PHYSICS 210B : NONEQUILIBRIUM STATISTICAL PHYSICS
HW ASSIGNMENT #5 SOLUTIONS

(1) Consider the following stochastic differential equation,

dx = — Bz dt + \/28(a? — 22) dW (t) ,

where z € [—a, al.

(i) Find the corresponding Fokker-Planck equation.
(ii) Find the normalized steady state probability P(x).

(iii) Find and solve for the eigenfunctions P, (x) and Q,(z). Hint: learn a bit about
Chebyshev polynomials.

(iv) Find an expression for (2°(t) 2%(0)), assuming z, = x(0) is distributed according to

P(zg).

Solution:

(a) From §3.3.4 of the notes, assuming the stochastic differential equation is in the It6 form

(parameter a=0),
or 0 1 02

o ——%(fp)+§@(g2p) ;
with f(z) = =z and g(z) = \/26(a® — z2). Thus,
opP d 0?
E:ﬁa—x(xP)—kﬁW[(az—ﬁ)P]

At the boundaries x = £a the diffusion constant vanishes, and the drift is into the interval,
hence the boundaries are reflecting.

(b) We set the LHS of the FPE to zero to find the steady state solution. Assuming no cur-
rents at the boundaries, we have P(z,t — co) = P(x), where the equilibrium distribution
P(z) satisfies the first order equation

0::1373—|—i[(a2—332)73]

dx
This may be rewritten as
d x d
iy | 2 .2 - ll 2,2
T n[(a® — 2°) P| o Rl n(a” —x*)
and therefore ) )
P(:L') = % CLZ — ZE2 )

which is normalized with [ dz P(z) = 1.
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(c) The eigenfunctions P, (x) satisfy L P, (x) = —\, P, (z), with Q,,(z) = P, (z)/P(z) satis-
fying £1Q,, = —)\,Q,,. It is useful to measure distances in units of a and times in units of
B~L. Then the FPE is 9,P = L P, where our Fokker-Planck operator is

2
£—ix+d—(1—:p)

dx dx?
The eigenfunctions Q,, () satisfy £TQ,, = —\,, Q,,- Thus,
Q. . 99
)2 no_ _

This is Chebyshev’s equation. The solution are the Chebyshev polynomials 7}, (z), and the
eigenvalues are )\, = n%. The eigenfunctions P, (z) are given by P,(z) = P(z) Q,,(z), with
P(x) =7 11 — 2?)~ /2,

A good place to learn about Chebyshev polynomials is Wikipedia. The Chebyshev poly-
nomials of the first kind are an orthonormal family of functions {7},(z)} on the interval
x € [—1,1], satisfying the recurrence relation

To(x) =1 , T\ (x) == , T (x) =22T,(x) = T,,_1(x)
They satisfy the differential equation
d*T, 24T,
.2 n . %n —
(1 —2x%) w2 T +n?T, =0

There are several generating functions for the {7}, (z)} :

1—tx
tn
1—2tw—|—t2 Z

t'ﬂ
et cos(t 1-— :132) = Z | T, (x)

n=0
o t"
—5In(1 — 2tz + t2) = Z —T,(x)
n=1 n
The orthogonality relation is
1 0 ifm#n
! / @ @) =1 if 0
- X X) = = =
T ) V11— 22 " " 1 1 men
—1 3 ifm=n#0
The first few T, (x) are
Ty(z) =1 Ts(x) = 3225 — 4821 + 1822 —
T\ (z) == To(x) = 642" — 1122° 4 5623 — Tx
Ty(z) = 22% — 1 Ty(z) = 1282° — 2562° 4 160" — 3222 + 1
Ty(z) = 42® — 3z To(x) = 25627 — 57627 4 4322° — 1202 + 9z
Ty(z) = 8z — 822 + 1 Tyo(x) = 5122 — 12802® 4 11202° — 4002* 4 502% — 1
Ts(z) = 162° — 202° + 5z Ty (z) = 10242 — 281627 + 281627 — 12322° + 2202 — 11z



The general solution of the Fokker-Planck equation is then

:ZAHP(QU)T x)e”
n=0

The coefficients A,, are obtained from initial data P(z, 0), viz.

