m
∆u+ V u

)
v dx

= 〈Hu, v〉.

Thus, this operator is formally self-adjoint. Under suitable conditions on the poten-
tial V , the operator can be shown to be self-adjoint with respect to an appropriately
chosen domain.

Now suppose that the potential V ε depends on a parameter ε, and has the
expansion

V ε(x) = V0(x) + εV1(x) +O(ε2).

The perturbation in a simple energy eigenvalue

Eε = E0 + εE1 +O(ε2),

assuming one exists, is given by

E1 =

∫
Rd V1(x)|ϕ0(x)|2 dx∫

Rd |ϕ0(x)|2 dx
,

where ϕ0 ∈ L2(Rd) is an unperturbed energy eigenfunction that satisfies

− ~2

2m
∆ϕ0 + V0ϕ0 = E0ϕ0.

Example 1.7 The one-dimensional simple harmonic oscillator has potential

V0(x) =
1
2
kx2.

The eigenvalue problem

− ~2

2m
ϕ′′ +

1
2
kx2ϕ = Eϕ, ϕ ∈ L2(R)

is exactly solvable. The energy eigenvalues are

En = ~ω
(
n+

1
2

)
n = 0, 1, 2, . . . ,

where

ω =

√
k

m

is the frequency of the corresponding classical oscillator. The eigenfunctions are

ϕn(x) = Hn(αx)e−α2x2/2,

where Hn is the nth Hermite polynomial,

Hn(ξ) = (−1)neξ2 dn

dξn
e−ξ2

,
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and the constant α, with dimensions of 1/length, is given by

α2 =

√
mk

~
.

The energy levels Eε
n of a slightly anharmonic oscillator with potential

V ε(x) =
1
2
kx2 + ε

k

α2
W (αx) +O(ε2) as ε→ 0+

where ε > 0 have the asymptotic behavior

Eε
n = ~ω

{
n+

1
2

+ ε∆n +O(ε2)
}

as ε→ 0+,

where

∆n =
∫
W (ξ)H2

n(ξ)e−ξ2
dξ∫

H2
n(ξ)e−ξ2 dξ

.

For an extensive and rigorous discussion of spectral perturbation theory for
linear operators, see [9].

1.4 Nondimensionalization

The numerical value of any quantity in a mathematical model is measured with
respect to a system of units (for example, meters in a mechanical model, or dollars
in a financial model). The units used to measure a quantity are arbitrary, and a
change in the system of units (for example, to feet or yen, at a fixed exchange rate)
cannot change the predictions of the model. A change in units leads to a rescaling
of the quantities. Thus, the independence of the model from the system of units
corresponds to a scaling invariance of the model. In cases when the zero point of a
unit is arbitrary, we also obtain a translational invariance, but we will not consider
translational invariances here.

Suppose that a model involves quantities (a1, a2, . . . , an), which may include de-
pendent and independent variables as well as parameters. We denote the dimension
of a quantity a by [a]. A fundamental system of units is a minimal set of indepen-
dent units, which we denote symbolically by (d1, d2, . . . , dr). Different fundamental
system of units can be used, but given a fundamental system of units any other de-
rived unit may be constructed uniquely as a product of powers of the fundamental
units, so that

[a] = dα1
1 dα2

2 . . . dαr
r (1.13)

for suitable exponents (α1, α2, . . . , αr).

Example 1.8 In mechanical problems, a fundamental set of units is d1 = mass,
d2 = length, d3 = time, or d1 = M , d2 = L, d3 = T , for short. Then velocity
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V = L/T and momentum P = ML/T are derived units. We could use instead
momentum P , velocity V , and time T as a fundamental system of units, when mass
M = P/V and length L = V T are derived units. In problems involving heat flow, we
may introduce temperature (measured, for example, in degrees Kelvin) as another
fundamental unit, and in problems involving electromagnetism, we may introduce
current (measured, for example, in Ampères) as another fundamental unit.

The invariance of a model under the change in units dj 7→ λjdj implies that it
is invariant under the scaling transformation

ai → λ
α1,i

1 λ
α2,i

2 . . . λαr,i
r ai i = 1, . . . , n

for any λ1, . . . λr > 0, where

[ai] = d
α1,i

1 d
α2,i

2 . . . dαr,i
r . (1.14)

Thus, if

a = f (a1, . . . , an)

is any relation between quantities in the model with the dimensions in (1.13) and
(1.14), then f has the scaling property that

λα1
1 λα2

2 . . . λαr
r f (a1, . . . , an) = f

(
λ

α1,1
1 λ

α2,1
2 . . . λαr,1

r a1, . . . , λ
α1,n

1 λ
α2,n

2 . . . λαr,n
r an

)
.

A particular consequence of the invariance of a model under a change of units is
that any two quantities which are equal must have the same dimensions. This fact
is often useful in finding the dimension of some quantity.

Example 1.9 According to Newton’s second law,

force = rate of change of momentum with respect to time.

Thus, if F denotes the dimension of force and P the dimension of momentum,
then F = P/T . Since P = MV = ML/T , we conclude that F = ML/T 2 (or
mass× acceleration).

Example 1.10 In fluid mechanics, the shear viscosity µ of a Newtonian fluid is the
constant of proportionality that relates the viscous stress tensor T to the velocity
gradient ∇u:

T =
1
2
µ
(
∇u +∇uT

)
.

Stress has dimensions of force/area, so

[T ] =
ML

T 2

1
L2

=
M

LT 2
.
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The velocity gradient ∇u has dimensions of velocity/length, so

[∇u] =
L

T

1
L

=
1
T
.

Equating dimensions, we find that

[µ] =
M

LT
.

We can also write [µ] = (M/L3)(L2/T ). It follows that if ρ0 is the density of the
fluid, and µ = ρ0ν, then

[ν] =
L2

T
.

Thus ν, which is called the kinematical viscosity, has the dimensions of diffusivity.
Physically it is the diffusivity of momentum. For example, in time T , viscous effects
lead to the diffusion of momentum over a length scale of the order

√
νT .

Scaling invariance implies that we can reduce the number of quantities appear-
ing in the problem by the introduction of dimensionless variables. Suppose that
(a1, . . . , ar) are a set of (nonzero) quantities whose dimensions form a fundamental
system of units. We denote the remaining quantities in the model by (b1, . . . , bm),
where r +m = n. Then for suitable exponents (β1,i, . . . , βr,i), the quantity

Πi =
bi

a
β1,i

1 . . . a
βr,i
r

is dimensionless, meaning that it is invariant under the scaling transformations
induced by changes in units. Such dimensionless quantities can often be interpreted
as the ratio of two quantities of the same dimension appearing in the problem (such
as a ratio of lengths, times, diffusivities, and so on). Perturbation methods are
typically applicable when one or more of these dimensionless quantities is small or
large.

Any relationship of the form

b = f(a1, . . . , ar, b1, . . . , bm)

is equivalent to a relation

Π = f(1, . . . , 1,Π1, . . . ,Πm).

Thus, the introduction of dimensionless quantities reduces the number of variables
in the problem by the number of fundamental units involved in the problem. In
many cases, nondimensionalization leads to a reduction in the number of parameters
in the problem to a minimal number of dimensionless parameters. In some cases,
one may be able to use dimensional arguments to obtain the form of self-similar
solutions.
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Example 1.11 Consider the following IVP for the Green’s function of the heat
equation in Rd:

ut = ν∆u,

u(x, 0) = Eδ(x).

Here δ is the delta-function. The dimensioned parameters in this problem are the
diffusivity ν and the energy E of the point source. The only length and times
scales are those that come from the independent variables (x, t), so the solution is
self-similar.

We have [u] = θ, where θ denotes temperature, and, since∫
Rd

u(x, 0) dx = E,

we have [E] = θLd. Dimensional analysis and the rotational invariance of the
Laplacian ∆ imply that

u(x, t) =
E

(νt)d/2
f

(
|x|√
νt

)
.

Using this expression for u(x, t) in the PDE, we get an ODE for f(ξ),

f ′′ +
(
ξ

2
+
d− 1
ξ

)
f ′ +

d

2
f = 0.

We can rewrite this equation as a first-order ODE for f ′ + ξ
2f ,(

f ′ +
ξ

2
f

)′

+
d− 1
ξ

(
f ′ +

ξ

2
f

)
= 0.

Solving this equation, we get

f ′ +
ξ

2
f =

b

ξd−1
,

where b is a constant of integration. Solving for f , we get

f(ξ) = ae−ξ2/4 + be−ξ2/4

∫
e−ξ2

ξd−1
dξ,

where a s another constant of integration. In order for f to be integrable, we must
set b = 0. Then

u(x, t) =
aE

(νt)d/2
exp

(
−|x|

2

4νt

)
.

