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Chapter 1

Phenomenological Theories of
Superconductivity

1.1 Basic Phenomenology of Superconductors

The superconducting state is a phase of matter, as is ferromagnetism, metallicity, efc. The phenomenon was dis-
covered in the Spring of 1911 by the Dutch physicist H. Kamerlingh Onnes, who observed an abrupt vanishing of
the resistivity of solid mercury at 7' = 4.15K!. Under ambient pressure, there are 33 elemental superconductors?,
all of which have a metallic phase at higher temperatures, and hundreds of compounds and alloys which exhibit
the phenomenon. A timeline of superconductors and their critical temperatures is provided in Fig. 1.1. The related
phenomenon of superfluidity was first discovered in liquid helium below 7" = 2.17K, at atmospheric pressure,
independently in 1937 by P. Kapitza (Moscow) and by J. E. Allen and A. D. Misener (Cambridge). At some level,
a superconductor may be considered as a charged superfluid — we will elaborate on this statement later on. Here
we recite the basic phenomenology of superconductors:

e Vanishing electrical resistance : The DC electrical resistance at zero magnetic field vanishes in the super-
conducting state. This is established in some materials to better than one part in 10'° of the normal state
resistance. Above the critical temperature 7, the DC resistivity at H = 0 is finite. The AC resistivity remains
zero up to a critical frequency, w, = 2A/h, where A is the gap in the electronic excitation spectrum. The
frequency threshold is 2A because the superconducting condensate is made up of electron pairs, so breaking
a pair results in two quasiparticles, each with energy A or greater. For weak coupling superconductors, which
are described by the famous BCS theory (1957), there is a relation between the gap energy and the supercon-
ducting transition temperature, 2A, = 3.5 kT, which we derive when we study the BCS model. The gap
A(T) is temperature-dependent and vanishes at T...

e Flux expulsion : In 1933 it was descovered by Meissner and Ochsenfeld that magnetic fields in supercon-
ducting tin and lead to not penetrate into the bulk of a superconductor, but rather are confined to a surface
layer of thickness A, called the London penetration depth. Typically X in on the scale of tens to hundreds of
nanometers.

It is important to appreciate the difference between a superconductor and a perfect metal. If we set 0 = oo
then from j = o E we must have E = 0, hence Faraday’s law V x E = —¢~19,B yields §,B = 0, which

Coincidentally, this just below the temperature at which helium liquefies under atmospheric pressure.
2 An additional 23 elements are superconducting under high pressure.
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Figure 1.1: Timeline of superconductors and their transition temperatures (from Wikipedia).

says that B remains constant in a perfect metal. Yet Meissner and Ochsenfeld found that below T, the flux
was expelled from the bulk of the superconductor. If, however, the superconducting sample is not simply
connected, i.e. if it has holes, such as in the case of a superconducting ring, then in the Meissner phase flux
may be trapped in the holes. Such trapped flux is quantized in integer units of the superconducting fluxoid
¢, = he/2e = 2.07 x 1077 G em? (see Fig. 1.2).

e Critical field(s) : The Meissner state exists for T' < T,, only when the applied magnetic field H is smaller than
the critical field H (T), with

H.(T) ~ H,(0) (1 - i—z) . (1.1)

In so-called type-I superconductors, the system goes normal® for H > H_(T). For most elemental type-I
materials (e.g., Hg, Pb, Nb, Sn) one has H (0) < 1kG. In type-II materials, there are two critical fields,
H(T) and H,(T). For H < H_;, we have flux expulsion, and the system is in the Meissner phase. For
H > H_,, we have uniform flux penetration and the system is normal. For H,, < H < H_,, the system in a
mixed state in which quantized vortices of flux ¢, penetrate the system (see Fig. 1.3). There is a depletion of
what we shall describe as the superconducting order parameter ¥(r) in the vortex cores over a length scale
&, which is the coherence length of the superconductor. The upper critical field is set by the condition that
the vortex cores start to overlap: H , = ¢, /2n&%. The vortex cores can be pinned by disorder. Vortices also
interact with each other out to a distance ), and at low temperatures in the absence of disorder the vortices
order into a (typically triangular) Abrikosov vortex lattice (see Fig. 1.4). Typically one has H,, = 2k H,;,
where k¥ = \/¢ is a ratio of the two fundamental length scales. Type-II materials exist when H,, > H_ 4, i.e.
when x > % Type-II behavior tends to occur in superconducting alloys, such as Nb-Sn.

e Persistent currents : We have already mentioned that a metallic ring in the presence of an external magnetic
field may enclosed a quantized trapped flux n¢, when cooled below its superconducting transition temper-
ature. If the field is now decreased to zero, the trapped flux remains, and is generated by a persistent current
which flows around the ring. In thick rings, such currents have been demonstrated to exist undiminished
for years, and may be stable for astronomically long times.

