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200B Problem Set I, Solution to No.4

Emily Nardoni

1/21/14

Problem Statement:

Let H(q,p,t) = Ho(gq,p) + V(q)%ﬁ‘, for A(t) periodic with period 7 < T, and T the period of
the motion governed by Hp.

(a) Derive the mean field (i.e. short time averaged) equations for this system.
Solution:

First, we derive the Lagrangian from the given Hamiltonian, and find the Euler-Lagrange
equations of motion:

2 2

D d-A
H=2" aa

oy T V0(d) + V()5

. . 0H .
L=pq—H, q=af=£ffp=mq

D m

o, d?A

ﬁ—§mq _VO(Q)_V(Q)ﬁ

By the Euler-Lagrange equations,

oL _doL __Vila) OV(Q)d*A _

?q_%ﬁiq dq dq dt?

Now, we separate the motion into a centroid part y(t) and a quiver motion e(t):

2
qit) =y(t) +e(t), ewcoswt, w= il
-

We plug this into the Euler-Lagrange equations, expand (assuming e is small), and pick
out the slow and fast parts:

0 0 d2A(t) .. .
—aquo(y—i-e)— a—qV(y—i—e) T = mij+mé
Vo (y) *Vo(y) {BV(y) *V(y) } d*A(t) .
— — — + € =m + me
8y slow ay2 fast ay fast ayQ slow dt? slow fast




We take the short time average of the previous equation, where <>= % fOT dt, and note
that (€) =0, (€) = 0: then we are left with the “slow”, or mean field, equation

mi =

COW(y)  PV(y) [ A
Ay Oy? “ar

The “fast” equation is given by

?Vo(y) OV d2A
—€

dq? Oy dt?

Note that since € -~ coswt,

mé «~ mw?e
O*Vo(y)

2 2 2
32 ~mflge,  w? > Q)

€

so that we can drop the above term in our fast equation relative to the other terms, and
we write our fast equation as

v
Oy dt?

The idea is to solve the fast equation and plug into the slow equation. Since V' is inde-
pendent of time, we find

% PV(y) | A\ 9*V(y) / 1oV  d*>A(t)
Comat T o <€dt2> > <m8yA(t) dt? >
1%V (y) oV d?A(t)
= o ay<A(t> a2 >

Note that we can rewrite

(a5 = (o () - () - ()

d . d
A ~sinwt — p <(AA)> o {(sinwt coswt)) =0
Thus we plug this result back in to our slow equation, and (finally) find our mean field
equation:

mij— _Voly) _ LV OV [ (dA)?
v= Oy m Oy? Oy dt




(b) Show that these mean field equations may be obtained from the effective Hamiltonian

K(p.q) = Holp.a) + - <(c§;1>2> (axg((lq)y

2
where here <> means a short time average, and we may assume Hy = 2 + V5(q).
Solution:

Again, we derive the Lagrangian and Euler-Lagrange equations of motion, but this time
for our Hamiltonian being the given effective Hamiltonian:

. . OH p .
L=pi—H, ¢=—"-=— = p=mf
P m

1, 1 dAN?\ [0V (g)\?
L=gma _%(Q)_4m<<dt) >< aq

oL  doc Volg) 1 Vo2V [ [dA\? .

— = = 5o aa i\ o) ) =md

Oq dt 0g 0q 2m Oq 0g? dt

Thus we derive the same mean field equation as before (with m — 2m, which I believe is
a mistake in the problem statement).
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