Imposing the requirement that ∫
Rd

u(x, t) dx = E,
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and using the standard integral∫
Rd

exp
(
−|x|

2

2c

)
dx = (2πc)d/2

,

we find that a = (4π)−d/2, and

u(x, t) =
E

(4πνt)d/2
exp

(
−|x|

2

4νt

)
.

Example 1.12 Consider a sphere of radius L moving through a fluid with constant
speed U . A primary quantity of interest is the total drag force D exerted by the
fluid on the sphere. We assume that the fluid is incompressible, which is a good
approximation if the flow speed U is much less than the speed of sound in the
fluid. The fluid properties are then determined by the density ρ0 and the kinematic
viscosity ν. Hence,

D = f(U,L, ρ0, ν).

Since the drag D has the dimensions of force (ML/T 2), dimensional analysis implies
that

D = ρ0U
2L2F

(
UL

ν

)
.

Thus, the dimensionless drag

D

ρ0U2L2
= F (Re)

is a function of the Reynold’s number

Re =
UL

ν
.

The function F has a complicated dependence on Re that is difficult to compute
explicitly. For example, F changes rapidly near Reynolds numbers for which the
flow past the sphere becomes turbulent. Nevertheless, experimental measurements
agree very well with the result of this dimensionless analysis (see Figure 1.9 in [1],
for example).

Dimensional analysis leads to continuous scaling symmetries. These scaling sym-
metries are not the only continuous symmetries possessed by differential equations.
The theory of Lie groups and Lie algebras provides a systematic method for com-
puting all continuous symmetries of a given differential equation [13]. Lie originally
introduced the notions of Lie groups and Lie algebras precisely for this purpose.

Example 1.13 The full group of symmetries of the one-dimensional heat equation

ut = uxx
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is generated by the following transformations [13]:

u(x, t) 7→ u(x− α, t),

u(x, t) 7→ u(x, t− β),

u(x, t) 7→ γu(x, t),

u(x, t) 7→ u(δx, δ2t),

u(x, t) 7→ e−εx+ε2tu(x− 2εt, t),

u(x, t) 7→ 1√
1 + 4ηt

exp
[
−ηx2

1 + 4ηt

]
u

(
x

1 + 4ηt
,

t

1 + 4ηt

)
,

u(x, t) 7→ u(x, t) + v(x, t),

where (α, . . . , η) are constants, and v(x, t) is an arbitrary solution of the heat
equation. The scaling symmetries involving γ and δ can be deduced by dimen-
sional arguments, but the symmetries involving ε and η cannot.

For further discussion of dimensional analysis and self-similar solutions, see [1].
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Chapter 2

Asymptotic Expansions

In this chapter, we define the order notation and asymptotic expansions. For addi-
tional discussion, see [3], and [12].

2.1 Order notation

The O and o order notation provides a precise mathematical formulation of ideas
that correspond — roughly — to the ‘same order of magnitude’ and ‘smaller order
of magnitude.’ We state the definitions for the asymptotic behavior of a real-valued
function f(x) as x → 0, where x is a real parameter. With obvious modifications,
similar definitions apply to asymptotic behavior in the limits x → 0+, x → x0,
x → ∞, to complex or integer parameters, and other cases. Also, by replacing | · |
with a norm, we can define similiar concepts for functions taking values in a normed
linear space.

Definition 2.1 Let f, g : R \ 0 → R be real functions. We say f = O(g) as x → 0
if there are constants C and r > 0 such that

|f(x)| ≤ C|g(x)| whenever 0 < |x| < r.

We say f = o(g) as x → 0 if for every δ > 0 there is an r > 0 such that

|f(x)| ≤ δ|g(x)| whenever 0 < |x| < r.

If g 6= 0, then f = O(g) as x → 0 if and only if f/g is bounded in a (punctured)
neighborhood of 0, and f = o(g) if and only if f/g → 0 as x → 0.

We also write f � g, or f is ‘much less than’ g, if f = o(g), and f ∼ g, or f is
asymptotic to g, if f/g → 1.

Example 2.2 A few simple examples are:

(a) sin 1/x = O(1) as x → 0

19
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(b) it is not true that 1 = O(sin 1/x) as x → 0, because sin 1/x vanishes is
every neighborhood of x = 0;

(c) x3 = o(x2) as x → 0, and x2 = o(x3) as x →∞;
(d) x = o(log x) as x → 0+, and log x = o(x) as x →∞;
(e) sin x ∼ x as x → 0;
(f) e−1/x = o(xn) as x → 0+ for any n ∈ N.

The o and O notations are not quantitative without estimates for the constants
C, δ, and r appearing in the definitions.

2.2 Asymptotic expansions

An asymptotic expansion describes the asymptotic behavior of a function in terms
of a sequence of gauge functions. The definition was introduced by Poincaré (1886),
and it provides a solid mathematical foundation for the use of many divergent series.

Definition 2.3 A sequence of functions ϕn : R \ 0 → R, where n = 0, 1, 2, . . ., is
an asymptotic sequence as x → 0 if for each n = 0, 1, 2, . . . we have

ϕn+1 = o (ϕn) as x → 0.

We call ϕn a gauge function. If {ϕn} is an asymptotic sequence and f : R \ 0 → R
is a function, we write

f(x) ∼
∞∑

n=0

anϕn(x) as x → 0 (2.1)

if for each N = 0, 1, 2, . . . we have

f(x)−
N∑

n=0

anϕn(x) = o(ϕN ) as x → 0.

We call (2.1) the asymptotic expansion of f with respect to {ϕn} as x → 0.

Example 2.4 The functions ϕn(x) = xn form an asymptotic sequence as x → 0+.
Asymptotic expansions with respect to this sequence are called asymptotic power
series, and they are discussed further below. The functions ϕn(x) = x−n form an
asymptotic sequence as x →∞.

Example 2.5 The function log sinx has an asymptotic expansion as x → 0+ with
respect to the asymptotic sequence {log x, x2, x4, . . .}:

log sin x ∼ log x +
1
6
x2 + . . . as x → 0+.
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If, as is usually the case, the gauge functions ϕn do not vanish in a punctured
neighborhood of 0, then it follows from Definition 2.1 that

aN+1 = lim
x→0

f(x)−
∑N

n=0 anϕn(x)
ϕN+1

.

Thus, if a function has an expansion with respect to a given sequence of gauge func-
tions, the expansion is unique. Different functions may have the same asymptotic
expansion.

Example 2.6 For any constant c ∈ R, we have

1
1− x

+ ce−1/x ∼ 1 + x + x2 + . . . + xn + . . . as x → 0+,

since e−1/x = o(xn) as x → 0+ for every n ∈ N.

Asymptotic expansions can be added, and — under natural conditions on the
gauge functions — multiplied. The term-by-term integration of asymptotic expan-
sions is valid, but differentiation may not be, because small, highly-oscillatory terms
can become large when they are differentiated.

Example 2.7 Let

f(x) =
1

1− x
+ e−1/x sin e1/x.

Then

f(x) ∼ 1 + x + x2 + x3 + . . . as x → 0+,

but

f ′(x) ∼ −cos e1/x

x2
+ 1 + 2x + 3x2 + . . . as x → 0+.

Term-by-term differentiation is valid under suitable assumptions that rule out
the presence of small, highly oscillatory terms. For example, a convergent power
series expansion of an analytic function can be differentiated term-by-term

2.2.1 Asymptotic power series

Asymptotic power series,

f(x) ∼
∞∑

n=0

anxn as x → 0,

are among the most common and useful asymptotic expansions.
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If f is a smooth (C∞) function in a neighborhood of the origin, then Taylor’s
theorem implies that∣∣∣∣∣f(x)−

N∑
n=0

f (n)(0)
n!

xn

∣∣∣∣∣ ≤ CN+1x
N+1 when |x| ≤ r,

where

CN+1 = sup
|x|≤r

∣∣f (N+1)(x)
∣∣

(N + 1)!
.

It follows that f has the asymptotic power series expansion

f(x) ∼
∞∑

n=0

f (n)(0)
n!

xn as x → 0. (2.2)

The asymptotic power series in (2.2) converges to f in a neighborhood of the origin
if and only if f is analytic at x = 0. If f is C∞ but not analytic, the series may
converge to a function different from f (see Example 2.6 with c 6= 0) or it may
diverge (see (2.4) or (3.3) below).

The Taylor series of f(x) at x = x0,
∞∑

n=0

f (n)(x0)
n!

(x− x0)n,

does not provide an asymptotic expansion of f(x) as x → x1 when x1 6= x0 even if
it converges. The partial sums therefore do not generally provide a good approx-
imation of f(x) as x → x1. (See Example 2.9, where a partial sum of the Taylor
series of the error function at x = 0 provides a poor approximation of the function
when x is large.)

