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• Canonical perturbation theory

Suppose y
dimensionless
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Let's implement a type -RI CT generated

by Stg , I , t ) thot intended to signify Hamilton 's principal
function ) :
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We are left with a single equation in two unknowns,
i. e .

It
,
and S

, .
The problem is underdetermined .

We could at this point demand it , = O , but this is just
one of many possible choices .

Similar story in QM :
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Typically we choose 5 , such that the Ole t term vanish .

But this isn't the only possible choice . (Note here

the correspondence { A , B ) ⇐ hi
,
B ) . )



• CPT for n -- t systems
Here we demonstrate the implementation of CPT in
a general n -- I system .

We will need to deal with

resonances when n > I
,
which we discuss later on .

We assume that , p ) = Hoff , p ) t E H , Cq , p ) is time
- independent.

Let lolo , Jo ) be AAV for Ho , so that

IldJo ) = Ho (gtfo , Jo ) , Plato , Jol)
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We assume that It = Hot E TT, is integrable , which for n = I
is indeed always the ease . IReminder : Hlf , p ) = E means
all motion takes place on the one-dimensional level sets of Hlq ,p) . )
Thus there must be a CT taking (do , Jol → ( to, I) , where

It lolol4,51 , Jo lol,Jl ) = EIJI

We solve by a type -I CT :
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We also write
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where all terms on the RHS are expressed in terms
of do and J .
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But the RHS should be independent of too ! How can this
be ? We use the freedom in the functions Shhh ,J)
to make it so .

Let's see just how this works .

Each of the expressions on the KHSs must be equal to its
average over too if it is to be independent of do :

s ftp.h-ojdaf.ofiolo ,
The averages c RHS Ido ,

J) ) are taken at fixed J andnot

at fixed Jo .

We must have that
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Now let's implement this in our hierarchy .

Consider the

level lil equation ,
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Thus ,
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we are free to set S
, ,o
lol I 0 (why ? ) .

Now that we've got the hang of the logic here, let's go
to second order :
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and the energy to second order is

EIJI = to t e att , > t 43¥ > it, > - c IET It , >
+
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Note that we don't need S Iolo ,Jt to obtain Elt) , though
of course we do need it to obtain (oh , Jo ) in terms of lot,J) .
The perturbed frequencies are uHT = 2E12J . For the

full motion , we need

14 , J ) → Ido , Jo ) → lot , p )

• Example : quartic oscillator
the Hamiltonian is for Etty
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To this order
, we may replace J above by Jo

-

- I mvo At,
where A = amplitude of oscillations . Thus , pendulum :
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Only for the linear oscillator If = - upq is the oscillation

frequency independentof the amplitude .

Next , let's work through the CT ( doo , Jo ) → lol , J) .



We have
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"
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can obtain ( q , p ) in terms of 14,J) .

• n > 1 : degeneracies and resonances

Generalizing the CEF formalism to n > I is straightforward .
We have S = S too

,
J )
,
so with aell , . . . , n} ,
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The prime on the sum means I -- lo, o, . . .

,
o) is ex clouded
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The solution is

silo Ek - iffy! 77¥17, e
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when the resonance condition

I. Jolt1=0

pertains (with Ito) , the denominator vanishes and
CPT breaks down . One can always find such an twhenever
two or more of the frequencies v! If I have a rational
ratio

. Suppose for example that Vo? (F) lui II) = rts
with r

,
s e 27 relatively prime . Then r Vo

'
= s up and

with t = ( r
,
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,
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,

.
. .

,
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Even

if all the frequency ratios are irrational , for large enough
III we can make It as small (but finite ) as we please .

In § 15.9 ,
we'll see how any given resonance may be

removed canonically .

We're just looking at things the

wrong way at the moment.


