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Chapter 5

The Boltzmann Equation

5.1 References
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5.2 Equilibrium, Nonequilibrium and Local Equilibrium

Classical equilibrium statistical mechanics is described by the full N-body distribution,

Z3t . e BHx(pa) OCE
fo(ml,...,mN;pl,...,pN): A (5.1)
=-1. % ePrN o—BHy(Px)  GCE .
We assume a Hamiltonian of the form
9 N N
ﬁN:ZQ&ﬂLZU(%HZU(%—%), (5.2)
i=1 i=1 i<j

typically with v = 0, i.e. only two-body interactions. The quantity
de, d, ey dpy

0
@y, ey Py, - DY) 1 1

(5.3)

is the probability, under equilibrium conditions, of finding NV particles in the system, with particle #1
lying within d%, of #; and having momentum within d%; of p,, etc. The temperature 7' and chemical
potential x are constants, independent of position. Note that f({z;}, {p;}) is dimensionless.

Nonequilibrium statistical mechanics seeks to describe thermodynamic systems which are out of equi-
librium, meaning that the distribution function is not given by the Boltzmann distribution above. For a
general nonequilibrium setting, it is hopeless to make progress — we’d have to integrate the equations
of motion for all the constituent particles. However, typically we are concerned with situations where
external forces or constraints are imposed over some macroscopic scale. Examples would include the
imposition of a voltage drop across a metal, or a temperature differential across any thermodynamic
sample. In such cases, scattering at microscopic length and time scales described by the mean free path
¢ and the collision time T work to establish local equilibrium throughout the system. A local equilibrium
is a state described by a space and time varying temperature 7'(r,t) and chemical potential y(r,t). As
we will see, the Boltzmann distribution with " = T'(r,t) and u = u(r,t) will not be a solution to the
evolution equation governing the distribution function. Rather, the distribution for systems slightly out
of equilibrium will be of the form f = 0 + §f, where f° describes a state of local equilibrium.

We will mainly be interested in the one-body distribution

N

flrpst) => (8(z;(t) — r) d(ps(t) — p) )

=1

(5.4)
N
- N/Hddxi dD; f(r @y, 2N Py, PN -

=2

In this chapter, we will drop the 1/ normalization for phase space integration. Thus, f(r,p,t) has
dimensions of h=¢, and f(r,p,t) d¥ d% is the average number of particles found within d% of r and d%
of p at time ¢.
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In the GCE, we sum the RHS above over N. Assuming v = 0 so that there is no one-body potential to
break translational symmetry, the equilibrium distribution is time-independent and space-independent:

FO(r,p) = n (2mmk, T) =32 e=P*/2mhT (5.5)

wheren = N/V orn = n(T, p) is the particle density in the OCE or GCE. From the one-body distribution
we can compute things like the particle current, j, and the energy current, j.:

irit) = [ fr.pt) 2 5:6)

mezjﬁwmmwdm 7 5.7)

P
m
where ¢(p) = p?/2m. Clearly these currents both vanish in equilibrium, when f = f°, since f°(r,p)
depends only on p? and not on the direction of p. In a steady state nonequilibrium situation, the above
quantities are time-independent.

Thermodynamics says that
dg=Tds=de — udn, (5.8)

where s, ¢, and n are entropy density, energy density, and particle density, respectively, and dq is the
differential heat density. This relation may be case as one among the corresponding current densities:

Thus, in a system with no particle flow, j = 0 and the heat current j, is the same as the energy current j..

When the individual particles are not point particles, they possess angular momentum as well as linear
momentum. Following Lifshitz and Pitaevskii, we abbreviate I" = (p, L) for these two variables for the
case of diatomic molecules, and I" = (p, L,n - L) in the case of spherical top molecules, where 7 is the
symmetry axis of the top. We then have, in d = 3 dimensions,

d* point particles
dl' = d% LdLdS$2, diatomic molecules (5.10)
d3 L?dLdf2; dcos?¥ symmetric tops ,

where ¥ = cos™!(n - L). We will call the set I" the ‘kinematic variables’. The instantaneous number
density at r is then

n(r,t) = /dF F(r.Tst). (5.11)

One might ask why we do not also keep track of the angular orientation of the individual molecules.
There are two reasons. First, the rotations of the molecules are generally extremely rapid, so we are
justified in averaging over these motions. Second, the orientation of, say, a rotor does not enter into
its energy. While the same can be said of the spatial position in the absence of external fields, (i) in
the presence of external fields one must keep track of the position coordinate r since there is physical
transport of particles from one region of space to another, and (iii) the collision process, which as we
shall see enters the dynamics of the distribution function, takes place in real space.
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5.3 Boltzmann Transport Theory

5.3.1 Derivation of the Boltzmann equation

For simplicity of presentation, we assume point particles. Recall that

# of particles with positions within d% of (5.12)
r and momenta within d’% of p at time ¢. '

f(r,p,t) d3r dp = {

We now ask how the distribution functions f(r,p,t) evolves in time. It is clear that in the absence of
collisions, the distribution function must satisfy the continuity equation,

of B
a+V-(uf)_0. (5.13)

This is just the condition of number conservation for particles. Take care to note that V and w are six-
dimensional phase space vectors:

U:(i,y,i’,ﬁx,]ﬁy,ﬁz) (514)
v (2 00 9 9 9
-\ 9z 0y’ 92" dp," Op,’ Op, )
The continuity equation describes a distribution in which each constituent particle evolves according to
a prescribed dynamics, which for a mechanical system is specified by

(5.15)

dr OH dp OH
@ oy v(p) ; i Foyt s (5.16)
where F is an external applied force. Here,
H(p,7) = (p) + Ue(r) - (5.17)
For example, if the particles are under the influence of gravity, then Uexi(r) = mg-rand F = -V U, =

—mg.

Note that as a consequence of the dynamics, we have V-u = 0, i.e. phase space flow is incompressible,
provided that £(p) is a function of p alone, and not of r. Thus, in the absence of collisions, we have
0
i+u'Vf:0. (5.18)
ot
The differential operator D; = 0, + u -V is sometimes called the ‘convective derivative’, because D, f is
the time derivative of f in a comoving frame of reference.

Next we must consider the effect of collisions, which are not accounted for by the semiclassical dynam-
ics. In a collision process, a particle with momentum p and one with momentum p can instantaneously
convert into a pair with momenta p’ and p/, provided total momentum is conserved: p + p = p’ + p'.
This means that D, f # 0. Rather, we should write

of . of . of [(of
ot e or T op (at>coll 49
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where the right side is known as the collision integral. The collision integral is in general a function of r,
p, and ¢ and a functional of the distribution f.

After a trivial rearrangement of terms, we can write the Boltzmann equation as

of (of of
o (atltr " (atlon | (520

ofy _ . of . of
<8t) = (5.21)

str

where

is known as the streaming term. Thus, there are two contributions to 0 f/0t: streaming and collisions.

5.3.2 Collisionless Boltzmann equation

In the absence of collisions, the Boltzmann equation is given by

of 0= 9 oy Of

5 Ty ar~ Ve g, =0 (5.22)

In order to gain some intuition about how the streaming term affects the evolution of the distribution
f(r,p,t), consider a case where F_, = 0. We then have

of  » Of _

. . 2
ot m Or 0 (5.23)

Clearly, then, any function of the form
flr,p,t) = @(r —v(p)t, p) (5.24)

will be a solution to the collisionless Boltzmann equation, where v(p) = a—;. One possible solution would
be the Boltzmann distribution, ,
fr,p,t) = etk emp/2mhsT (5.25)

which is time-independent!. Here we have assumed a ballistic dispersion, £(p) = p?/2m.

For a slightly less trivial example, let the initial distribution be (r, p) = A e~ "*/27"¢=P*/25% 50 that
2
flr,p,t) = A (=B /2 /2 (5.26)
Consider the one-dimensional version, and rescale position, momentum, and time so that
fz,p,t) = Ae 2@PD% o=3p" (5.27)

Consider the level sets of f, where f(z,p,t) = A e~2%° The equation for these sets is

T=ptt/a?—p*. (5.28)

'Indeed, any arbitrary function of p alone would be a solution. Ultimately, we require some energy exchanging processes,
such as collisions, in order for any initial nonequilibrium distribution to converge to the Boltzmann distribution.
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Figure 5.1: Level sets for a sample f(z,p,t) = Ae_%(j_m2e_%ﬁ2, for values f = Ae 3% with a in
equally spaced intervals from a = 0.2 (red) to o = 1.2 (blue). The time variable ¢ is taken to be ¢ = 0.0
(upper left), 0.2 (upper right), 0.8 (lower right), and 1.3 (lower left).