The following (rather surprising) theorem shows that there are no restrictions
on the growth rate of the coefficients in an asymptotic power series, unlike the case
of convergent power series.

Theorem 2.8 (Borel-Ritt) Given any sequence {an} of real (or complex) coeffi-
cients, there exists a C∞-function f : R → R (or f : R → C) such that

f(x) ∼
∑

anxn as x → 0.

Proof. Let η : R → R be a C∞-function such that

η(x) =
{

1 if |x| ≤ 1,
0 if |x| ≥ 2.

We choose a sequence of positive numbers {δn} such that δn → 0 as n →∞ and

|an|
∥∥∥∥xnη

(
x

δn

)∥∥∥∥
Cn

≤ 1
2n

, (2.3)
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where

‖f‖Cn = sup
x∈R

n∑
k=0

∣∣∣f (k)(x)
∣∣∣

denotes the Cn-norm. We define

f(x) =
∞∑

n=0

anxnη

(
x

δn

)
.

This series converges pointwise, since when x = 0 it is equal to a0, and when x 6= 0
it consists of only finitely many terms. The condition in (2.3) implies that the
sequence converges in Cn for every n ∈ N. Hence, the function f has continuous
derivatives of all orders. �

2.2.2 Asymptotic versus convergent series

We have already observed that an asymptotic series need not be convergent, and a
convergent series need not be asymptotic. To explain the difference in more detail,
we consider a formal series

∞∑
n=0

anϕn(x),

where {an} is a sequence of coefficients and {ϕn(x)} is an asymptotic sequence as
x → 0. We denote the partial sums by

SN (x) =
N∑

n=0

anϕn(x).

Then convergence is concerned with the behavior of SN (x) as N →∞ with x fixed,
whereas asymptoticity (at x = 0) is concerned with the behavior of SN (x) as x → 0
with N fixed.

A convergent series define a unique limiting sum, but convergence does not give
any indication of how rapidly the series it converges, nor of how well the sum of
a fixed number of terms approximates the limit. An asymptotic series does not
define a unique sum, nor does it provide an arbitrarily accurate approximation of
the value of a function it represents at any x 6= 0, but its partial sums provide good
approximations of these functions that when x is sufficiently small.

The following example illustrates the contrast between convergent and asymp-
totic series. We will examine another example of a divergent asymptotic series in
Section 3.1.

Example 2.9 The error function erf : R → R is defined by

erf x =
2√
π

∫ x

0

e−t2 dt.
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Integrating the power series expansion of e−t2 term by term, we obtain the power
series expansion of erf x,

erf x =
2√
π

{
x− 1

3
x3 + . . . +

(−1)n

(2n + 1)n!
x2n+1 + . . .

}
,

which is convergent for every x ∈ R. For large values of x, however, the convergence
is very slow. the Taylor series of the error function at x = 0. Instead, we can use
the following divergent asymptotic expansion, proved below, to obtain accurate
approximations of erf x for large x:

erf x ∼ 1− e−x2

√
π

∞∑
n=0

(−1)n+1 (2n− 1)!!
2n

1
xn+1

as x →∞, (2.4)

where (2n− 1)!! = 1 · 3 · . . . · (2n− 1). For example, when x = 3, we need 31 terms
in the Taylor series at x = 0 to approximate erf 3 to an accuracy of 10−5, whereas
we only need 2 terms in the asymptotic expansion.

Proposition 2.10 The expansion (2.4) is an asymptotic expansion of erf x.

Proof. We write

erf x = 1− 2√
π

∫ ∞

x

e−t2 dt,

and make the change of variables s = t2,

erf x = 1− 1√
π

∫ ∞

x2
s−1/2e−s ds.

For n = 0, 1, 2, . . ., we define

Fn(x) =
∫ ∞

x2
s−n−1/2e−s ds.

Then an integration by parts implies that

Fn(x) =
e−x2

x2n+1
−

(
n +

1
2

)
Fn+1(x).

By repeated use of this recursion relation, we find that

erf x = 1− 1√
π

F0(x)

= 1− 1√
π

[
e−x2

x
− 1

2
F1(x)

]

= 1− 1√
π

[
e−x2

(
1
x
− 1

2x3

)
+

1 · 3
22

F2(x)
]
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= 1− 1√
π

[
e−x2

(
1
x
− 1

2x3
+ . . . (−1)N 1 · 3 · . . . · (2N − 1)

2Nx2N+1

)
+ (−1)N+1 1 · 3 · . . . · (2N + 1)

2N+1
FN+1(x)

]
.

It follows that

erf x = 1− e−x2

√
π

N∑
n=0

(−1)n 1 · 3 · . . . · (2n− 1)
2nx2n+1

+ RN+1(x)

where

RN+1(x) = (−1)N+1 1√
π

1 · 3 · . . . · (2N + 1)
2N+1

FN+1(x).

Since

|Fn(x)| =
∣∣∣∣∫ ∞

x2
s−n−1/2e−s ds

∣∣∣∣
≤ 1

x2n+1

∫ ∞

x2
e−s ds

≤ e−x2

x2n+1
,

we have

|RN+1(x)| ≤ CN+1
e−x2

x2N+3
,

where

CN =
1 · 3 · . . . · (2N + 1)

2N+1
√

π
.

This proves the result. �

2.2.3 Generalized asymptotic expansions

Sometimes it is useful to consider more general asymptotic expansions with respect
to a sequence of gauge functions {ϕn} of the form

f(x) ∼
∞∑

n=0

fn(x),

where for each N = 0, 1, 2, . . .

f(x)−
N∑

n=0

fn(x) = o(ϕN+1).
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For example, an expansion of the form

f(x) ∼
∞∑

n=0

an(x)ϕn(x)

in which the coefficients an are bounded functions of x is a generalized asymptotic
expansion. Such expansions provide additional flexibility, but they are not unique
and have to be used with care in many cases.

Example 2.11 We have

1
1− x

∼
∞∑

n=0

xn as x → 0+.

We also have

1
1− x

∼
∞∑

n=0

(1 + x)x2n as x → 0+.

This is a generalized asymptotic expansion with respect to {xn | n = 0, 1, 2, . . .}
that differs from the first one.

Example 2.12 According to [12], the following generalized asymptotic expansion
with respect to the asymptotic sequence {(log x)−n}

sinx

x
∼

∞∑
n=1

n!e−(n+1)x/(2n)

(log x)n
as x →∞

is an example showing that “the definition admits expansions that have no conceiv-
able value.”

Example 2.13 A physical example of a generalized asymptotic expansion arises in
the derivation of the Navier-Stokes equations of fluid mechanics from the Boltzmann
equations of kinetic theory by means of the Chapman-Enskog expansion. If λ is the
mean free path of the fluid molecules and L is a macroscopic length-scale of the
fluid flow, then the relevant small parameter is

ε =
λ

L
� 1.

The leading-order term in the Chapman-Enskog expansion satisfies the Navier-
Stokes equations in which the fluid viscosity is of the order ε when nondimensional-
ized by the length and time scales characteristic of the fluid flow. Thus the leading
order solution depends on the perturbation parameter ε, and this expansion is a
generalized asymptotic expansion.
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2.2.4 Nonuniform asymptotic expansions

In many problems, we seek an asymptotic expansion as ε → 0 of a function u(x, ε),
where x is an independent variable.∗ The asymptotic behavior of the function
with respect to ε may depend upon x, in which case we say that the expansion is
nonuniform.

Example 2.14 Consider the function u : [0,∞)× (0,∞) → R defined by

u(x, ε) =
1

x + ε
.

If x > 0, then

u(x, ε) ∼ 1
x

[
1− ε

x
+

ε2

x2
+ . . .

]
as ε → 0+.

On the other hand, if x = 0, then

u(0, ε) ∼ 1
ε

as ε → 0+.

The transition between these two different expansions occurs when x = O(ε). In
the limit ε → 0+ with y = x/ε fixed, we have

u(εy, ε) ∼ 1
ε

(
1

y + 1

)
as ε → 0+.

This expansion matches with the other two expansions in the limits y → ∞ and
y → 0+.

Nonuniform asymptotic expansions are not a mathematical pathology, and they
are often the crucial feature of singular perturbation problems. We will encounter
many such problems below; for example, in boundary layer problems the solution
has different asymptotic expansions inside and outside the boundary layer, and in
various problems involving oscillators nonuniformities aries for long times.

2.3 Stokes phenomenon

An asymptotic expansion as z → ∞ of a complex function f : C → C with an
essential singularity at z = ∞ is typically valid only in a wedge-shaped region
α < arg z < β, and the function has different asymptotic expansions in different
wedges.† The change in the form of the asymptotic expansion across the boundaries
of the wedges is called the Stokes phenomenon.