A, = / do P(,0) . A, =2 / dz P(z,0) T, ()

(d) From the conclusion of §4.2.4 of the notes, we have that

e Ant
33 t|3307 ZQn 330 " )

where Py(z) = P(z) and P,.o(z) = v2T,(x) P(z). Thus, assuming z, is distributed
according to P(x),

1 1
<3:3(t) :E3(0)> = /dajo P(xq) xp /daj P(z,t|xg,0) = Z ‘<3:3 | P, >‘2 et
-1 -1 n

where

2

<w3|P \/_/dwp xT():L(Zény,—F J,, > ,

since 2® = 1 Ty(x) + 2 T (x). Thus,

<x3(t) w3(0)> = % e 34 3% e !

Note that (2°(0)) = ¢ , which agrees with the calculation
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(2) A diffusing particle is confined to the interval [0, L]. The diffusion constant is D and
the drift velocity is v,. The boundary at « = 0 is absorbing and that at = = L is reflecting.

(a) Calculate the mean and mean square time for the particle to get absorbed at = = 0 if
it starts at t = 0 from = = L. Examine in detail the cases v, > 0, v, =0, and v, < 0.



(b) Compute the Laplace transform of the distribution of trapping times for the cases
vy, > 0,v, =0, and v, < 0, and discuss the asymptotic behaviors of these distribu-
tions in the limits ¢ — 0 and ¢ — oo.

Solution:

(a) We studied first passage problems in §4.2.5. The distribution function for exit times is

L
given by —9,G(z,t), where G(xz,t) = [dz'P(a’,t|x,0) satisfies the backward FPE,
0

oG oG oG

ot C oz T s

The boundary conditions are G(0,¢) = 0 and 0,G(z, t)‘
the exit time, T),(z) = (t7), therefore satisfies

Syare;

.y = 0. The mean n'" power of

L'T,(z) = LT [dt t”(— 8Gg§’t)> —nlHdtt" " G(x,t)
= n/dt =t % =-nT, i(x) ,
0

with LT T (z) = —1,ie Ty(z) = (t2) = 1.
With z = 0 absorbing and = = L reflecting, we have

L

Ly [
=5 y/d v

where () = exp(v,z/D) (use Eqn. 4.53 with A = v, and B = 2D). We then have

T (1’) _ 2 (1 - 6—UDx/D) eUDL/D - i
! v3 vy,

One can check that this solution satisfies the boundary conditions 7} (0) = 0 and 77 (L) = 0.

It is convenient to define the length scale £ = D/|v,| and the time scale 7 = D/v3. We
henceforth measure all lengths in units of ¢ and all times in units of 7. We therefore mea-
sure the moments 7}, in units of 7". The mean escape time is

T, = el et _ g

where o = sgn(v,,). Note that for ¢ > 0 the drift is away from the absorbing boundary,
and the mean escape time is T} ~ e, where L is the length in units of D/|v,|. This grows
exponentially with |v,|. When ¢ < 0 the exponential terms are dominated by the linear



term for L—x > 1,and T} = x, or in dimensionful units, 7} ~ x/v,,, which says the particle
exits in a time similar to what would expect for D = 0, when there is pure ballistic motion.
When v, = 0 our length and time scales are divergent, which means the dimensionless
quantities L and x are infinitesimal. We then expand to get 7, = 1z(2L — ). Restoring
units recovers 7} = x(2L — z)/2D in terms of dimensionful quantities.

To find Ty (x), we solve L T,(x) = —T(x) . This means that the dimensionless T} () satis-
fies
T +oTh=2 [e”(L_r) — el 4 03:]

We can solve this by a spatial Laplace transform on the interval z € [0, 00) , later imposing
the conditions 7, (0) = T4(L) = 0. We define

oo

Ty(a) = /dac Ty(x) e F
0
Then

/ do T () €% = —T4(0) — a Ty(0) + a2 Ty(a)
0

/dx Th(z) e = —T5(0) + a Ty(a)
0

Assuming Re a + o > 0, we have

o0
L L
/daz [EU(L_:”) — et pox| e = T + =
a+o o o?
0
We therefore have
( N )T( ) A+ 6crL 6crL o
ala+o a) = -t
2 a+o « o?