For fixed ¢, these level sets describe the loci in phase space of equal probability densities, with the
probability density decreasing exponentially in the parameter a?. For t = 0, the initial distribution
describes a Gaussian cloud of particles with a Gaussian momentum distribution. As ¢ increases, the
distribution widens in Z but not in p — each particle moves with a constant momentum, so the set of
momentum values never changes. However, the level sets in the (Z, p) plane become elliptical, with a
semimajor axis oriented at an angle § = ctn ~!(¢) with respect to the Z axis. For ¢ > 0, he particles at the
outer edges of the cloud are more likely to be moving away from the center. See the sketches in fig. 5.1

Suppose we add in a constant external force F, . Then it is easy to show (and left as an exercise to the
reader to prove) that any function of the form

f(r,p,t) = Acp(r (5.29)

satisfies the collisionless Boltzmann equation (ballistic dispersion assumed).
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5.3.3 Collisional invariants

Consider a function A(r, p) of position and momentum. Its average value at time ¢ is

A(t) = /d3r d*p A(r,p) f(r,p,t). (5.30)

Taking the time derivative,

dA

of
g7 /drdpA(T,p) ot

o . o . of
= /d3r d*p A(r,p) {_37' “(rf) - o (pf) + <3t>cou} (5.31)

0A dr OA dp of
_ 3. 13 20 - —_4
‘/d”lp{<ar it " 9p dt>f+A(”’p)<8t>cou}'

Hence, if A is preserved by the dynamics between collisions, then?

dA O0A dr OA dp
E_E.E_Faip.a_o_ (5.32)

We therefore have that the rate of change of A is determined wholly by the collision integral

dd [ g3 of
i /drdpA(r,p) (3t >Cou' (5.33)

Quantities which are then conserved in the collisions satisfy A = 0. Such quantities are called collisional
invariants. Examples of collisional invariants include the particle number (A = 1), the components of
the total momentum (A = p,,) (in the absence of broken translational invariance, due e.g. to the presence
of walls), and the total energy (A = ¢(p)).

5.3.4 Scattering processes

What sort of processes contribute to the collision integral? There are two broad classes to consider. The
first involves potential scattering, where a particle in state |I") scatters, in the presence of an external
potential, to a state |[I”'). Recall that I" is an abbreviation for the set of kinematic variables, e.g. I' = (p, L)
in the case of a diatomic molecule. For point particles, I" = (p,,p,,p,) and dI" = d.

We now define the function w(I"”|I") such that

rate at which a particle within dI" of (r, I")

5.34
scatters to within dI"" of (r, I"") at time ¢. (-39

w('|) f(r,I;t)dl dI” = {

9A 8B _ 9B 9A . ,
or "op —or  op Then from Hamilton’s

where H(p,,t) is the Hamiltonian, we have 4 = {A, H}. Invariants have zero Poisson

Recall from classical mechanics the definition of the Poisson bracket, { A, B} =

equations 7 = %—g and p = —%—f,

bracket with the Hamiltonian.
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I’ I’ I

I I I

Figure 5.2: Left: single particle scattering process |I') — |I"”). Right: two-particle scattering process
|I'Ih) — |I'17).

The units of w dI" are therefore 1/T'. The differential scattering cross section for particle scattering is then

r\r
S LD : (5.35)

n ol
where v = p/m is the particle’s velocity and n the density.

The second class is that of two-particle scattering processes, i.e. |I'T}) — |I"'I']). We define the scattering
function w ("I | I'I}) by

rate at which two particles within dI” of (r, I")
w('T{ | T'LY) fo(r, Tyv, Iy t)dIdI dIY dIT = < and within dI7 of (r, ) scatter into states within
dI" of (r,I") and dI] of (r,I7) at time ¢,
(5.36)
where

folrps v, 05 t) = Z §(z;(t) — ) d(ps(t) — p) 6 (z;(t) — ') d(p;(t) — p) ) (5.37)

is the nonequilibrium two-particle distribution for point particles. The differential scattering cross sec-
tion is .
rryrr
go = IR dr . (5.38)

‘U_Uﬂ

We assume, in both cases, that any scattering occurs locally, i.e. the particles attain their asymptotic
kinematic states on distance scales small compared to the mean interparticle separation. In this case we
can treat each scattering process independently. This assumption is particular to rarefied systems, i.e.
gases, and is not appropriate for dense liquids. The two types of scattering processes are depicted in fig.
5.2.

In computing the collision integral for the state |r, "), we must take care to sum over contributions
from transitions out of this state, i.e. |[I') — |I"), which reduce f(r,I"), and transitions into this state, i.e.



5.3. BOLTZMANN TRANSPORT THEORY 9

|I") — |I'), which increase f(r, I"). Thus, for one-body scattering, we have

D A of _ / / /. / .
S FrIst) = (&‘>C0u - /dF {w(mf)f(r,r,t) —w(l |F)f(r,F,t)}. (5.39)

For two-body scattering, we have

0= (a),,

= [ar, far fart {w(rr 000 g 1t (5.40)
—’LU(F/F{|FF1) fQ(T’F;T)Fl;t)} :

Unlike the one-body scattering case, the kinetic equation for two-body scattering does not close, since
the LHS involves the one-body distribution f = f; and the RHS involves the two-body distribution f;.
To close the equations, we make the approximation

folr, Is#, 5ty = f(r, Tst) f(7, T5t) . (5.41)

We then have

—f r,[;t) /dfl/df/dfl w(LI | T'TY) f(e, I ) f(r, 175 6.1
—w(I'I{| 1Y) f(r, T50) f(r, Ty3)}

5.3.5 Detailed balance
Classical mechanics places some restrictions on the form of the kernel w(I'Iy | I"I7). In particular, if
I'" = (—p, —L) denotes the kinematic variables under time reversal, then
w(I' | IH) =w(IT T | 717 . (5.43)
This is because the time reverse of the process |I'I}) — |["I7)is |[I""I]") — |'"I7).
In equilibrium, we must have
w(I'IY | CLy) D) 1) d'r = w(T Iy | 07T 0T ) d're (5.44)

where
d'I' = drdr, dr'dr , d'r'" = drtdrf dr'tdrT . (5.45)

Since dI" = dI'" etc., we may cancel the differentials above, and after invoking eqn. 5.43 and suppressing
the common r label, we find

o) ) = o) T (5.46)

This is the condition of detailed balance. For the Boltzmann distribution, we have

o) = Aee/msT (5.47)



10 CHAPTER 5. THE BOLTZMANN EQUATION

where A is a constant and where ¢ = ¢(I') is the kinetic energy, e.¢. ¢(I") = p*/2m in the case of point
particles. Note that ¢(I'") = ¢(I"). Detailed balance is satisfied because the kinematics of the collision
requires energy conservation:

ete =¢+¢). (5.48)

Since momentum is also kinematically conserved, i.e.
p+p =p +p], (5.49)

any distribution of the form
fUr) = AeEPV)/ksT (5.50)

also satisfies detailed balance, for any velocity parameter V. This distribution is appropriate for gases
which are flowing with average particle V.

In addition to time-reversal, parity is also a symmetry of the microscopic mechanical laws. Under the
parity operation P, we have r — —r and p —+ —p. Note that a pseudovector such as L = r x p
is unchanged under P. Thus, I'" = (—p,L). Under the combined operation of C' = PT, we have
I'® = (p, —L). If the microscopic Hamiltonian is invariant under C, then we must have

w(F’Fl’ | FFl) = w(FCFf | F’CF{C) . (5.51)
For point particles, invariance under 7" and P then means

w(p',py |p,p1) = wip,p | P, p1), (5.52)

and therefore the collision integral takes the simplified form,

Df(p) <5f)
Dt \ 0t ).y

(5.53)
= [ato [t a5, ww' 94 1.00) {£6) 16~ 50 £01)
where we have suppressed both r and ¢ variables.
The most general statement of detailed balance is

fO(F)fO(F1) _w(FF1|F/F{).

Under this condition, the collision term vanishes for f = fY, which is the equilibrium distribution.

5.3.6 Kinematics and cross section

We can rewrite eqn. 5.53 in the form

Dif)(tp) - /d3p1/d9 CR gg {f(P') f®1) = f(p) f(pl)} ; (5.55)
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where 2 50 1s the differential scattering cross section. If we recast the scattering problem in terms of center-
of-mass and relative coordinates, we conclude that the total momentum is conserved by the collision,
and furthermore that the energy in the CM frame is conserved, which means that the magnitude of the
relative momentum is conserved. Thus, we may write p’ — p| = |p—p,| £2, where 2 is a unit vector. Then
p’ and p) are determined to be

(p+p+|p—p|R)

; (5.56)
(p+pi—Ip—p|0).

=1
— 2
=1
2

5.3.7 H-theorem

Let’s consider the Boltzmann equation with two particle collisions. We define the local (i.e. r-dependent)
quantity

polrit) = / dr oI, f) f(Lm 1) (5.57)

At this point, ¢(I, f) is arbitrary. Note that the ¢ (I, f) factor has r and ¢t dependence through its depen-
dence on f, which itself is a function of r, I', and ¢t. We now compute

3&0 9 <pf g 9ef) of
af ot

)
—/dFu-V(gpf) /dF ((%f) (af) ) (5.58)

__j{dﬂﬁu(’u@f)_/dp (g}f) (5{)@11

The first term on the last line follows from the divergence theorem, and vanishes if we assume f = 0 for
infinite values of the kinematic variables, which is the only physical possibility. Thus, the rate of change
of p,, is entirely due to the collision term. Thus,

/dF/dFl/dF/dfl (I'r{| Iy ffix —w(TT | ') f'f x }

(5.59)
/dF/dFl/dF/dfl w( "I i (x—X),
where f = f(I'), f' = f(I"), f; = f(I"), fi = f(IT), x = x(I'), with
oef) _
X = af +f f (5.60)
We now invoke the symmetry
w('I | I =w([[ T |1V T) (5.61)

which allows us to write

0
pgo = /dF/dFl/dF/dfl (' rn) ffi(x+x1— X —x1) - (5.62)
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This shows that p,, is preserved by the collision term if x(I) is a collisional invariant.