∗We consider asymptotic expansions with respect to ε, not x.

†We consider a function with an essential singularity at z = ∞ for definiteness; the same phe-

nomenon occurs for functions with an essential singularity at any z0 ∈ C.
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Example 2.15 Consider the function f : C → C defined by

f(z) = sinh z2 =
ez2 − e−z2

2
.

Let |z| → ∞ with arg z fixed, and define

Ω1 = {z ∈ C | −π/4 < arg z < π/4} ,

Ω2 = {z ∈ C | π/4 < arg z < 3π/4 or −3π/4 < arg z < −π/4} .

If z ∈ Ω1, then Re z2 > 0 and ez2 � e−z2
, whereas if z ∈ Ω2, then Re z2 < 0 and

ez2 � e−z2
. Hence

f(z) ∼

{
1
2ez2

as |z| → ∞ in Ω1,
1
2e−z2

as |z| → ∞ in Ω2.

The lines arg z = ±π/4,±3π/4 where the asymptotic expansion changes form are
called anti-Stokes lines. The terms ez2

and e−z2
switch from being dominant to

subdominant as z crosses an anti-Stokes lines. The lines arg z = 0, π,±π/2 where
the subdominant term is as small as possible relative to the dominant term are
called Stokes lines.

This example concerns a simple explicit function, but a similar behavior occurs
for solutions of ODEs with essential singularities in the complex plane, such as error
functions, Airy functions, and Bessel functions.

Example 2.16 The error function can be extended to an entire function erf : C →
C with an essential singularity at z = ∞. It has the following asymptotic expansions
in different wedges:

erf z ∼


1− exp(−z2)/(z

√
π) as z →∞ with z ∈ Ω1,

−1− exp(−z2)/(z
√

π) as z →∞ with z ∈ Ω2,
− exp(−z2)/(z

√
π) as z →∞ with z ∈ Ω3.

where

Ω1 = {z ∈ C | −π/4 < arg z < π/4} ,

Ω2 = {z ∈ C | 3π/4 < arg z < 5π/4} ,

Ω3 = {z ∈ C | π/4 < arg z < 3π/4 or 5π/4 < arg z < 7π/4} .

Often one wants to determine the asymptotic behavior of such a function in one
wedge given its behavior in another wedge. This is called a connection problem
(see Section 3.5.1 for the case of the Airy function). The apparently discontinuous
change in the form of the asymptotic expansion of the solutions of an ODE across
an anti-Stokes line can be understood using exponential asymptotics as the result of
a continuous, but rapid, change in the coefficient of the subdominant terms across
the Stokes line [2].
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 u§ E � E �K] ± ¢ b r � ² no§<d>v��cz
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ACBED7F GIHJDLKNMLOJBEPQOJFSRUTVPQWQMLPYXUT[Z\Z	H^]UT[PQT[DNWYHJBEO_Ta`NMbBcWQHJdEDbG�e_BgfEThGQdEOJM	WQHJdED_GiWQe_BjWlkme_BjD_KETnPYBERLHoZ	O^F
HJD*B8D_BjPYPQdcpqPYTVKNH^dND�rtsneLHoGvuwBgFxd	kVkVMLP�H^D�BjD2H^DLH^WQHoBjO�OoBgFET[PvpheLT[PQT�WQe_TVPYT�HoGyB8PmBjRLHoZ
BEZcz{M_G{WYu\TVD7W&dj|�HJDLH}WYHJBEO~k�dND_Z	H^WQHJdED_GhWQd�Bw`7M_BEGQH^��GIWQTaBEZ	F:GIWYBjWQTN�LH^DCB\XUdEM_D_ZLBjPYF�OoBgFET[PhpheLTVPYT
WQe_TyGQdEOJM	WYH^dND�BgpnBgF�|�PYdEu�WYeLTyXbdNMLD_ZLBEPQF�BNZgz{M_GIWYG�WQd+B�XbdNMLD_ZLBEPQF�kVdED_ZLH}WYH^dND���dNP�HJD�BED
HJDNWYTVPYH^dNPnOJBgFNTVPhGIMbkme�BNGhB\RLPQdNR_BjK7BcWYH^DLK�p�BgfNT���|�PQdND7W[r
sneLTaGIT RLPYdEXLOJTVuwG�kVBED�XUT\BED_BjOJF.�VTaZ!M_GQH^DLK�WYeLT\u TVWQeLd	Z�dj|�uwBjWYkmeLTaZ�BNGIF.u\R	WQdEWQHok�TV�.�

R_BED_GIHJdEDbG���ACAC�&�����	HJD:pheLHokme:p�T�kVdED_GIWQPYM_k�WnZ	H^]�TVPYTVD7WnBNGIF.u\R	WYdjWQHok&GQdEOJM	WYH^dND_G�HJD_GQHJZLT6BED_Z
dEMLWYGQHJZ	TnWYeLThPYTVKEHJdED�dj|�PYBERLHoZ�kme_BEDLKETN�EBjDbZ�� uwBcWYkme~�cWQeLT[u�WYdEKETVWQeLT[P�WQdSZ	TVWQT[PQu\HJDLT�B6KEOJdEX_BEO
GQdEOJM	WQHJdED�ry��W{F.RLHokVBEOi|�T[BjWQMLPYT�dj|nWYeLHJGSW{F.RbT�dE|hRLPQdNXLOJTVu1HoG�ByPYT[ZLM_k�WYH^dND�HJD4WQe_T:dEPmZ	T[P-dj|
WQe_TSZ	H}]�TVPYTVD7WYHJBEO�T[`7M_BcWYH^dNDvHJD�WQeLT-M_DLRbT[PIWYMLPYXbTaZvR_PQdNXLO^T[uy�	O^TaBEZ	HJDLK�WQd�B PQTaZ	M_k�WQHJdED�H^D�WQe_T
D.MLu�XUTVP-dE|lHJDLH^WQHoBjO�dNP-XbdNMLD_ZLBEPQFCkVdED_Z	H^WQHJdEDbG6WQe_BjW�kVBjD�XUTwH^u\RUdNGQT[Z�MLRbdND�WQeLT�GQdEOJM	WQHJdED~r
�LdNP�BEZLZLH}WYH^dND_BjO�HJD	|�dEPYuwBcWYH^dND��LGIT[Tw� �j ��~�^¡[¢j �r
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��D_�VF.u\T[GSBEPQTwRLPYdjWYTVHJD_G�WYe_BcW�BNk�W�BNGSkVBjWYBEO^F	GIWYG[r��§sne_TVPYT:BjPYT�BjOoGId!BCGQuwBjOJO^T[PSD.MLu�XUTVP�dj|
TVD_�VF.u\T[G[��kVBjOJOJT[Z+PYH^XUdE�[F.u TaGV��WYe_BcWwk�dND7WYBjHJD�kVBjWYBEO^F7WQHok:´&µ&�¶u dNO^Tak�MLOJT[G[r·�¸�¹GIM_X_G{WmBjD_kVT
WQebBcW�HoG�BNk�WQTaZ\MLRUdEDwX.F�BEDwTVDL�[F7u\ThWYd�k�PYT[BjWQT�B�RLPYd	Z	M_k�W�HJGlkVBEO^OJT[Z\BSGQMLX_GIWQPmBcWYTEr���DL�[F7u\TaG
BjPYT�W{F.RLHokVBEO^OJF�fETVPYF+GIRUT[kVH}ºUk:BjDbZ�eLHJKEeLOJF4T�»�k�HJTVD7WwkVBjWYBjOJF	G{WmG�¼½WQHJD.F+k�dEDbk�TVD7WYPYBjWQHJdED_G�dj|
TVD_�VF.u\T[Ghk�dNu\R_BjPYT[ZvphH}WYe!GIMLXbG{WYPYBjWQT-k�dND_k�T[DNWYPYBjWQHJdED_GnBEPQT6PQTa`7MLH^PYT[Z�r
�LdNPlTV�LBju\RLOJTE�NWQeLT6TVDL�[F.u T�kVBjWYBEOJBNGIT&k[BcWmBjOJF7�[T[G�WQeLT�Z	T[kVdEu\RUdNGQH}WYH^dND�dj|�e.F	Z	PYdEKET[DwRbT[PI�

dg�	HJZLT6HJD7WQd\pnBcWQT[PhBjD_Z�dg�	F.KETVD~�.BED_ZvdEDLT�u\dEOJT[kVMLO^T�dE|�k[BcWYBEOJBNGIT�kVBEDvX_PQTaBj¾wMLRy¿NÀ u\HJO^OJH^dND
u\dEOJT[kVMLO^TaG&dE|�e.F	Z	PQdNKET[D!RbT[PQdg�	HoZ	TST[BNkme�GQT[k�dND_Z�r��&G�BjD_djWQe_TVP&TV�LBju\RLOJTE��kVBEPQXUdEDLHok�BEDLe.F7�
Z	PmBEGQT�d	kVkVMLPYG¥HJD�PYT[Z-XLOJd.d	Z�k�T[O^OoG[�cpheLTVPYT�H^W�k[BcWmBjOJF7�[T[G�WQeLT�PQTaBEk�WQHJdED�ÁhÂ6ÃNÄ�Å&ÃcÂ*Æ�Å&ÃgÁhÂ6Ç
WQebBcW�TVDbBjXLOJT[G«WYeLThk�TVOJOoG�WQd6WQPmBjDbGIRUdEPQW�k[BjPYXbdND ZLH^dg�	HoZ	T�|�PQdNu5WQeLT�WYHJGYGIM_T[G�WYd�WYeLThOJMLDLKNG[r�Â�D_T
u\dEOJT[kVMLO^T6dj|�kVBEPQXUdEDLHok&BEDLe.F	Z	PYBNGIT6kVBED:RLPYd	k�T[GYGldEDLT�u\H^OJOJH^dND:u\dEOJT[kVMLO^TaG�dj|iÁhÂ Ã T[BNkmevGQT[k��
dEDbZ�r
A!Hokme_BjT[O^HoG BjD_Z�A!TVD7WQdND2�I¡[¢L¡a�N�SRLPQdNRbd7GITaZ�B�GIHJu\RLO^T�u\d	Z	TVOndj|�TVDL�[F7uwBjWQHokVBjOJOJF�k�dEDL�

WQPYdEOJOJT[ZyPYT[BEk�WQHJdED_G[�LHJD!pheLHokmeyWQeLT�TVDL�[F7u\TSÈÉBED_Z!GQMLX_GIWQPmBcWQT�Ê
kVdEu�XLH^D_T�WQdw|�dNPQuËB�k�dNu �
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RLOJT��54 ��BjDbZ!WQe_T kVdEu\RLOJT��!XLPYT[Bj¾	G6Z	dcphDCHJPQPYTVfNTVPmGIHJXLOJF:HJD7WQdvWQeLT TVDL�[F.u T BjD_Z�B�RLPYd	Z	M_k�W
6\r87.F.u�XUdEOJHokVBjOJOJFE�	p�T6ebBgfET
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Z	T[DLdjWYT�WQeLT-k�dND_k�T[D7WQPmBcWQHJdEDbGldE|¥WYeLTSk�dNPQPYT[GQRUdED_Z	HJDLK\GIRUT[kVH^TaGVr
�&k[k�dNPYZ	HJDLK6WQdSWQeLT�OoBgp�dj|�u\BNGQG�BEk�WYH^dND��jWYeLT�PmBcWYThdj|�B�PQTaBEk�WQHJdED\HJG�RLPQdNRbdNPIWYH^dND_BjO.WYd-WQe_T

RLPYd	Z	M_k�W�dE|~WYeLTSk�dND_k�T[DNWYPYBjWQHJdED_G�dE|¥WYeLT-GIRUT[kVH^TaGhH^D.fNdEOJfET[Z��.GQd WQe_BjW
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pheLT[PQT[R T �\R X �\R Ã BEPQT6PYBjWQT-k�dND_GIWYBjD7WmGVr]C�T-H^u\RUdNGQT6HJDLH^WQHoBjO~kVdED_ZLH}WYH^dND_G
H7�§ÀN� E H*TUG D �§À7� E^D TUGKJE�§ÀN� E J�TQGNM¥�§À7� E À\G

k�dNPQPYT[GQRUdED_Z	HJDLK�WQd�BED
H^DLH^WQHoBjO6G{WmBcWYT!phH}WYe�GIMLXbG{WYPYBjWQTCBjDbZ�T[DL�VF.u\TCXLMLW:DLd�k�dNu\RLO^TV��dNP
RLPYd	Z	M_k�War
sneLT�T[`7M_BcWYH^dNDy|�dEP�M�Z	Tak�dNMLRLOJT[Gh|�PYdEu¹WYeLT�PYTVuwBjHJDLHJDLK:Ta`7M_BcWYH^dND_GVr��&ZLZ	HJDLK:WQeLT T[`7M_Bj�

WQHJdEDbG�|�dEP D BED_Z_Jc�Lp�T6KNT�W
O
OUP � D Ä@JV� E À\G

pheLHokmeyH^u\RLOJH^TaG�WQe_BjW

D � P ��Ä`JE� P � EaD TQA

sne.M_G[�.WQeLT-Ta`NMbBcWQHJdEDbGnPQTaZ	M_k�T6WYd�B�RbBjHJPhdj|iÂcb6��G�|�dNPSHSBED_ZdJ"e
O H
OQP E >SRYX D T�HnÄ��LR�XfH�ÄVRUTa�WJ,G
O J
OQP E R X D T Hg>
��R X H�Ä@R T ÄVR Ã �WJ,G
HN��ÀN� E HfTQG JE�§ÀN� E ÀZA

C�T-H^D7WQPYd	Z	M_kVT�ZLH^u\TVDbGIHJdEDLOJT[GYGh`7M_BjD7WYH}WYH^TaG
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�
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h �§À7� E ¡UG k��§ÀN� E ÀZG

pheLT[PQT �
	 À\BjD_Z R 	�� r
sneLTST[DL�VF.u\T�kVdED_kVTVD7WQPmBcWYH^dND�HoGhW{F.RLHokVBEO^OJF�u�M_kme!OJT[GYGhWYe_BjDyWYeLT�GQMLX_GIWQPmBcWYT�k�dND_k�T[DNWYPYBj�

WQHJdED~�UBED_Z�WQeLT�PYBjWQHJd�� HoG�MbGIM_BEO^OJF�H^D!WYeLT�PmBjD_KETw¡[À�
 Ã WYdC¡[À�
��jr�sne.M_G[�_p�TSpnBjD7W�WYd:GIdNO^fNT
��¿br^¡g�lpheLTVD���HoGhGQu\BEO^O�r
sneLHoG&HoG&BvGIHJDLKNMLOJBEP&RUTVPQWQMLPYX_BjWQHJdED!RLPYdEXLOJTVuËXUT[k[BjM_GQTSWYeLT�dNPYZ	T[P&dE|iWQeLT GIF	GIWQTVuqZ	PYdERbG

X.F\dEDLT�pheLTVD�� E À_�7BED_Zwp�T�k[BjDLDLdEWlHJu\Rbd7GIT6BjD�HJDLH^WQHoBjO�k�dND_Z	H^WQHJdED�dNDwWQeLT�Z	HJu\TVD_GQH^dNDLOJT[GYG
k�dNu\RLO^TV��kVdED_kVTVD7WQPmBcWYH^dNDVkUr5�&Gwp�TCphHJO^O&GQTVT�XbT[O^dcp-�nphe_BjW�e_BjRLRUTVDbG�HoGwWQe_HJG*eCWYeLTVPYT!HJG
BjD�HJDLH}WYHJBEOhPYBERLHoZ�BNZgz{M_GIWQu\TVD7Wwdj|�WQeLT!k�dNu\RLO^TV��BjDbZ8T[DL�VF.u\T!k�dEDbk�TVD7WYPYBjWQHJdED_G�WQd+`7M_BEGQH^�
T[`7MLHJOJH^XLPYHJMLutfcBjOJMLT[G�dEDvBSWYH^u\T�� GYkVBjOJT&dE|�WQe_T�dNPYZ	T[P��	risneLT[D�WQe_TVPYT�HoGnB�GQO^dcp�TVP�k�dED.fNTVPmGIHJdED
dj|«WQe_T�GIM_X_G{WYPYBjWQT-HJD7WQd\WQe_TSRLPYd.ZLM_k�W�dNDyB WYH^u\TV��GYkVBEO^T-dE|¥WYeLTSdEPmZ	T[P-¡Er	C�TSphHJO^O«k�dEDbG{WYPQM_k�W
HJDLDLTVP�BED_Z�dEM	WYTVP�GQdEOJM	WQHJdEDbG�WQe_BjW&Z	T[GYk�PYH^XUT6WQeLTaGIT�RLPYd	k�TaGQGQT[GhBED_Z:uwBjWYkmevWQeLT[uÉWQdNKETVWQeLT[P[r
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C�T-O^d.dE¾�|�dEP�B\G{WYPYBEH^KNe7WI|�dEPYpnBjPmZwT��	R_BED_GIHJdEDvdj|«WQeLT�|�dNPQu
h �jiZG%�E� E h T �ji_�«Ä(� h X �ji_�«Ä*)\�+� Ã �-G
k��jiZG%�E� E k,T.�ji_�~Ä,�,kQXc� i_�¥Ä-)\�.� Ã �-A