3Here and henceforth, “normal” is an abbreviation for “normal metal”.



1.2. THERMODYNAMICS OF SUPERCONDUCTORS 5

T>Tc T<Tc T<Tc
H < He1 H < He1

Figure 1.2: Flux expulsion from a superconductor in the Meissner state. In the right panel, quantized trapped flux
penetrates a hole in the sample.

e Specific heat jump : The heat capacity of metals behaves as ¢, = Cy,/V = %2 k2Tg(e,), where g(¢,.) is the
density of states at the Fermi level. In a superconductor, once one subtracts the low temperature phonon
contribution 2™ = AT3, one is left for T < T, with an electronic contribution behaving as ¢{/*® o

e~2/ksT_There is also a jump in the specific heat at T = T}, the magnitude of which is generally about three

times the normal specific heat just above 7. This jump is consistent with a second order transition with

critical exponent a = 0.

e Tunneling and Josephson effect: The energy gap in superconductors can be measured by electron tunneling
between a superconductor and a normal metal, or between two superconductors separated by an insulating
layer. In the case of a weak link between two superconductors, current can flow at zero bias voltage, a
situation known as the Josephson effect.

1.2 Thermodynamics of Superconductors

The differential free energy density of a magnetic material is given by
df:—sdT—i—iH-dB , (1.2)
4dr

which says that f = f(T, B). Here s is the entropy density, and B the magnetic field. The quantity H is called the
magnetizing field and is thermodynamically conjugate to B:

__ (9 (91
()Y 0

In the Ampére-Maxwell equation, V x H = 4rc~1j . + ¢ 10,D, the sources of H appear on the RHS*. Usually
¢~19,D is negligible, in which H is generated by external sources such as magnetic solenoids. The magnetic field

4Throughout these notes, RHS/LHS will be used to abbreviate “right/left hand side”.
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Figure 1.3: Phase diagrams for type I and type II superconductors in the (7', H) plane.

Bis givenby B = H + 4nM = ;H, where M is the magnetization density. We therefore have no direct control
over B, and it is necessary to discuss the thermodynamics in terms of the Gibbs free energy density, g(7', H):

o(T, H) = f(T, B) - iB H

1 (1.4)
dg=—-sdl' — —B-dH
47

__ (% — (29
() (L) 05

Assuming a bulk sample which is isotropic, we then have

Thus,

H
1
oI H) = g(1,0) ~ - [ar’ B (16
Iy
0
In a normal metal, ;1 ~ 1 (cgs units), which means B ~ H, which yields
H2
™

In the Meissner phase of a superconductor, B = 0, so
gs(T,H) = g,(T,0) . (1.8)

For a type-I material, the free energies cross at = H_, so

2

0(T,0) = 0,(T,0)~ L& (19

2
which says that there is a negative condensation energy density — H%—(T) which stabilizes the superconducting phase.

We call H_ the thermodynamic critical field. We may now write "

95(T, H) — gn(T), H) = %(Hz —Hf(T)) ) (1.10)
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Figure 1.4: STM image of a vortex lattice in NbSep at H = 1T and 7' = 1.8 K. From H. F. Hess ef al., Phys. Rev.
Lett. 62,214 (1989).

so the superconductor is the equilibrium state for 4 < H_. Taking the derivative with respect to temperature, the
entropy difference is given by

so(T,H) —s,(T,H) = 1y (T) dIch(?)

47 ¢

<0 (1.11)

since H_(T') is a decreasing function of temperature. Note that the entropy difference is independent of the external
magnetizing field H. As we see from Fig. 1.3, the derivative H/(T") changes discontinuously at 7" = 7. The latent
heat ¢ = T' As vanishes because H_(T,) itself vanishes, but the specific heat is discontinuous:

2
e(To, H = 0) — ¢y (T, H = 0) = Z—W(%) , (1.12)
TC

and from the phenomenological relation of Eqn. 1.1, we have H/(T,) = —2H_(0)/T,, hence

2
Ac=c(T,,H=0)—c,(T,,H=0) = A:(0) (1.13)
T,
We can appeal to Eqn. 1.11 to compute the difference Ac(T, H) for general T' < T :
T d?
Ac(T,H)=——HT) . 1.14
C( ’ ) 87T dT2 C ( ) ( )
With the approximation of Eqn. 1.1, we obtain
TH2(0) TV
In the limit 7' — 0, we expect c,(T) to vanish exponentially as e=2/#s”, hence we have Ac(T — 0) = —T, where

7 is the coefficient of the linear 7" term in the metallic specific heat. Thus, we expect v ~ HZ(0)/27T2. Note also
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Figure 1.5: Dimensionless energy gap A(T")/Aq in niobium, tantalum, and tin. The solid curve is the prediction
from BCS theory, derived in chapter 3 below.

that this also predicts the ratio Ac(7},0)/c, (7., 0) = 2. In fact, within BCS theory, as we shall later show, this ratio
is approximately 1.43. BCS also yields the low temperature form

H.(T) = H_(0) {1 — a(TZ)Z + O(eA/kBT)} (1.16)

with o ~ 1.07. Thus, H2°5(0) = (2772 /a)"/*.