Now let us consider ¢(f) = In f. We define h = p‘(p:hl 5 We then have

(3::_é/df/dfl/df’/dfl’wf’f{-xlnx, (5.63)

where w = w(I"I{ | I'T}) and = = f f,/f'f{. We next invoke the result

/ dr’ / dlw(I'IT | I'TY) = / dr’ / dIfw ('L | I'TY) (5.64)

which is a statement of unitarity of the scattering matrix®>. Multiplying both sides by f(I") f(I}), then
integrating over I" and I'}, and finally changing variables (I, I'}) <> (I, I7]), we find

0—/dF/dF1/dF’/dF1’w(ff1—f/f{)—/dF/dFlde’/dF{wf’f{ (z—1). (5.65)

Multiplying this result by 1 and adding it to the previous equation for h, we arrive at our final result,

h
Zt——%/df/dfl/df’/dfl’wf’f{ (rlnz—2+1). (5.66)
Note that w, f’, and f| are all nonnegative. It is then easy to prove that the function g(z) = zlnz —z +1

is nonnegative for all positive x values*, which therefore entails the important result

oh(r,t)
ot

<0. (5.67)

Boltzmann’s H function is the space integral of the h density: H = [d% h.

Thus, everywhere in space, the function h(r, t) is monotonically decreasing or constant, due to collisions.
In equilibrium, h = 0 everywhere, which requires z = 1, i.e.

FUD) Oy = o) oIy (5.68)

or, taking the logarithm,
In fO(0) +1In fO(y) = In (1) +In fO(17) . (5.69)

But this means that In f° is itself a collisional invariant, and if 1, p, and ¢ are the only collisional invari-
ants, then In f must be expressible in terms of them. Thus,

I V-p €

Inf'= —
=T R T R

(5.70)

where p, V, and T are constants which parameterize the equilibrium distribution f°(p), corresponding
to the chemical potential, flow velocity, and temperature, respectively.

3See Lifshitz and Pitaevskii, Physical Kinetics, §2.

*The function g(z) = xlnz — = + 1 satisfies g’(x) = Inz, hence g'(x) < 0 on the interval z € [0,1) and ¢’(z) > 0 on
x € (1, 00]. Thus, g(z) monotonically decreases from g(0) = 1 to g(1) = 0, and then monotonically increases to g(co) = oo,
never becoming negative.
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5.4 Weakly Inhomogeneous Gas

Consider a gas which is only weakly out of equilibrium. We follow the treatment in Lifshitz and
Pitaevskii, §6. As the gas is only slightly out of equilibrium, we seek a solution to the Boltzmann equa-
tion of the form f = f9 + §f, where f° is describes a local equilibrium. Recall that such a distribution
function is annihilated by the collision term in the Boltzmann equation but not by the streaming term,
hence a correction Jf must be added in order to obtain a solution.

The most general form of local equilibrium is described by the distribution

FO%, ') = Cexp (“_g(FHV'p), (5.71)
k,T
where = u(r,t), T =T(r,t),and V = V (r,t) vary in both space and time. Note that
dTr af°
. (5.72)
1 dT af
where we have assumed V' = 0 on average, and used
dy = <§T> T + @“) dp
p (5.73)

1
=—sdl'+ —dp,
n

where s is the entropy per particle and n is the number density. We have further written h = u + T's,

which is the enthalpy per particle. Here, ¢, is the heat capacity per particle at constant pressure. Finally,

note that when f9 is the Maxwell-Boltzmann distribution, we have
_of? S

. 5.74

Oe k:BT ©.74)

The Boltzmann equation is written

0 p 0 0 of
(ot o) 0 =(5). o7

The RHS of this equation must be of order Jf because the local equilibrium distribution f° is annihilated
by the collision integral. We therefore wish to evaluate one of the contributions to the LHS of this
equation,

of° p of 90 _( 9f\[10p e—hor
o Tmor e T\ T e \nae T T e T [("’V)V}
(5.76)
+v-<mav+ Vp) _hv-VT—F-v}.
ot n

°In the chapter on thermodynamics, we adopted a slightly different definition of c, as the heat capacity per mole. In this
chapter c,, is the heat capacity per particle.
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To simplify this, first note that Newton’s laws applied to an ideal fluid give pV = —Vp, where p = mn
is the mass density. Corrections to this result, e.g. viscosity and nonlinearity in V/, are of higher order.

Next, continuity for particle number means 7 + V- (nV) = 0. We assume V is zero on average and that
all derivatives are small, hence V-(nV) =V-Vn+nV.-V &~ nV-V. Thus,

Olnn _ dlnp IInT
% = o 5 =-V.v, (5.77)

where we have invoked the ideal gas law n = p/k,T above.

Next, we invoke conservation of entropy. If s is the entropy per particle, then ns is the entropy per unit
volume, in which case we have the continuity equation
9(ns)
ot

YV (nsV) =n <gs+v Vs) <(2t+V( )):o. (5.78)

The second bracketed term on the RHS vanishes because of particle continuity, leaving us with s + V-
Vs =~ 5= 0(since V = 0 onaverage, and any gradient is first order in smallness). Now thermodynamics

says
0s 0s
= T
is= () o+ (57),

" (5.79)
_ar_ e
T U
since T(a—T)p = ¢, and (g—;)T (%) where v = V/N. Thus,
¢, OInT  Olnp
— — =0. (5.80)
ky, Ot ot
We now have in eqns. 5.77 and 5.80 two equations in the two unknowns dg;T and 8(1912;0 , yielding
T ko gy (5.81)
ot cy
olmp % gy (5.82)
ot cy
Thus eqn. 5.76 becomes
of° p ofY of° of°\ | e(I) —h
ot Tm o T e T\ o 7 U VT el Qg
5.83
h—Tc,—e(I") (5:89)
+ VV-F - v,,
cy/kg
where
ov, Vg

1 a
Qaﬁ = 5 <8l‘ﬁ + 8.75a> . (584)
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Therefore, the Boltzmann equation takes the form

e(I') —h e(I') = h+Te, o oo  [of
ANV v 4 & - V.V_-F. =L . .
{ ¢ +muyavg Qo P v WT ot o) (5.85)

a‘sf and F - Mf , since df must already be first order in smallness,

85f

Notice we have dropped the terms v -

and both the -2 5 operator as well as F add a second order of smallness, which is negligible. Typically %
is nonzero if the applied force F(t) is time-dependent. We use the convention of summing over repeated
indices. Note that ¢,; 9,5 = Q4 = V-V. For ideal gases in which only translational and rotational
degrees of freedom are excited, h = ¢, T.

5.5 Relaxation Time Approximation

5.5.1 Approximation of collision integral

We now consider a very simple model of the collision integral,

(&f) I e A (5.86)
coll

ot T T

This model is known as the relaxation time approximation. Here, f° = f°(r, p, t) is a distribution function
which describes a local equilibrium at each position r and time ¢. The quantity 7 is the relaxation time,
which can in principle be momentum-dependent, but which we shall first consider to be constant. In
the absence of streaming terms, we have

9of _ _of

ot . 6f (r,p,t) = &f (r,p, 0) "/ . (5.87)

The distribution f then relaxes to the equilibrium distribution f° on a time scale 7. We note that this
approximation is obviously flawed in that all quantities — even the collisional invariants — relax to their
equilibrium values on the scale 7. In the Appendix, we consider a model for the collision integral in
which the collisional invariants are all preserved, but everything else relaxes to local equilibrium at a
single rate.

5.5.2 Computation of the scattering time

Consider two particles with velocities v and v’. The average of their relative speed is

(lo—'|) /d3 /d v') v — |, (5.88)

where P(v) is the Maxwell velocity distribution,

m /2 mv?
P(v) = (QWkBT> exp <_2k:BT> ; (5.89)
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v

T

rel

Figure 5.3: Graphic representation of the equation n o o) 7 = 1, which yields the scattering time 7 in
terms of the number density n, average particle pair relative velocity ., and two-particle total scatter-
ing cross section 0. The equation says that on average there must be one particle within the tube.

which follows from the Boltzmann form of the equilibrium distribution f9(p). It is left as an exercise for

the student to verify that
4 [k, T\
7 = — / [ — B . 590
fa = (o= vl = = (27) .90
Note that ©,,, = /29, where © is the average particle speed. Let o be the total scattering cross section,

which for hard spheres is 0 = wd?, where d is the hard sphere diameter. Then the rate at which particles
scatter is

1
— =NUy0 . (5.91)
-
The particle mean free path is simply
1
(=0T = . 5.92
Jano (5.92)
While the scattering length is not temperature-dependent within this formalism, the scattering time is
T-dependent, with
1 N 1/2
T) = = . 9
m(T) nv,,o  4no <k‘BT) (5.93)

As T — 0, the collision time diverges as 7 oc T~'/2, because the particles on average move more slowly
at lower temperatures. The mean free path, however, is independent of T, and is given by ¢ = 1/v/2no.

5.5.3 Thermal conductivity

We consider a system with a temperature gradient V1" and seek a steady state (i.e. time-independent)
solution to the Boltzmann equation. We assume F,, = Q 5= 0. Appealing to eqn. 5.85, and using the
relaxation time approximation for the collision integral, we have

(e —c,T)

3 (v-VT) f°. (5.94)

Sf = —

We are now ready to compute the energy and particle currents. In order to compute the local density of
any quantity A(r, p), we multiply by the distribution f(r, p) and integrate over momentum:

fMﬂﬂZﬁﬁAWManﬂ, (5.95)
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For the energy (thermal) current, we let A = e v, = ep,/m, in which case p, = j,. Note that fdgpp =0
since fY is isotropic in p even when p and T depend on r. Thus, only §f enters into the calculation of the
various currents. Thus, the energy (thermal) current is

jo(r) = /d3p8v°“5f

_nT o B or

= hT (v*v’e (e - CpT)>—axﬁ ,
where the repeated index 3 is summed over, and where momentum averages are defined relative to the
equilibrium distribution, i.e.