/&GQHJDLK:WYeLT[GQT T��	R_BjDbGIHJdEDCHJD��§¿_rJ¡a����BjD_Z�T[`7M_BcWYH^D_K�WQe_T�OJT[BNZ	H^D_KvdNPYZ	T[P�WYTVPYu\G6dE|�WQeLT dEPmZ	T[P
�
T �Lp�T6º_D_ZvWQebBcW

O h T
O i E > h T�Ä(� h TlÄVR > � �Wk,TQG
À E^h T >
� h T ÄVRL�Yk T A

C�T�kVBEDLDLdEW�HJu RUdNGQT�XUdjWYe�HJDLH^WQHoBjO�k�dEDbZ	H}WYH^dND_G�dND!WQe_T�OJT[BNZ	H^D_Kj��dEPmZ	TVPhdNM	WQT[P6GQdEOJM	WQHJdED~rSC�T
phHJO^O¥WQeLT[PQTV|�dEPYT�WYBE¾ET-WYeLTSu\dNGIW�KNTVDLT[PYBEO�GIdNO^M	WYH^dND!dj|iWYeLT[GQTST[`7M_BjWQHJdED_G[rBC�T�phH^OJO�GIT[TE�_e_dcpn�
TVfNTVPa��pheLT[D�p�T!k�dEu\TvWQd4uwBcWmkmeLH^D_K�WYe_BcWwWYeLTyD_BcWYMLPYBEOhkmeLdEHok�T�dj|6H^u\RUdNGQH^DLK�WYeLTyH^DLH^WQHoBjO
k�dND_Z	H^WQHJdED h T �§À7� E ¡�HoGhH^Dv|§BEk�W&k�dNPQPYT[k�W[r
�LPYdEuÉWQeLTSGQT[kVdED_ZvT[`7M_BjWQHJdED��

k T E h T
h TlÄVR A

sneLHoGlkVdEu\RLOJT���k�dND_k�T[D7WQPmBcWQHJdED k T k�dNPQPYT[GQRbdND_ZLG�WQd�B�`NMbBEGQH}��T[`7MLHJO^HJXLPYH^M_u |�dNP�WYeLT6GQMLX_GIWQPmBcWYT
k�dND_k�T[D7WQPmBcWQHJdED h TN�jH^D\pheLHokmeSWYeLT�k�PYT[BjWQHJdEDSdE|_WYeLT�k�dNu R_O^TV�SX7FSWQeLTnXLHJD_Z	HJDLK�dj|bWQeLTnTVD_�VF.u\T
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phH^WQe�WQeLT!GQMLX_GIWQPmBcWQTvHJG\XbBjOoBjD_kVT[Z+X.F4WQe_TyZLT[GIWQPYM_k�WYH^dND8dj|&WQeLT!k�dNu\RLO^TV��X.F4WQeLTyPYTVfET[PYGQT
PYT[BEk�WQHJdED�BED_Z�WQeLTwZ	Tak�dEu\RUdNGQH}WYH^dND�dE|�WQeLTwkVdEu\RLOJT��CHJDNWYd:WYeLT\RLPYd.ZLM_k�WSBjDbZ!WQe_T T[DL�VF.u\TEr
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Chapter 5

Method of Multiple Scales: ODEs

The method of multiple scales is needed for problems in which the solutions depend
simultaneously on widely different scales. A typical example is the modulation of
an oscillatory solution over time-scales that are much greater than the period of
the oscillations. We will begin by describing the Poincaré-Lindstedt method, which
uses a ‘strained’ time coordinate to construct periodic solutions. We then describe
the method of multiple scales.

5.1 Periodic solutions and the Poincaré-Lindstedt expansion

We begin by constructing asymptotic expansions of periodic solutions of ODEs. The
first example, Duffing’s equation, is a Hamiltonian system with a family of periodic
solutions. The second example, van der Pol’s equation, has an isolated limit cycle.

5.1.1 Duffing’s equation

Consider an undamped nonlinear oscillator described by Duffing’s equation

y′′ + y + εy3 = 0,

where the prime denotes a derivative with respect to time t. We look for solutions
y(t, ε) that satisfy the initial conditions

y(0, ε) = 1, y′(0, ε) = 0.

We look for straightforward expansion of an asymptotic solution as ε → 0,

y(t, ε) = y0(t) + εy1(t) + O(ε2).

The leading-order perturbation equations are

y′′0 + y0 = 0,

y0(0) = 1, y′0(0) = 0,
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with the solution

y0(t) = cos t.

The next-order perturbation equations are

y′′1 + y1 + y3
0 = 0,

y1(0) = 0, y′1(0) = 0,

with the solution

y1(t) =
1
32

[cos 3t− cos t]− 3
8
t sin t.

This solution contains a secular term that grows linearly in t. As a result, the
expansion is not uniformly valid in t, and breaks down when t = O(ε) and εy1 is
no longer a small correction to y0.

The solution is, in fact, a periodic function of t. The straightforward expansion
breaks down because it does not account for the dependence of the period of the
solution on ε. The following example illustrates the difficulty.

Example 5.1 We have the following Taylor expansion as ε → 0:

cos [(1 + ε)t] = cos t− εt sin t + O(ε2).

This asymptotic expansion is valid only when t ¿ 1/ε.

To construct a uniformly valid solution, we introduced a stretched time variable

τ = ω(ε)t,

and write y = y(τ, ε). We require that y is a 2π-periodic function of τ . The choice
of 2π here is for convenience; any other constant period — for example 1 — would
lead to the same asymptotic solution. The crucial point is that the period of y in τ

is independent of ε (unlike the period of y in t).
Since d/dt = ωd/dτ , the function y(τ, ε) satisfies

ω2y′′ + y + εy3 = 0,

y(0, ε) = 1, y′(0, ε) = 0,

y(τ + 2π, ε) = y(τ, ε),

where the prime denotes a derivative with respect to τ .
We look for an asymptotic expansion of the form

y(τ, ε) = y0(τ) + εy1(τ) + O(ε2),

ω(ε) = ω0 + εω1 + O(ε2).
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Using this expansion in the equation and equating coefficients of ε0, we find that

ω2
0y′′0 + y0 = 0,

y0(0) = 1, y′0(0) = 0,

y0(τ + 2π) = y0(τ).

The solution is

y0(τ) = cos τ,

ω0 = 1.

After setting ω0 = 1, we find that the next order perturbation equations are

y′′1 + y1 + 2ω1y
′′
0 + y3

0 = 0,

y1(0) = 0, y′1(0) = 0,

y1(τ + 2π) = y1(τ).

Using the solution for y0 in the ODE for y1, we get

y′′1 + y1 = 2ω1 cos τ − cos3 τ

=
(

2ω1 − 3
4

)
cos τ − 1

4
cos 3τ.

We only have a periodic solution if

ω1 =
3
8
,

and then

y1(t) =
1
32

[cos 3τ − cos τ ] .

It follows that

y = cos ωt +
1
32

ε [cos 3ωt− cos ωt] + O(ε2),

ω = 1 +
3
8
ε + O(ε2).

This expansion can be continued to arbitrary orders in ε.
The appearance of secular terms in the expansion is a consequence of the non-

solvability of the perturbation equations for periodic solutions.

Proposition 5.2 Suppose that f : T→ R is a smooth 2π-periodic function, where
T is the circle of length 2π. The ODE

y′′ + y = f
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has a 2π-periodic solution if and only if
∫

T
f(t) cos t dt = 0,

∫

T
f(t) sin t dt = 0.

Proof. Let L2(T) be the Hilbert space of 2π-periodic, real-valued functions with
inner product

〈y, z〉 =
∫

T
y(t)z(t) dt.

We write the ODE as

Ay = f,

where

A =
d2

dt2
+ 1.

Two integration by parts imply that

〈y,Az〉 =
∫

T
y (z′′ + z) dt

=
∫

T
(y′′ + y) z dt

= 〈Ay, z〉,
meaning that operator A is formally self-adjoint in L2(T). Hence, it follows that if
Ay = f and Az = 0, then

〈f, z〉 = 〈Ay, z〉
= 〈y, Az〉
= 0.

The null-space of A is spanned by cos t and sin t. Thus, the stated condition is
necessary for the existence of a solution.

When these solvability conditions hold, the method of variation of parameters
can be used to construct a periodic solution

y(t) =

Thus, the conditions are also sufficient. ¤

In the equation for y1, after replacing τ by t, we had

f(t) = 2ω1 cos t− cos 3t.

This function is orthogonal to sin t, and

〈f, cos t〉 = 2π
{

2ω1cos2 t− cos4 t
}

,
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where the overline denotes the average value,

f =
1
2π

∫

T
f(t) dt.

Since

cos2 t =
1
2
, cos4 t =

3
8
,

the solvability condition implies that ω1 = 3/8.

