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Phys 200B (Theoretical Mechanics), Problem Set II

Fetter & Walecka, problem #6.8.

Done by Munirov V. R.

Throughout this problem we deal with cartesian coordinates qi and function
(we will use the dummy summation convention in this problem):

S0 (q,P) =
X

i

qiPi ⌘ qiPi.

a) Infinitesimal translation in space

We are given the generating function
F (q,P) = S0 + Pdr = S0 + Pjdrj .

Since F is type II generating function the following is true:

Qi =
@F

@Pi
,

pi =
@F

@qi
.

Hence

Qi =
@S0

@Pi
+

@

@Pi
(Pjdrj) =

= qi + drj�ij = qi + drj ,

pi =
@S0

@qi
+

@

@qi
(Pjdrj) = Pi.

Thus we just proved that

Qi = qi + dri,

Pi = pi.

Or in vector notations

R = r + dr,

P = p.

Therefore we see that F generates infinitesimal translation in space, QED.
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b) Infinitesimal rotation

In this part we have the generating function

F (q,P) = S0 + n̂Ld'.

Here n̂ is a unit vector in the direction of rotation, while L = [r ⇥ P] is angular
momentum. Since F is type II generating function we again have

Qi =
@F

@Pi
,

pi =
@F

@qi
.

Hence

Qi = qi + d'
@

@Pi
(n̂ [r ⇥ P]) ,

pi = Pi + d'
@

@qi
(n̂ [r ⇥ P]) .

Now let us consider the derivative @
@qi

(n̂ [r ⇥ P]) .

@

@qi
(n̂ [r ⇥ P]) =

@

@qi
(nl"ljkqjPk) = nl"ljk

@qj

@qi
Pk =

= nl"ljk�ijPk = nl"likPk = "iklPknl = [P ⇥ n̂]i ,

where "ljk is the Levi-Civita symbol. Analogously, we can show that @
@qi

(n̂ [r ⇥ P]) =

[n̂ ⇥ r]i . Thus we just proved that

Qi = qi + d' [n̂ ⇥ r]i ,

Pi = pi + d' [n̂ ⇥ p]i .

We changed P to p in the last formula, we can do this because this substitution
introduces error of the order O

�
d'2

�
, but we are only interested in the terms

up to O (d') .
If we write canonical transformations in vector form we get

R = r + d' [n̂ ⇥ r] ,

P = p + d' [n̂ ⇥ p] .

Therefore we see that in this case F generates infinitesimal rotation, QED.
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