(5.96)

(60)) = [#90(0) °0) | [0 1) = [0 P o). 697
In this context, it is useful to point out the identity
d* f%(p) = nd* P(v), (5.98)
where
Plo) = < m )3/ L V) ok, T (5.99)
2k, T

is the Maxwell velocity distribution.
Note that if ¢ = ¢(¢) is a function of the energy, and if V' = 0, then
d% fO(p) = nd® P(v) = n P(e) de , (5.100)

where

P(e) = F (k)P e/l (5.101)

oo ~

is the Maxwellian distribution of single particle energies. This distribution is normalized with [de P(¢) =
0

1. Averages with respect to this distribution are given by

((e)) = / de §(e) P(e) = 2 (k,T) ¥/ / de £1/2 g(e) e=</knT (5.102)
0 0

If ¢(¢) is homogeneous, then for any o we have

() = ED(a+3) (kD). (5.103)

Due to spatial isotropy, it is clear that we can replace
2e
lo' 1,2 _
v UB — E’U 5(15 = 37m (5(]5 (5.104)
in eqn. 5.96. We then have j. = —x VT, with

2nt

_ B sSnTk2T
3mk,T?

(e? (e—¢c,T)) = o gnlvc, (5.105)

K

where we have used ¢, = Sk, and % = 8:%. The quantity « is called the thermal conductivity. Note that
Ko T2,
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2=
v_v | = | —>
E——_
——
|- —
 ——
—
z=0 >
v, =0 | ' |
Figure 5.4: Gedankenexperiment to measure shear viscosity 7 in a fluid. The lower plate is fixed. The
viscous drag force per unit area on the upper plate is Fy;ag/A = —nV/d. This must be balanced by an
applied force F'.

5.5.4 Viscosity

Consider the situation depicted in fig. 5.4. A fluid filling the space between two large flat plates at z = 0
and z = d is set in motion by a force FF = Fz applied to the upper plate; the lower plate is fixed. It
is assumed that the fluid’s velocity locally matches that of the plates. Fluid particles at the top have
an average z-component of their momentum (p,) = mV. As these particles move downward toward
lower z values, they bring their z-momenta with them. Therefore there is a downward (—z2-directed)
flow of (p,). Since z-momentum is constantly being drawn away from z = d plane, this means that
there is a —z-directed viscous drag on the upper plate. The viscous drag force per unit area is given
by Fy../A = —nV/d, where V/d = 0V, /0z is the velocity gradient and 7 is the shear viscosity. In
steady state, the applied force balances the drag force, i.e. F' 4 F, drag = 0. Clearly in the steady state the
net momentum density of the fluid does not change, and is given by $pV'z, where p is the fluid mass
density. The momentum per unit time injected into the fluid by the upper plate at 2 = d is then extracted
by the lower plate at z = 0. The momentum flux density 11, = n(p, v, ) is the drag force on the upper

surface per unit area: I, = —n 88‘2”. The units of viscosity are [n] = M/LT.

We now provide some formal definitions of viscosity. As we shall see presently, there is in fact a second
type of viscosity, called second viscosity or bulk viscosity, which is measurable although not by the type
of experiment depicted in fig. 5.4.

The momentum flux tensor I, ; = n (p, v4 ) is defined to be the current of momentum component p,, in
the direction of increasing x 5 For a gas in motion with average velocity V, we have

Mo = nm (Vo +v,) (Vs +v3))
=nmV, Vg + nm (v vy)

o hs (5.106)

= anaVﬁ + gnm<v >5a,8

= pVaVB —i—pdaﬂ ,

where v’ is the particle velocity in a frame moving with velocity V, and where we have invoked the ideal
gas law p = nk,T. The mass density is p = nm.
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When V is spatially varying,

where G, 5 is the viscosity stress tensor. Any symmetric tensor, such as 7,4, can be decomposed into a
sum of (i) a traceless component, and (ii) a component proportional to the identity matrix. Since 7,4
should be, to first order, linear in the spatial derivatives of the components of the velocity field V, there
is a unique two-parameter decomposition:

oV
Gap = 8l+—5—§v-v%ﬁ + V-V,
N\ ow, " oz, (5.108)

=27 (Qaﬁ - %TV(Q) 5aﬁ> + ¢ Tr(Q) O -

The coefficient of the traceless component is 7, known as the shear viscosity. The coefficient of the com-
ponent proportional to the identity is ¢, known as the bulk viscosity. The full stress tensor o, ; contains a
contribution from the pressure:

00 = POzt Tup - (5.109)

The differential force dF, that a fluid exerts on on a surface element n dA is

[0}

dF, = —0,5nzdA, (5.110)

where we are using the Einstein summation convention and summing over the repeated index 5. We
will now compute the shear viscosity 7 using the Boltzmann equation in the relaxation time approxima-
tion.

Appealing again to eqn. 5.85, with F = 0 and h = ¢, T, we find

e—c, T

of = —— {mvavﬂQaﬂerv‘VT—SV‘V} fo. (5.111)

kT T cy [k

We assume V1" = V-V = 0, and we compute the momentum flux:

I, = / D pyv, Of

TLTTLQT

__kBiT Qa5<%vz%%> 511
T 8Vm+8VZ< 2 ) (5.112)
N 0z oz ) Ve T
ov, oV,
= —nTkBT< o + g ) .
Thus, if V,, = V,(z), we have
ov,
I, = —ntk,T P (5.113)

from which we read off the viscosity,

n =nkyTT = Znmlv . (5.114)
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Figure 5.5: Left: thermal conductivity (A in figure) of Ar between 7' = 800K and 7" = 2600 K. The best
tit to a single power law A = aT? results in b = 0.651. Source: G. S. Springer and E. W. Wingeier, J. Chem
Phys. 59, 1747 (1972). Right: log-log plot of shear viscosity (¢ in figure) of He between 7' ~ 15K and
T ~ 1000 K. The red line has slope 3. The slope of the data is approximately 0.633. Source: J. Kestin and
W. Leidenfrost, Physica 25, 537 (1959).

Note that 5(T") oc T/2.

How well do these predictions hold up? In fig. 5.5, we plot data for the thermal conductivity of argon
and the shear viscosity of helium. Both show a clear sublinear behavior as a function of temperature, but
the slope dInx/dInT is approximately 0.65 and dInn/dInT is approximately 0.63. Clearly the simple
model is not even getting the functional dependence on 7' right, let alone its coefficient. Still, our crude
theory is at least qualitatively correct.

Why do both x(T) as well as n(T') decrease at low temperatures? The reason is that the heat current
which flows in response to V7" as well as the momentum current which flows in response to 0V, /0z
are due to the presence of collisions, which result in momentum and energy transfer between particles.
This is true even when total energy and momentum are conserved, which they are not in the relaxation
time approximation. Intuitively, we might think that the viscosity should increase as the temperature
is lowered, since common experience tells us that fluids ‘gum up” as they get colder — think of honey
as an extreme example. But of course honey is nothing like an ideal gas, and the physics behind the
crystallization or glass transition which occurs in real fluids when they get sufficiently cold is completely
absent from our approach. In our calculation, viscosity results from collisions, and with no collisions
there is no momentum transfer and hence no viscosity. If, for example, the gas particles were to simply
pass through each other, as though they were ghosts, then there would be no opposition to maintaining
an arbitrary velocity gradient.

5.5.5 Oscillating external force

Lt (t) = F e~ is applied. For a system of charged parti-
cles, this force would arise from an external electric field F,,, = ¢E e, where ¢ is the charge of each

Suppose a uniform oscillating external force F,
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particle. We’ll assume V7' = 0. The Boltzmann equation is then written

g B g —iwt g _ f_fO
5 T e i, (5.115)

We again write f = f° + df, and we assume Jf is spatially constant. Thus,
0 of

ot 9 1 (5-116)

If we assume Jf (t) = Jf (w) e ™" then the above differential equation is converted to an algebraic equa-

tion, with solution
T e—iwt afO
= — — F-v. .
of (t) T —ior e v (5.117)

We now compute the particle current:

Go(r,t) = /d3p v Of

T efiwt FB
— . d3 0
1 —swr k:BT/ b fip)va Y8
, (5.118)
Te Wt nF,
= . d P 2
1 — iwr 3kBT/ v P(v)v
B ni . Fa efiwt
m 1—iwr
If the particles are electrons, with charge ¢ = —e, then the electrical current is (—e) times the particle
current. We then obtain ) -
< (elec ne‘r LK, e ™" it
JEeNt) = = e = 0g(w) Bge (5.119)
where
(w) = U S (5.120)
e P e ’

is the frequency-dependent electrical conductivity tensor. Of course for fermions such as electrons,
we should be using the Fermi distribution in place of the Maxwell-Boltzmann distribution for f°(p).
This affects the relation between n and y only, and the final result for the conductivity tensor o, 4(w) is
unchanged.

5.5.6 Quick and Dirty Treatment of Transport

Suppose we have some averaged intensive quantity ¢ which is spatially dependent through T'(r) or ()
or V(r). For simplicity we will write ¢ = ¢(z). We wish to compute the current of ¢ across some surface
whose equation is dz = 0. If the mean free path is ¢, then the value of ¢ for particles crossing this surface
in the +2 direction is ¢(z — £ cos#), where 6 is the angle the particle’s velocity makes with respect to
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z,i.e. cosf = v, /v. We perform the same analysis for particles moving in the —z direction, for which
¢ = ¢(z + L cos ). The current of ¢ through this surface is then

Jg = nz/d% P(v)v, ¢(z — Lcosh) + n%/d?’v P(v)v, ¢(z + £cosb)

v, >0 v,<0 (5.121)
= 02 [ Py — 15099
= nfaz d’UP('U);— gn’l}ggz,
where v = égiimT is the average particle speed. If the z-dependence of ¢ comes through the dependence

of ¢ on the local temperature 7', then we have

Jg = —3nlv g;é VT =-KVT, (5.122)

where

_0¢
K = inlv 3T (5.123)

is the transport coefficient. If ¢ = (¢), then % = ¢p, where ¢, is the heat capacity per particle at constant
pressure. We then find j. = —x V7 with thermal conductivity

K= %n&’) Cp - (5.124)
Our Boltzmann equation calculation yielded the same result, but with a prefactor of % instead of 3.