5.1.2 Van der Pol oscillator

We will compute the amplitude of the limit cycle of the van der Pol equation with
small damping,

y′′ + ε
(
y2 − 1

)
y′ + y = 0.

This ODE describes a self-excited oscillator, whose energy increases when |y| < 1
and decreases when |y| > 1. It was proposed by van der Pol as a simple model of a
beating heart. The ODE has a single stable periodic orbit, or limit cycle.

We have to determine both the period T (ε) and the amplitude a(ε) of the limit
cycle. Since the ODE is autonomous, we can make a time-shift so that y′(0) = 0.
Thus, we want to solve the ODE subject to the conditions that

y(t + T, ε) = y(t, ε),

y(0, ε) = a(ε),

y′(0, ε) = 0.

Using the Poincaré-Lindstedt method, we introduce a strained variable

τ = ωt,

and look for a 2π-periodic solution y(τ, ε), where ω = 2π/T . Since d/dt = ωd/dτ ,
we have

ω2y′′ + εω
(
y2 − 1

)
y′ + y = 0,

y(τ + 2π, ε) = y(τ, ε),

y(0, ε) = a,

y′(0, ε) = 0,

where the prime denotes a derivative with respect to τ We look for asymptotic
expansions,

y(τ, ε) = y0(τ) + εy1(τ) + O(ε2),

ω(ε) = ω0 + εω1 + O(ε2),

a(ε) = a0 + εa1 + O(ε2).
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Using these expansions in the equation and equating coefficients of ε0, we find that

ω2
0y′′0 + y0 = 0,

y0(τ + 2π) = y0(τ),

y0(0) = a0,

y′0(0) = 0.

The solution is

y0(τ) = a0 cos τ,

ω0 = 1.

The next order perturbation equations are

y′′1 + y1 + 2ω1y
′′
0 +

(
y2
0 − 1

)
y′0 = 0,

y1(τ + 2π) = y1(τ),

y1(0) = a1,

y′1(0) = 0.

Using the solution for y0 in the ODE for y1, we find that

y′′1 + y1 = 2ω1 cos τ + a0

(
a2
0 cos2 τ − 1

)
sin τ.

The solvability conditions, that the right and side is orthogonal to sin τ and cos τ

imply that

1
8
a3
0 −

1
2
a0 = 0, ω1 = 0.

We take a0 = 2; the solution a0 = −2 corresponds to a phase shift in the limit cycle
by π, and a0 = 0 corresponds to the unstable steady solution y = 0. Then

y1(τ) = −1
4

sin 3τ +
3
4

sin τ + α1 cos τ.

At the next order, in the equation for y2, there are two free parameters, (a1, ω2),
which can be chosen to satisfy the two solvability conditions. The expansion can
be continued in the same way to all orders in ε.

5.2 The method of multiple scales

The Poincaré-Linstedt method provides a way to construct asymptotic approxima-
tions of periodic solutions, but it cannot be used to obtain solutions that evolve
aperiodically on a slow time-scale. The method of multiple scales (MMS) is a more
general approach in which we introduce one or more new ‘slow’ time variables for
each time scale of interest in the problem. It does not require that the solution
depends periodically on the ‘slow’ time variables.
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We will illustrate the method by applying it to Mathieu’s equation for y(t, ε),

y′′ + (1 + δ + ε cos kt) y = 0,

where (δ, ε, k) are constant parameters, and the prime denotes a derivative with
respect to t. This equation describes a parametrically forced linear oscillator whose
frequency is changed sinusoidally in time (e.g. small amplitude oscillations of a
swing). The equilibrium y = 0 is unstable when the frequency k of the parametric
forcing is sufficiently close to the resonant frequency

√
1 + δ of the unforced (ε = 0)

oscillator.
We suppose that ε ¿ 1 and

δ = εδ1,

where δ1 = O(1) as ε → 0. We will consider the case k = 2, which corresponds to
the strongest instability, when y(t, ε) satisfies

y′′ + (1 + εδ1 + ε cos 2t) y = 0.

The idea of the MMS is to describe the evolution of the solution over long time-
scales of the order ε−1 by the introduction of an additional ‘slow’ time variable

τ = εt.

We then look for a solution of the form

y(t, ε) = ỹ(t, εt, ε),

where ỹ(t, τ, ε) is a function of two time variables (t, τ) that gives y when τ is
evaluated at εt.

Applying the chain rule, we find that

y′ = ỹt + εỹτ ,

y′′ = ỹtt + 2εỹtτ + ε2ỹττ ,

where the subscripts denote partial derivatives. Using this result in the original
equation, and denoting partial derivatives by subscripts, we find that ỹ(t, τ, ε) sat-
isfies

ỹtt + 2εỹtτ + ε2ỹττ + (1 + εδ1 + ε cos 2t) ỹ = 0.

In fact, ỹ(t, τ, ε) only has to satisfy this equation when τ = εt, but we will require
that it satisfies it for all (t, τ). This requirement implies that y satisfies the original
ODE. We have therefore replaced an ODE for y by a PDE for ỹ. At first sight,
this may not appear to be an improvement, but as we shall see we can use the
extra flexibility provided by the dependence of ỹ on two variables to obtain an
asymptotic solution for y that is valid for long times of the order ε−1. Specifically,
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we will require that y(t, τ, ε) is a periodic function of the ‘fast’ variable t. Moreover,
we only need to solve ODEs in t to construct this asymptotic solution.

We expand

ỹ(t, τ, ε) = y0(t, τ) + εy1(t, τ) + O(ε2).

We use this expansion in the equation for ỹ, and equate coefficients of ε0 and ε to
zero. We find that

y0tt + y0 = 0,

y1tt + y1 + 2y0tτ + (δ1 + cos 2t) y0 = 0.

The solution of the first equation is

y0(t, τ) = A(τ)eit + c.c.

Here, it is convenient to use complex notation. The amplitude A(τ) is an arbitrary
complex valued function of the ‘slow’ time, and c.c. denotes the complex conjugate
of the preceding terms.

Using this solution in the second equation, and writing the cosine in terms of
exponentials, we find that y1 satisfies

y1tt + y1 = −2iAτeit −A (δ1 + cos 2t) eit + c.c.

= −1
2
Ae3it −

(
2iAτ + δ1A +

1
2
A∗

)
eit + c.c.

Here, the star denotes a complex conjugate. The solution for y1 is periodic in t,
and does not contain secular terms in t, if and only if the coefficient of the resonant
term eit is zero, which implies that A(τ) satisfies the ODE

2iAτ + δ1A +
1
2
A∗ = 0.

Writing A = u + iv in terms of its real and imaginary parts, we find that
(

u

v

)

τ

=
(

0 δ1/2− 1/4
−δ1/2− 1/4 0

)(
u

v

)

The solutions of this equation are proportional to e±λτ where

λ =
1
2

√
1
4
− δ2

1 .

Thus, in the limit ε → 0, the equilibrium y = 0 is unstable when |δ1| < 1/2, or

|δ| < 1
2
|ε|.
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5.3 The method of averaging

Consider a system of ODEs for x(t) ∈ Rn which can be written in the following
standard form

x′ = εf(x, t, ε). (5.1)

Here, f : Rn × R× R → Rn is a smooth function that is periodic in t. We assume
the period is 2π for definiteness, so that

f(x, t + 2π, ε) = f(x, t, ε).

Many problems can be reduced to this standard form by an appropriate change of
variables.

Example 5.3 Consider a perturbed simple harmonic oscillator

y′′ + y = εh(y, y′, ε).

We rewrite this equation as a first-order system and remove the unperturbed dy-
namics by introducing new dependent variables x = (x1, x2) defined by

(
y

y′

)
=

(
cos t sin t

− sin t cos t

)(
x1

x2

)
.

We find, after some calculations, that (x1, x2) satisfy the system

x′1 = −εh (x1 cos t + x2 sin t,−x1 sin t + x2 cos t, ε) sin t,

x′2 = εh (x1 cos t + x2 sin t,−x1 sin t + x2 cos t, ε) cos t,

which is in standard periodic form.

Using the method of multiple scales, we seek an asymptotic solution of (5.1)
depending on a ‘fast’ time variable t and a ‘slow’ time variable τ = εt:

x = x(t, εt, ε).

We require that x(t, τ, ε) is a 2π-periodic function of t:

x(t + 2π, τ, ε) = x(t, τ, ε).

Then x(t, τ, ε) satisfies the PDE

xt + εxτ = f(x, t, ε).

We expand

x(t, τ, ε) = x0(t, τ) + εx1(t, τ) + O(ε2).

At leading order, we find that

x0t = 0.
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It follows that x0 = x0(τ) is independent of t, which is trivially a 2π-periodic
function of t. At the next order, we find that x1 satisfies

x1t + x0τ = f (x0, t, 0) , (5.2)

x1(t + 2π, τ) = x1(t, τ).