where we have used 7,(0) = 0, and where the constant A = 77(0), which is yet to be
determined. Therefore

O 7 B S Pt
2% = 21 | ala+o0) a(a+0)?  ad(a+o)

We now employ the method of partial fractions:

1 171 1 o o
ala+o) oc\a a+o) a a+to

1 /1 1V 1 1 20 20
a?(a+0)? N

1 1 (o o o ofo o o 1+0
Bla+o) a?\a a+oc) & a\a a+toc) o o2 a a+o



We can now basically read off the form for T, (x):
Ty(z) =20A(1 —e ") + 274 (2—2e 7 —ox —oxe ™) + 2> — 2020 +2 — 27"
To fix A, we set (L) = 0:
TH(L) =2Ae L 4L —4sinh L = Ae b =2ginh L — 2L
Then
To(L) =L? —4+2(1 —30L) et +2¢%L
=3 L'+ 30l +0(L%

where the second line says that in v, — 0 limit we have T,(L) = 5L*/12D? (with ap-
propriate dimensions). Note again that for ¢ = +1, when the drift is away from the
absorbing boundary, the mean square escape time behaves to leading order as 7,(L) ~
(D/v3)exp(2Lv, /D), whereas when o = —1 and the drift is toward the absorbing bound-
ary, the mean square escape time behaves as a power law T,(L) ~ (L/v,)?.
(b) The probability distribution of exit times is W (z,t) = —0G(z,t)/0t, where

L

G(x,t) :/dx'P(ac',t |z,0)
0

as discussed in §4.2.5 of the notes. The Laplace transform W (z, z) therefore satisfies
LYW (z,2) =2W(z,2)
with boundary conditions

W(O,z):l , M

The first of these boundary conditions comes from the fact that W (0,t) = 4(t), since a
particle starting at the left boundary is immediately absorbed. The resulting equation for
W, 2),

PW ow
W + UDa—I' —zW =0 s
has the general solution W (z, 2) = A, eM® + A_e*~7, where

Accounting for the boundary conditions, we have

W( ) )\+ €>\+L 6)\*% — )\ GA*LeA‘FI
x,z) =
)\+ 6)\+L o )\_ GA*L




Define

l , u=vV1l+drz = z=

— T

Then the eigenvalues A are

D
v,

If
Sio|

(—1+w)/2¢ ifv, >0

)\:I:: :l:\/Z/D if’UDZO

(1+u)/20 ifv, <0

For v, = 0, we have
. 6m\/z/D + e(2L—IE)\/Z/D
W(zx,z) =
14+ e2[4/2/D
The closest pole to z = 0 lies at 2L+/z/D = im, which means z = —7?D/4L?. Upon
taking the inverse Laplace transform, and evaluating at z = L for convenience, we find

W(L,t) ~ e~ Dt/AL? which says that the characteristic escape time is t.,. ~ L?/D, as we
found in part (a).

When v, # 0, it is helpful to eliminate z in favor of the variable u defined above. For
vy, > 0, we have

. (1 + ’LL) e—u(L—x)/% _ (1 _ u) eu(L—x)/%

_ —x /20
Wiz, 2) = (1 + ) e—ul/2l — (1 — q) euL/2t

The pole in the denominator occurs for

1 L
UL/t — 11_—2 i w=tanh ' u

Assuming L >> /, the solution lies at u = 1 — e with e ~ 2e~L/¢  hence

2

-1 1

z:u f:——e_L/Z
4t T

Thus, W (L,t) ~ e~ with y~! ~ 7 el/* exponentially large in L/, as found in part (a).
When v, < 0, we have

. (1 + ’LL) eu(L—x)/ZZ _ (1 _ ’LL) e—u(L—x)/%

W(:L'v Z) (1 n u) eul/2¢ _ (1 _ ’LL) e—ulL/2¢ ¢
The poles of the denominator lie at values of u such that
euL/Z _ I —wu
1+u
With u = —iw, this yields (L/2¢) w = — tan~! w, whose only solution lies at w = 0. In fact,

this pole is cancelled by the numerator.