We can make a similar argument for the viscosity. In this case ¢ = (p,) is spatially varying through its
dependence on the flow velocity V (r). Clearly d¢/0V, = m, hence

av,
= —%nm@ a—; , (5.125)
from which we identify the viscosity, n = nmfv. Once again, this agrees in its functional dependences
with the Boltzmann equation calculation in the relaxation time approximation. Only the coefficients
differ. The ratio of the coefficients is K p./Kppr = 5= = 0.849 in both cases®.

Jp, =11

Tz

5.5.7 Thermal diffusivity, kinematic viscosity, and Prandtl number

Suppose, under conditions of constant pressure, we add heat ¢ per unit volume to an ideal gas. We
know from thermodynamics that its temperature will then increase by an amount AT' = g/nc,,. If a heat
current j, flows, then the continuity equation for energy flow requires

T
ne, o +V.-j5,=0. (5.126)

In a system where there is no net particle current, the heat current j, is the same as the energy current

Jj., and since j, = —x VT, we obtain a diffusion equation for temperature,
oT
A VA (5.127)
ot ne,

Here we abbreviate QDC for ‘quick and dirty calculation’ and BRT for ‘Boltzmann equation in the relaxation time approximation’.
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H Gas ‘ n (uPa - s) ‘ Kk (MW /m - K) ‘ cp/ kg ‘ Pr H

He 19.5 149 2.50 | 0.682
Ar 22.3 17.4 2.50 | 0.666
Xe 22.7 5.46 2.50 | 0.659
H, 8.67 179 3.47 | 0.693
N, 17.6 25.5 3.53 | 0.721
O, 20.3 26.0 3.50 | 0.711
CH, 11.2 33.5 4.29 | 0.74
CO, 14.8 18.1 4.47 | 0.71
NH, 10.1 24.6 4.50 | 0.90

Table 5.1: Viscosities, thermal conductivities, and Prandtl numbers for some common gases at 7' = 293 K
and p = 1 atm. (Source: Table 1.1 of Smith and Jensen, with data for triatomic gases added.)

The combination p

a=— (5.128)

ncp
is known as the thermal diffusivity. Our Boltzmann equation calculation in the relaxation time approxi-
mation yielded the result x = nk,T'rc,/m. Thus, we find a = k;T'7/m via this method. Note that the

dimensions of a are the same as for any diffusion constant D, namely [a] = L?/T.

Another quantity with dimensions of L?/T is the kinematic viscosity, v = n/p, where p = nm is the mass
density. We found n = nk,T'7 from the relaxation time approximation calculation, hence v = k,T'7/m.
The ratio v/a, called the Prandtl number, Pr = ne, /mk, is dimensionless. According to our calculations,

Pr = 1. According to table 5.1, most monatomic gases have Pr ~ %

5.6 Diffusion and the Lorentz model

5.6.1 Failure of the relaxation time approximation

As we remarked above, the relaxation time approximation fails to conserve any of the collisional invari-
ants. It is therefore unsuitable for describing hydrodynamic phenomena such as diffusion. To see this,
let f(r,v,t) be the distribution function, here written in terms of position, velocity, and time rather than
position, momentum, and time as befor’. In the absence of external forces, the Boltzmann equation in
the relaxation time approximation is

of _ of _ -1

IR i (5.129)
The density of particles in velocity space is given by
(v, t) = /df%« fr,v,t). (5.130)

"The difference is trivial, since p = mwv.
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In equilibrium, this is the Maxwell distribution times the total number of particles: 7,(v) = NPy, (v).
The number of particles as a function of time, N(t) = [d% #i(v,t), should be a constant.

Integrating the Boltzmann equation one has

8n_ n—ng

e 131
ot T (5.131)

Thus, with §7(v,t) = n(v,t) — ny(v), we have
67i(v,t) = 6n(v,0) e /7. (5.132)

Thus, 7(v,t) decays exponentially to zero with time constant 7, from which it follows that the total
particle number exponentially relaxes to IVy. This is physically incorrect; local density perturbations
can’t just vanish. Rather, they diffuse.

5.6.2 Modified Boltzmann equation and its solution

To remedy this unphysical aspect, consider the modified Boltzmann equation,

%) %) D
a{Jr”'aJ::i[_H/irf]Ei(P_l)f’ (5.133)

where P is a projector onto a space of isotropic functions of v: PF = [ % F(v) for any function F'(v).
Note that P F' is a function of the speed v = |v|. For this modified equation, known as the Lorentz model,
one finds 9,7 = 0.

The model in eqn. 5.133 is known as the Lorentz model8. To solve it, we consider the Laplace transform,

o0

f(k,v,s) = /dt e st /d3r e FT f(r,v,t) . (5.134)

0

Taking the Laplace transform of eqn. 5.133, we find
(s+iv-k+71) f(k,v,8) =7 P f(k,v,5) + f(k,v,t = 0). (5.135)

We now solve for P f(k, v, s):

. 1 s f(k,v,t=0)
— ]P> b b .
which entails
" do 71 5 do  f(k,v,t=0)
Pf(k =|[— Pf(k — P . 5.137
flk,v,5) [ 47rs+iv-k+7'_1] O B e o e (5-137)

8See the excellent discussion in the book by Krapivsky, Redner, and Ben-Naim, cited in §8.1.



5.6. DIFFUSION AND THE LORENTZ MODEL 25

Now we have

1
dov /
AT s+ iv - k+T_1 S+2’Uk’.’L‘+T
)
1
k:

(5.138)
- vkt
1+7s/)°
Thus,
1 vkt \| [do f(k,v,t=0)
Pf(k =|1-— —tan~* — * . 1
f(k,v,5) [ okt (1+7’s> Ar s+iv-k 471 (5.139)
We now have the solution to Lorentz’s modified Boltzmann equation:
. -1 1  [do =
f(k,v,8) = - — |1 - tan ™! vkT @ f(k.:,v,t Oz
s+iv-k+71 vkT 14+ 7s Ar s+iv-k+ 7171 (5.140)
f(k,v,t=0)
s+iv-k+711
Let us assume an initial distribution which is perfectly localized in both r and w:
flr,v,t=0)=0(v—1vg) . (5.141)
For these initial conditions, we find
dv f(k,v,t=0) _ 1 6(v — ) (5.142)
Adr s+ -k+ 7171 S—i-ivo-k—i-T_l 47?11(2) ' ’
We further have that . L
1— —tan _1<UT>—ST—|— L2032 .. (5.143)
vkt 1+7s
and therefore
N 1 1 1 o(v—v
Flk,v,8) = —— Ep— s o 20)
s+iv-k+T1 s+ivy-k+T s+§v0kz i 4mug (5.144)
d(v —vy) '

s+ivy-k+771°

We are interested in the long time limit ¢ >> 7 for f(r, v, t). This is dominated by s ~ ¢!, and we assume
that 7! is dominant over s and iv - k. We then have

1 o(v — )

f(k,v,5) ~ . 5.145
Sk, v,5) s+ 33kt 4mug ( )
Performing the inverse Laplace and Fourier transforms, we obtain
—3/2 —r2/4Dt 6(v —vp)
f(r,v,t) = (4nDt) e C— (5.146)

2
4mug
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where the diffusion constant is
D= Uo T. (5.147)

The units are [D] = L?/T. Integrating over velocities, we have the density
n(r,t) = /d% F(r,v,t) = (4nDt)=3/2 =r?/4Dt (5.148)

Note that
/d rn(r,t) =1 (5.149)

for all time. Total particle number is conserved!

5.7 Linearized Boltzmann Equation

5.7.1 Linearizing the collision integral

We now return to the classical Boltzmann equation and consider a more formal treatment of the collision
term in the linear approximation. We will assume time-reversal symmetry, in which case

( >COH [t [ [ wie! o 1. ) {760) £51) — F0) S0} (5.150)

The collision integral is nonlinear in the distribution f. We linearize by writing

fp) = f"(p) + () ¥ (p) , (5.151)

where we assume v(p) is small. We then have, to first order in v,

(%) = rwiv+ow?). 6.152)
coll

where the action of the linearized collision operator is given by
Ly = /d /d3 ’/d w(®', vy | p.p1) f(p1) {w(p') +9(p1) — ¥(p) - 1/1(191)}
(5.153)
= [t 1210 0 57 00 {06 + 606 — 6(p) — 6(p)}

where we have invoked eqn. 5.55 to write the RHS in terms of the differential scattering cross section.
In deriving the above result, we have made use of the detailed balance relation,

@) o)) = £°0) fO(p)) - (5.154)

We have also suppressed the » dependence in writing f(p), f°(p), and ¥(p).
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From eqn. 5.85, we then have the linearized equation

- 0
L— — =Y, 5.155
(L-5)e=7, (5:159)
where, for point particles,
1 —c,T k
v — e(p) — ¢, v-VT—i—mvavﬁQag—L(mV-V—F-v . (5.156)
kT T Cy

Eqn. 5.155 is an inhomogeneous linear equation, which can be solved by inverting the operator I — %.