The following solvability condition is immediate.

Proposition 5.4 Suppose f : R → Rn is a smooth, 2π-periodic function. Then
the n× n system of ODEs for x(t) ∈ Rn,

x′ = f(t),

has a 2π-periodc solution if and only if

1
2π

∫ 2π

0

f(t) dt = 0.

Proof. The solution is

x(t) = x(0) +
∫ t

0

f(s) ds.

We have

x(t + 2π)− x(t) =
∫ t+2π

t

f(s) ds,

which is zero if and only if f has zero mean over a period. ¤

If this condition does not hold, then the solution of the ODE grows linearly in
time at a rate equal to the mean on f over a period.

An application of this proposition to (5.2) shows that we have a periodic solution
for x1 if and only if x0 satisfies the averaged ODEs

x0τ = f (x0) ,

where

f(x) =
1
2π

∫ 2π

0

f(x, t, 0) dt.

First we state the basic existence theorem for ODEs, which implies that the
solution of (5.1) exists on a time imterval ofthe order ε−1.

Theorem 5.5 Consider the IVP

x′ = εf(x, t),

x(0) = x0,
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where f : Rn×T→ Rn is a Lipschitz continuous function of x ∈ Rn and a continuous
function of t ∈ T. For R > 0, let

BR(x0) = {x ∈ Rn | |x− x0| < R} ,

where | · | denotes the Euclidean norm,

|x| =
n∑

i=1

|xi|2 .

Let

M = sup
x∈BR(x0),t∈T

|f(x, t)|.

Then there is a unique solution of the IVP,

x : (−T/ε, T/ε) → BR(x0) ⊂ Rn

that exists for the time interval |t| < T/ε, where

T =
R

M
.

Theorem 5.6 (Krylov-Bogoliubov-Mitropolski) With the same notation as
the previous theorem, there exists a unique solution

x : (−T/ε, T/ε) → BR(x0) ⊂ Rn

of the averaged equation

x′ = εf(x),

x(0) = x0,

where

f(x) =
1
2π

∫

T
f(x, t) dt.

Assume that f : Rn × T → Rn is continuously differentiable. Let 0 < R̃ < R, and
define

T̃ =
R̃

M̃
, M̃ = sup

x∈BR̃(x0),t∈T
|f(x, t)|.

Then there exist constants ε0 > 0 and C > 0 such that for all 0 ≤ ε ≤ ε0

|x(t)− x(t)| ≤ Cε for |t| ≤ T̃ /ε.
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A more geometrical way to view these results is in terms of Poincaré return
maps. We define the Poincaré map P ε(t0) : Rn → Rn for (5.1) as the 2π-solution
map. That is, if x(t) is the solution of (5.1) with the initial condition x(t0) = x0,
then

P ε(t0)x0 = x(t0 + 2π).

The choice of t0 is not essential here, since different choices of t0 lead to equivalent
Poincaré maps when f is a 2π-periodic function of t. Orbits of the Poincaré map
consist of closely spaced points when ε is small, and they are approximated by the
trajectories of the averaged equations for times t = O(1/ε).

5.4 The WKB method for ODEs

Suppose that the frequency of a simple harmonic oscillator is changing slowly com-
pared with a typical period of the oscillation. For example, consider small-amplitude
oscillations of a pendulum with a slowly varying length. How does the amplitude
of the oscillations change?

The ODE describing the oscillator is

y′′ + ω2(εt)y = 0,

where y(t, ε) is the amplitude of the oscillator, and ω(εt) > 0 is the slowly varying
frequency.

Following the method of multiple scales, we might try to introduce a slow time
variable τ = εt, and seek an asymptotic solutions

y = y0(t, τ) + εy1(t, τ) + O(ε2).

Then we find that

y0tt + ω2(τ)y0 = 0,

y0(0) = a, y′0(0) = 0,

with solution

y0(t, τ) = a cos [ω(τ)t] .

At next order, we find that

y1tt + ω2y1 + 2y0tτ = 0,

or

y1tt + ω2y1 = 2aωωτ t cos ωt.
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We cannot avoid secular terms that invalidate the expansion when t = O(1/ε). The
defect of this solution is that its period as a function of the ‘fast’ variable t depends
on the ‘slow’ variable τ .

Instead, we look for a solution of the form

y = y(θ, τ, ε),

θ =
1
ε
ϕ(εt), τ = εt,

where we require y to be 2π-periodic function of the ‘fast’ variable θ,

y(θ + 2π, τ, ε) = y(θ, τ, ε).

The choice of 2π for the period is not essential; the important requirement is that
the period is a constant that does not depend upon τ .

By the chain rule, we have

d

dt
= ϕτ∂θ + ε∂τ ,

and

y′′ = (ϕτ )2 yθθ + ε {2ϕτyθτ + ϕττyθ}+ ε2yττ .

It follows that y satisfies the PDE

(ϕτ )2 yθθ + ω2y + ε {2ϕτyθτ + ϕττyθ}+ ε2yττ = 0.

We seek an expansion

y(θ, τ, ε) = y0(θ, τ) + εy1(θ, τ) + O(ε2).

Then

(ϕτ )2 y0θθ + ω2y0 = 0.

Imposing the requirement that y0 is a 2π-periodic function of θ, we find that

(ϕτ )2 = ω2,

which is satisfied if

ϕ(τ) =
∫ τ

0

ω(σ) dσ.

The solution for y0 is then

y0(θ, τ) = A(τ)eiθ + c.c.,

where it is convenient to use complex exponentials, A(τ) is an arbitrary complex-
valued scalar, and c.c. denotes the complex conjugate of the preceding term.
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At the next order, we find that

ω2 (y1θθ + y1) + 2ωy0θτ + ωτy0θ = 0.

Using the solution for y0 is this equation, we find that

ω2 (y1θθ + y1) + i (2ωAτ + ωτA) eiθ + c.c. = 0.

The solution for y1 is periodic in θ if and only if A satisfies

2ωAτ + ωτA = 0.

It follows that

(
ω|A|2)

τ
= 0,

so that

ω|A|2 = constant.

Thus, the amplitude of the oscillator is proportional to ω−1/2 as its frequency
changes.

The energy E ofthe oscillator is given by

E =
1
2

(y′)2 +
1
ω2

y2

=
1
2
ω2|A|2.

Thus, E/ω is constant. The quantity E/ω is called the action. It is an example of
an adiabatic invariant.

The WKB method can also be used to obtain asymptotic approximations as
ε → 0 of ODEs of the form

ε2y′′ + V (x)y = 0.

This form corresponds to a change of variables t 7→ x/ε in the previous equations.
The corresponding WKB expansion is is

y(x, ε) = A(x, ε)eiS(x)/ε,

A(x, ε) = A0(x) + εA1(x) + . . . .

This expansion breaks down at turning points where V (x) = 0, and then one must
use Airy functions (or other functions at degenerate turning points) to describe the
asymptotic behavior of the solution.
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5.5 Perturbations of completely integrable Hamiltonian systems

Consider a Hamiltonian system whose configuration is described by n angles x ∈ Tn,
where Tn is the n-dimensional torus, with corresponding momenta p ∈ Rn. The
Hamiltonian H : Tn × Rn → R gives the energy of the system. The motion is
described by Hamilton’s equations

dx

dt
=

∂H

∂p
,

dp

dt
= −∂H

∂x
.

This is a 2n× 2n system of ODEs for x(t), p(t).

Example 5.7 The simple pendulum has Hamiltonian

H(x, p) =
1
2
p2 + 1− cosx.

A change of coordinates (x, p) 7→ (x̃, p̃) that preserves the form of Hamilton’s
equations (for any Hamiltonian function) is called a canonical change of coordinates.
A Hamiltonian system is completely integrable if there exists a canonical change
of coordinates (x, p) 7→ (ϕ, I) such that H = H(I) is independent of the angles
ϕ ∈ Tn. In these action-angle coordinates, Hamilton’s equations become

dϕ

dt
=

∂H

∂I
,

dI

dt
= 0.

Hence, the solutions are I = constant and

ϕ(t) = ω(I)t + ϕ0,

where

ω(I) =
∂H

∂I
.

If

Hε(ϕ, I) = H0(I) + εH1(ϕ, I)

is a perturbation of a completely integrable Hamiltonian, then Hamilton’s equations
have the form

dϕ

dt
= ω0(I) + εf(ϕ, I),

dI

dt
= εg(ϕ, I),

where

ω0 =
∂H0

∂I
, f =

∂H1

∂I
, g = −∂H1

∂ϕ
.

The study of these problems using multi-phase averaging methods is very subtle
(e.g. KAM theory).
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