5.7.2 Linear algebraic properties of

Although L is an integral operator, it shares many properties with other linear operators with which
you are familiar, such as matrices and differential operators. We can define an inner product®,

(| ) = / &% £°(p) 1 () ¥ (p) (5.157)

Note that this is not the usual Hilbert space inner product from quantum mechanics, since the factor
f°(p) is included in the metric. This is necessary in order that L be self-adjoint:

(P | Ly ) = (Lapy |by) - (5.158)

We can now define the spectrum of normalized eigenfunctions of L, which we write as ¢, (p). The eigen-
functions satisfy the eigenvalue equation,

Loy ==X - (5159)
and may be chosen to be orthonormal,

(| B0 ) = Oy - (5.160)
Of course, in order to obtain the eigenfunctions ¢,, we must have detailed knowledge of the function
w(p', py | p,p1)-

Recall that there are five collisional invariants, which are the particle number, the three components of
the total particle momentum, and the particle energy. To each collisional invariant, there is an associated
eigenfunction ¢,, with eigenvalue \,, = 0. One can check that these normalized eigenfunctions are

1

¢n(p) = 7 (5.161)

by, (P) = \/mzjjﬁ (5.162)
_ ]2 (ep) 3

b.(p) = 0 ( R T 2) . (5.163)

°The requirements of an inner product (f|g) are symmetry, linearity, and non-negative definiteness.
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If there are no temperature, chemical potential, or bulk velocity gradients, and there are no external
forces, then Y = 0 and the only changes to the distribution are from collisions. The linearized Boltzmann
equation becomes

N
5 =L (5.164)

We can therefore write the most general solution in the form
/
bl t) =D Codulp)e ™, (5.165)

where the prime on the sum reminds us that collisional invariants are to be excluded. All the eigenvalues
A, aside from the five zero eigenvalues for the collisional invariants, must be positive. Any negative
eigenvalue would cause 9(p,t) to increase without bound, and an initial nonequilibrium distribution
would not relax to the equilibrium f°(p), which we regard as unphysical. Henceforth we will drop the
prime on the sum but remember that C,, = 0 for the five collisional invariants.

Recall also the particle, energy, and thermal (heat) currents,

j—/d3pvf(p)—/d3pf°(p)v¢(p)—<v!w>
j. = /d3pvsf<p> - /d3p Py ver(p) = (ve|w) (5.166)
jq=/d3pv<s—u>f<p>=/d3pf0<p>v<a—mw<p>=<v<a—u>|w>.

Note j, = j. — pd.

5.7.3 Steady state solution to the linearized Boltzmann equation

Under steady state conditions, there is no time dependence, and the linearized Boltzmann equation
takes the form

Ly=Y. (5.167)

We may expand 1 in the eigenfunctions ¢,, and write ) = 3 C, ¢,,. Applying L and taking the inner
product with ¢, we have

1
J
Thus, the formal solution to the linearized Boltzmann equation is

9p) ==Y 1 (0u 1Y) 0u(p) (5.169)

This solution is applicable provided |Y") is orthogonal to the five collisional invariants.
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Thermal conductivity

For the thermal conductivity, we take V1" = 0,T z, and

1 0T

= — 5.170
kT2 0x ~ "7 ( )
where X, = (¢ —¢,T) v,. Under the conditions of no particle flow (5 = 0), we have j, = —x 9, T &. Then
we have o7
X =—K . 5.171
(X 4) = —x o (5171)
Viscosity
For the viscosity, we take
m AV,
Y = L. X 5.172
k‘BT 8y n Y ( )
with X, = v, v,. We then
ov,
I, = (mv,v,[¢) =—n oy (5.173)
Thus,
n v,
X =—— 5.174
(X,19) = -2 5 (5174)
5.7.4 Variational approach
Following the treatment in chapter 1 of Smith and Jensen, define H = —L. We have that H is a positive

semidefinite operator, whose only zero eigenvalues correspond to the collisional invariants. We then
have the Schwarz inequality,

(G H|$)- (0| H o) > (o H|$), (5.175)

for any two Hilbert space vectors |¢) and |¢). Consider now the above calculation of the thermal
conductivity. We have

8 1 or

H+y = THTE 9 e (5.176)

and therefore ,

kBT2 ] 1 < ¢ ’ X >

k=B (| H|¢) > LV (5.177)

wrjone Y2 B i o)

Similarly, for the viscosity, we have

fyp— " WVe x (5.178)
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from which we derive
B kT
1 @V, /oy)?

m2 2
(Y| H|p) > (91 X,)

- . 5.179
5T (91 0)0) G179)

In order to get a good lower bound, we want ¢ in each case to have a good overlap with X, ,. One
approach then is to take ¢ = X, ,, which guarantees that the overlap will be finite (and not zero due to
symmetry, for example). We illustrate this method with the viscosity calculation. We have

0 m? <1}ny | Uy Uy >2
B kBT <vxvy ‘ H ’ Ux”y)

(5.180)

Now the linearized collision operator L acts as

. 0o
(o1L10) = [dhs"w) olo) [d' a2 57 o = o1l £ {(0) + (o) — 00 — 66D} G181
Here the kinematics of the collision guarantee total energy and momentum conservation, so p’ and p

are determined as in eqn. 5.56.

Now we have
df? =sinydxdyp, (5.182)

where x is the scattering angle depicted in Fig. 5.6 and ¢ is the azimuthal angle of the scattering. The
differential scattering cross section is obtained by elementary mechanics and is known to be

do  |d(b*/2)
00 ‘ dsiny |’ (5.183)
where b is the impact parameter. The scattering angle is
x(b,u) =m — 27dr b (5.184)
4 o

where m = %m is the reduced mass, and r, is the relative coordinate separation at periapsis, i.e. the
distance of closest approach, which occurs when 7 = 0, i.e.

62
~ 2 o
mu” = D2 +U(rp) (5.185)

N[

where ¢ = mub is the relative coordinate angular momentum.

We work in center-of-mass coordinates, so the velocities are

v=V+ %u vV =V + (5.186)
1=V

— Ly , (5.187)

= N[

'vl:V—%u

[\

with |u| = |u'| and @ - @ = cos x. Then if ¢)(p) = v,v,, we have

A(p) = p(p) + (py) — v(p) — ¥(p)) = § (upu, — wyuy) . (5.188)

zty

N[
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b+ db

31

Figure 5.6: Scattering in the CM frame. O is the force center and P is the point of periapsis. The impact
parameter is b, and  is the scattering angle. ¢ is the angle through which the relative coordinate moves

between periapsis and infinity.

We may write
u =u (sinxcosgpél + sin x sin ¢ 9 + cos x é3> ,
where é; = u. With this parameterization, we have

2

it s = i) = i (426, Su5)
0

Note that we have used here the relation
€1a €18 + €24 €23 + €34 €33 = 6aﬁ )
which holds since the LHS is a projector Y)°_, [&;)(&;].

It is convenient to define the following integral:

o0

R(u) = /dbb sin?x (b, u) .
0

Since the Jacobian

(Ov, Ovy)
det ———=|=1
S ov,ouw |
we have
3
7 2 m 3 3, —mV?2/kyT —mu?/4k,T 3
<vxvy|L]vxvy)—n<2ﬂkBT> /dV due ks ¢ /4 U U
This yields

(v,0y | I:|vmvy> = %nQ <u5 R(u)) ,

xT

(5.189)

(5.190)

(5.191)

(5.192)

(5.193)

(5.194)

(5.195)



32 CHAPTER 5. THE BOLTZMANN EQUATION

where

(F(u)) = /du u? e~ (kT F(u)/ /du u2 e~/ AkpT (5.196)
0 0

It is easy to compute the term in the numerator of eqn. 5.180:

m N2 3, o—mv?/2kgT 2, 2 kBTQ
(V0 |v,0,) =n <27T/<:BT> /d > Uy —n< - > . (5.197)

Putting it all together, we find
40 (ksT)
sz /< R(u (5.198)

The computation for  is a bit more tedious. One has ¢ (p) = (¢ — ¢,T') v, in which case

A(p) = %m[(v w)u, — (Vo) u;} . (5.199)
Ultimately, one obtains the lower bound
o 150y (kT 3
> 100k, (1) n{ﬁ ) / (" R(u)) . (5.200)

Thus, independent of the potential, this variational calculation yields a Prandtl number of

C
pr:Z:M

_ (5.201)
a mekK

win

which is very close to what is observed in dilute monatomic gases (see Tab. 5.1).

While the variational expressions for 1 and « are complicated functions of the potential, for hard sphere
scattering the calculation is simple, because b = d sin ¢, = d COS(%X), where d is the hard sphere diameter.
Thus, the impact parameter b is independent of the relative speed u, and one finds R(u) = 3d°. Then

128 [ k. T\/?
(v’ R(u)) = $d*(u’) = ﬁ( - ) d? (5.202)
and one finds ) 1o
5 (mk,T)'/? 75 ky, kBT
> = 7 K > .
=T 6r a2 ’ = 6an/7 &2 (5:203)

5.8 The Equations of Hydrodynamics

We now derive the equations governing fluid flow. The equations of mass and momentum balance are

% +V-(pV)=0 (5.204)

a(p Va) aHa/B _
ot T owp O

(5.205)
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where N
T8
ov, Vg
HaﬁszaVﬁ +p6aﬂ_ 87+87—*V V(Sozﬂ +<VV60¢B . (5206)
Oz
Substituting the continuity equation into the momentum balance equation, one arrives at
|4
Py +P(V-VIV = =Vpi V2V + ((+5mV(V-V), (5.207)

which, together with continuity, are known as the Navier-Stokes equations. These equations are supple-
mented by an equation describing the conservation of energy,

0s ov,
Note that the LHS of eqn. 5.207 is p DV /Dt, where D /Dt is the convective derivative. Multiplying by
a differential volume, this gives the mass times the acceleration of a differential local fluid element. The
RHS, multiplied by the same differential volume, gives the differential force on this fluid element in

a frame instantaneously moving with constant velocity V. Thus, this is Newton’s Second Law for the
fluid.

Zla 4 v.(kVT). (5.208)

5.9 Nonequilibrium Quantum Transport

5.9.1 Boltzmann equation for quantum systems

Almost everything we have derived thus far can be applied, mutatis mutandis, to quantum systems.
The main difference is that the distribution f° corresponding to local equilibrium is no longer of the
Maxwell-Boltzmann form, but rather of the Bose-Einstein or Fermi-Dirac form,

-1
Oor,k,t) = {exp <W) T 1} , (5.209)

where the top sign applies to bosons and the bottom sign to fermions. Here we shift to the more common
notation for quantum systems in which we write the distribution in terms of the wavevector k = p/h
rather than the momentum p. The quantum distributions satisfy detailed balance with respect to the
quantum collision integral

of Bk, [ [ A%, . / /
<8t>con - /(zw)la/(zw)s/(%)lg w {f AAENAxf)-FAAE) A fl)} (5.210)

where w = w(k,ky |k, k), f = f(k), f; = f(ky), f' = f(K'), and f] = f(k}), and where we have
assumed time-reversal and parity symmetry. Detailed balance requires

1£f 1+£f, 1+f 1+/f
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where f = fU is the equilibrium distribution. One can check that
— 1 F o _ Bl
f - eﬁ(g_u) :F 1 — 1 :i: f =€ 9 (5-212)

which is the Boltzmann distribution, which we have already shown to satisfy detailed balance. For the

streaming term, we have
0
af® = k.72 d( —H )

Oe k,T
af° dp (e —p)dT"  de
=k, T —<¢— — 5.213
= Fn Oe { k,T k,T? + kT ( )

o c—por de
e {ar R d’“}

from which we read off

ort _ _ 8f0{8 +6—M3T}

or Oe T Or (5.214)
or _, or
ok Ot

The most important application is to the theory of electron transport in metals and semiconductors,
in which case f° is the Fermi distribution. In this case, the quantum collision integral also receives a
contribution from one-body scattering in the presence of an external potential U(r), which is given by
Fermi’s Golden Rule:

<8f8(tk)) = 2% ST KK |UE) (F(K) — (k) 6(=(k) — =(k"))

coll ke
& (5.215)
hV (2m)3 Uk —K)[* (f(K') — f(k)) (k) —(K)) .

O

The wavevectors are now restricted to the first Brillouin zone, and the dispersion (k) is no longer the
ballistic form e = h?k?/2m but rather the dispersion for electrons in a particular energy band (typically
the valence band) of a solid!?. Note that f = fO satisfies detailed balance with respect to one-body
collisions as well'!,

In the presence of a weak electric field E and a (not necessarily weak) magnetic field B, we have, within
the relaxation time approximation, f = ¥ + Jf with

@—i vX B- ﬁ—v {5

=2 (5.216)

ot hc ok Oz T

af  of
VT

"We neglect interband scattering here, which can be important in practical applications, but which is beyond the scope of
these notes.

"The transition rate from |k’) to |k) is proportional to the matrix element and to the product f'(1 — f). The reverse process
is proportional to f(1 — f’). Subtracting these factors, one obtains f' — f, and therefore the nonlinear terms felicitously cancel
in eqn. 5.215.
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where €= —V(¢ — p/e) = E — e~V is the gradient of the “electrochemical potential’ ¢ — e 1p. In
deriving the above equation, we have worked to lowest order in small quantities. This entails dropping
terms like v - af;f (higher order in spatial derivatives) and E - 85f (both E and §f are assumed small).
Typically 7 is energy—dependent ie. T =7(e(k)).

We can use eqn. 5.216 to compute the electrical current j and the thermal current j,,

3
=2 / (57:;3 vdf (5.217)
Q
3,
%:2/55Ma—mvﬁ. (5.218)
Q

Here the factor of 2 is from spin degeneracy of the electrons (we neglect Zeeman splitting).

In the presence of a time-independent temperature gradient and electric field, linearized Boltzmann
equation in the relaxation time approximation has the solution

— 0
of = —7(e)v- <e£+ % VT) ( aa‘]; ) (5.219)
We now consider both the electrical current!? j as well as the thermal current density j,. One readily
obtains
_ dk
j=-2| —5vdf=Ln€E—-L1uVT (5.220)
(2m)?
0
_ dk
Jg = 2 (271‘)3 (8 — /L) v 5f = L21 E— L22 vT (5221)
0

where the transport coefficients L'! etc. are matrices:

2 0 e B
af € af
L = ey de 7(e) < e ) /dS ol (5.222)
aff _ aff _ € afo
L21 = TL]_Q = —m /dE T(E) (E — ( S | | (5.223)
ag _ 1 e _ifo / v o
L5y = T3RT /ds T(e) (e — p) < o dS. ol (5.224)
If we define the hierarchy of integral expressions
1 af° v v
04,8 —_ N\ =
T T de7(e) (e — ) < 9% > /dS6 o (5.225)
then we may write
Oé o (87 « 1 (87
b —e2get . L =TLY = —e g %fzf 0 (5.226)

12In this section we use j to denote electrical current, rather than particle number current as before.
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T=T

V = (QB*QA)(T1*T0)
Figure 5.7: A thermocouple is a junction formed of two dissimilar metals. With no electrical current

passing, an electric field is generated in the presence of a temperature gradient, resulting in a voltage
V=Va—Vg.

The linear relations in eqn. (5.221) may be recast in the following form:

E=pj+QVT
pitQ (5.227)
Jg=Mj—-—xVT,
where the matrices p, ), M, and & are given by
p= Ly Q=L Ly (5.228)
M= Ly L} k= Loy — Ly L] Lyy (5.229)
or, in terms of the 7,
1 1
pP= 2 jo Q= _ﬁ jo j1 (5.230)
N=—J,% n=r(R-RI ) (5.231)

These equations describe a wealth of transport phenomena:

e Electrical resistance (VT = B = 0)
An electrical current j will generate an electric field £ = pj, where p is the electrical resistivity.

e Peltier effect (VT = B = 0)
An electrical current j will generate an heat current j, = Mj, where M is the Peltier coefficient.

e Thermal conduction (5 = B = 0)
A temperature gradient VT’ gives rise to a heat current j, = —xVT, where & is the thermal con-
ductivity.
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e Seebeck effect (j = B = 0)
A temperature gradient VT gives rise to an electric field £ = QVT, where Q) is the Seebeck coeffi-
cient.

One practical way to measure the thermopower is to form a junction between two dissimilar metals, A
and B. The junction is held at temperature 77 and the other ends of the metals are held at temperature
To. One then measures a voltage difference between the free ends of the metals — this is known as the
Seebeck effect. Integrating the electric field from the free end of A to the free end of B gives

B

Va— Vi = — / £-dl = (Qp - Qa)(T1 —T) . (5.232)
A

What one measures here is really the difference in thermopowers of the two metals. For an absolute
measurement of @, replace B by a superconductor () = 0 for a superconductor). A device which
converts a temperature gradient into an emf is known as a thermocouple.

The Peltier effect has practical applications in refrigeration technology. Suppose an electrical current /
is passed through a junction between two dissimilar metals, A and B. Due to the difference in Peltier
coefficients, there will be a net heat current into the junction of W = (Ma — Mg) [. Note that this is
proportional to I, rather than the familiar I? result from Joule heating. The sign of W depends on the
direction of the current. If a second junction is added, to make an ABA configuration, then heat absorbed
at the first junction will be liberated at the second. '3

5.9.2 The Heat Equation

We begin with the continuity equations for charge density p and energy density e:

Ip

E—FV'J =0 (5.233)
e ) .
ajLV'Je_J'E’ (5.234)

where E is the electric field'*. Now we invoke local thermodynamic equilibrium and write

0= _ D om0 OT
ot  on ot 0T Ot
w Op oT

S T (5.235)

3To create a refrigerator, stick the cold junction inside a thermally insulated box and the hot junction outside the box.
“Note that itis E - j and not £- j which is the source term in the energy continuity equation.
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i, e - e e .t o 1 .. ' s .

I, = (My-11,)1

Figure 5.8: A sketch of a Peltier effect refrigerator. An electrical current I is passed through a junction
between two dissimilar metals. If the dotted line represents the boundary of a thermally well-insulated
body, then the body cools when Mg > My, in order to maintain a heat current balance at the junction.

where 7 is the electron number density (n = —p/e) and ¢, is the specific heat. We may now write

LT 0= pdp
Viot ot e ot
:j-E—V-jE—%Vj

=3 €E-V-j,. (5.236)
Invoking j, = Mj — KV T, we see that if there is no electrical current (5 = 0), we obtain the heat equation

or o

CV E = Hoéﬁ W . (5237)

This results in a time scale 7, for temperature diffusion 7, = CL?c;,/k, where L is a typical length scale
and C is a numerical constant. For a cube of size L subjected to a sudden external temperature change,
L is the side length and C = 1/372 (solve by separation of variables).

5.9.3 Calculation of Transport Coefficients

We will henceforth assume that sufficient crystalline symmetry exists (e.g. cubic symmetry) to render
all the transport coefficients multiples of the identity matrix. Under such conditions, we may write

TP = T bap with
1 n( 0f°
‘-777, = m /dE T(E) (E — /J) —E /ng "U| . (5.238)
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The low-temperature behavior is extracted using the Sommerfeld expansion,

I= /de H(e) <—88J:)> = nDcsc(nD) H(z) (5.239)
e=p

:mm+§wgvﬁmmau (5.240)

where D = kT % is a dimensionless differential operator.'®

Let us now perform some explicit calculations in the case of a parabolic band with an energy-independent
scattering time 7. In this case, one readily finds

T, = U—g p 32 aDesenDe? (e — p)" , (5.241)
& E=N
where o, = ne?r/m*. Thus,
2 2
o 7w (kgT)
=014
Ty . +t3 2 +
2 2
7= 0T WD), (5.242)
e 2 i
2
_ %7 2
Iy = eﬁg(k‘BT) e
from which we obtain the low-T results p = o,
72 k2T 72 nt
= = — —ET 5.243
2 eep R ( )
and of course M = T'Q. The predicted universal ratio
Jiczzﬁ(k/ef::245x10*8V2K*2 (5.244)
ol 37" ’ ’ ’

is known as the Wiedemann-Franz law. Note also that our result for the thermopower is unambiguously
negative. In actuality, several nearly free electron metals have positive low-temperature thermopowers
(Cs and Li, for example). What went wrong? We have neglected electron-phonon scattering!

5.9.4 Onsager Relations

Transport phenomena are described in general by a set of linear relations,

Ji = Ly Fy, , (5.245)

> Remember that physically the fixed quantities are temperature and total carrier number density (or charge density, in the
case of electron and hole bands), and not temperature and chemical potential. An equation of state relating n, i1, and T is then
inverted to obtain i (n, T'), so that all results ultimately may be expressed in terms of n and 7T'.
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where the {F};} are generalized forces and the {J;} are generalized currents. Moreover, to each force F;
corresponds a unique conjugate current J;, such that the rate of internal entropy production is

S:zi:FiJi — Fi:gi. (5.246)
The Onsager relations (also known as Onsager reciprocity) state that
Lix(B) = ning Lyi(—B) , (5.247)
where 7; describes the parity of J; under time reversal:
JE = J; (5.248)

where J! is the time reverse of J;. To justify the Onsager relations requires a microscopic description of
our nonequilibrium system.

The Onsager relations have some remarkable consequences. For example, they require, for B = 0,
that the thermal conductivity tensor ; of any crystal must be symmetric, independent of the crystal
structure. In general,this result does not follow from considerations of crystalline symmetry. It also
requires that for every ‘off-diagonal” transport phenomenon, e.g. the Seebeck effect, there exists a distinct
corresponding phenomenon, e.g. the Peltier effect.

For the transport coefficients studied, Onsager reciprocity means that in the presence of an external
magnetic field,

Pus(B) = pg,(—B) (5.249)
Kop(B) = kg, (—B) (5.250)
M.5(B) =T Q4,(—B). (5.251)

Let’s consider an isotropic system in a weak magnetic field, and expand the transport coefficients to first
order in B:

Pop(B) = pl,5+ Ve, BT (5.252)
Kop(B) = Kd,5+ weqz, BY (5.253)
Qup(B) = Q0,5+ Ceqpy BT (5.254)
Mog(B) = M85+ 0, B (5.255)

Onsager reciprocity requires M = 7@ and 6 = T (. We can now write

E=pj+rvjxB+QVT+(VITXxB (5.256)
§,=Mj+0jxB—kVT-oVTxB. (5.257)

There are several new phenomena lurking;:
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e Hall effect (£ = %5 = j, =0)

An electrical current j = j, ¢ and a field B = B. 2 yield an electric field £ The Hall coefficient is
Ry =&y/jz B. = —v.

e Ettingshausen effect (g—g = jy = jgy = 0)

An electrical current j = j, ¢ and a field B = B, z yield a temperature gradient %' The Etting-

shausen coefficient is P = % /ju Bz = —0/k.

o Nernst effect (j. = jy = 3 = 0)

A temperature gradient VT = g—g z and a field B = B, z yield an electric field £ The Nernst
coefficientis A = &, g—g B, =-(.

e Righi-Leduc effect (j, = j, = &, = 0)

A temperature gradient VT = g—g z and a field B = B, z yield an orthogonal temperature gradi-

ent %—F‘yp. The Righi-Leduc coefficient is £ = %—Z / %BZ =(/Q.

510 Appendix: Boltzmann Equation and Collisional Invariants

Problem : The linearized Boltzmann operator L) is a complicated functional. Suppose we replace L by

L, where
m 3/2 3 mu2
/Jw:—fyw(v,t)—i—”y(zﬂkBT) /duexp(— 2kBT>
m 2 [ mu? 3 mu? 3
% {1 taT s <2kBT - 2) (2]<:BT N 2>}¢(“’t) ‘

Show that £ shares all the important properties of L. What is the meaning of v? Expand v (v,t) in
spherical harmonics and Sonine polynomials,

Y(0,8) = apum(t) 57

t+3

(5.258)

(z) 22 Y (n), (5.259)

rém

with z = mv?/2k,T, and thus express the action of the linearized Boltzmann operator algebraically on
the expansion coefficients a, ¢, (t).

The Sonine polynomials S7(x) are a complete, orthogonal set which are convenient to use in the calcu-
lation of transport coefficients. They are defined as

N ~ Fla+n+1) (=)™
Jalw) = mz:o Fa+m+1)(n—m)!m!’ (5:260)

and satisfy the generalized orthogonality relation

[e.9]

/d:v e T 2% S () S () = Dla+nt+l) S /. (5.261)

n! nn
0
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Solution : The ‘important properties” of L are that it annihilate the five collisional invariants, i.e. 1, v,
and v?, and that all other eigenvalues are negative. That this is true for £ can be verified by an explicit
calculation.

Plugging the conveniently parameterized form of ¢ (v, t) into £, we have

o0

L0 = =3 3 arin(®) S], 1 (@) 3 V() + 52 S aran(t) [, 2}/ e
rim 2 rim 5 (5.262)
. / diny 1+ 2020, fviy + 3o = 3) (20— 3)] ST 1 () 2l V()
2
where we’ve used
2k T 1/2 kT —1/2
w=y /=2 2% du= o 24z, . (5.263)
Now recall Y(n) = \/% and
Yi(n) = — 3 Gingeie Yl(ﬁ):q/ECOSH V! (A) =41/ — sinfe
1 8 0 47 -1
S?/z(fv) =1 53/2@) =1 511/2(35) =35-u,
which allows us to write
1 =47 Y2 (7)Y (7) (5.264)
n A 47 “ 3PN ~ * ~ LN
e = | Yo )Y () + Y 0) ¥ () + Y ) YY) | (5.265)

We can do the integrals by appealing to the orthogonality relations for the spherical harmonics and
Sonine polynomials:

/ dre™® 2% S™(x) S7 (z) = W S - (5.267)

0
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Integrating first over the direction vector ny,

L) = —v Z arém(t) SZ+1 (:L') xf/Q Y?fz(ﬁ)
rém 2

2 vt /dxl Ve faiy | YO0 Y ) 80 0) ()

r@m

(5.268)
+2x1/2x%/2 Z Y, (R) Ynll,*(le)Sg/Q(x) Sg/2(371)

m/'=—1

T Y4 ~
3SR YY" () SLla) o) 57,3 (o) o1 Vi),
we obtain the intermediate result

L= =7 arm(t) 5] 1 (2) 22 Yy (R)
rém 2

_|_ 2L Zaﬁm /d:r:l x1/2 ! [YO( ) 610 6mo S1/2< )59/2(%)
(5.269)

1
—1—%3;1/23:}/2 Z Ynﬁ/(ﬁ)5ll5mm' g/z(ﬂc)sgm(%)
m/=—1

+ % Yoo(ﬁ,) 510 5m0 SII/Q(IE) 511/2(1,‘1):| S;—i—% (l‘l) Qj‘}/2

Appealing now to the orthogonality of the Sonine polynomials, and recalling that
rhy=vr , TMH=1 , T(z41)=2T(2), (5.270)

we integrate over x;. For the first term in brackets, we invoke the orthogonality relation with n =20

and a = 3, giving I'(3) = 3/7. For the second bracketed term, we have n = 0 but o = 3, and we
= 3T(2), while the third bracketed term involves leads ton = 1 and a = %, also yielding

5)
2
I'(3) = 3T(2). Thus, we obtain the simple and pleasing result

= _72 g (t (z) 22 VL (7) (5.271)

rém

where the prime on the sum indicates that the set
Cl= {(0,0,0) , (1,0,0), (0,1,1), (0,1,0), (0,1, —1)} (5.272)

are to be excluded from the sum. But these are just the functions which correspond to the five collisional
invariants! Thus, we learn that

Urim(v) = Noom S]_1 () 22 Y, (), (5.273)
2
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is an eigenfunction of £ with eigenvalue —~ if (r, ¢, m) does not correspond to one of the five collisional
invariants. In the latter case, the eigenvalue is zero. Thus, the algebraic action of £ on the coefficients

Qrpm, is

([,CL) _ =7 Qrém if (’I", Ea m) ¢ CI
rém =0 if (r,£,m) € CI

The quantity 7 = v~ ! is the relaxation time.

It is pretty obvious that £ is self-adjoint, since

(6] L) = /d% 10(v) d(v) LI ()]

] o by P (L PR
+W<2kT>/d3/dueXp< %T) <_;Z:;)
(a7

% $(v) ) (;Z”; 2)] ¥ (u)

where 7 is the bulk number density and f°(v) is the Maxwellian velocity distribution.

= (Lo,

(5.274)

(5.275)