1.3 London Theory

Fritz and Heinz London in 1935 proposed a two fluid model for the macroscopic behavior of superconductors.
The two fluids are: (i) the normal fluid, with electron number density n,, which has finite resistivity, and (ii) the
superfluid, with electron number density n,, and which moves with zero resistance. The associated velocities are
v, and v,, respectively. Thus, the total number density and current density are

n=mn, + ng

117
j = jn + js - _e(nnvn + nsvs) ( )
The normal fluid is dissipative, hence j,, = o, F, but the superfluid obeys F' = ma, i.e.
dv, dj e?
% _ g = Ys_""p (1.18)

dt dt m
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In the presence of an external magnetic field, the superflow satisfies

B S (Btcin B
Lo e (1.19)
=_5 . =_8 102) —
- Bt + (’Us V)vs Bt + V(st) vs X (V X 'Us)
We then have o B
v, e e
E"'EE“‘V(%”S)—%X(VX’US—%) : (1.20)
Taking the curl, and invoking Faraday’s law V x E = —c¢~19, B, we obtain
2<vas—§)_Vx{vsx(vas—g)} , (1.21)
ot mc me
which may be written as
99 =Vx((v,xQ) |, (1.22)
ot
where B
Q=Vxv, -2 . (1.23)
mc
Eqn. 1.22 says that if Q = 0, it remains zero for all time. Assumption: the equilibrium state has = 0. Thus,
2
Veo =B o yuj--""p (1.24)
mc mc

This equation implies the Meissner effect, for upon taking the curl of the last of Maxwell’s equations (and assum-
ing a steady state so E = D = 0),
_ drnge?

—VQB:VX(VXB):4—7Tij: B = V?’B=)\"’B , (1.25)
C

mc?

where A\, = /mc?/4nn e? is the London penetration depth. The magnetic field can only penetrate up to a distance
on the order of ), inside the superconductor.

Note that c
V X js= _477/\3 B (1.26)
and the definition B = V x A licenses us to write
. C
Js =1 ¥ A (1.27)

provided an appropriate gauge choice for A is taken. Since V-j, = 0 in steady state, we conclude V-A = 0
is the proper gauge. This is called the Coulomb gauge. Note, however, that this still allows for the little gauge
transformation A — A + Vy, provided V?x = 0. Consider now an isolated body which is simply connected,
i.e. any closed loop drawn within the body is continuously contractable to a point. The normal component of the
superfluid at the boundary, J, | must vanish, hence A, = 0 as well. Therefore V, x must also vanish everywhere
on the boundary, which says that  is determined up to a global constant.

If the superconductor is multiply connected, though, the condition V|, x = 0 allows for non-constant solutions for
X- The line integral of A around a closed loop surrounding a hole D in the superconductor is, by Stokes’ theorem,
the magnetic flux through the loop:
?{dl~A: dSn-B=2, . (1.28)
oD D



10 CHAPTER 1. PHENOMENOLOGICAL THEORIES OF SUPERCONDUCTIVITY

On the other hand, within the interior of the superconductor, since B = V x A = 0, we can write A = Vy,
which says that the trapped flux ®, is given by &, = Ay, then change in the gauge function as one proceeds
counterclockwise around the loop. F. London argued that if the gauge transformation A — A + VX is associated
with a quantum mechanical wavefunction associated with a charge e object, then the flux ®,, will be quantized in
units of the Dirac quantum ¢, = hc/e = 4.137 x 107" G cm?. The argument is simple. The transformation of the
wavefunction ¥ — W e~ is cancelled by the replacement A — A + (hic/e)Va. Thus, we have x = ag, /27, and
single-valuedness requires Ao = 27n around a loop, hence &, = Ay = n¢,.

The above argument is almost correct. The final piece was put in place by Lars Onsager in 1953. Onsager pointed
out that if the particles described by the superconducting wavefunction ¥ were of charge e* = 2e¢, then, mutatis
mutandis, one would conclude the quantization condition is ®,, = n¢, , where ¢, = hc/2eis the London flux quan-
tum, which is half the size of the Dirac flux quantum. This suggestion was confirmed in subsequent experiments
by Deaver and Fairbank, and by Doll and Né&bauer, both in 1961.

De Gennes’ derivation of London Theory

De Gennes writes the total free energy of the superconductor as

F= / 4% f + Enetic + Efiela

mo.
Ekinctic - /dBI %mnsvs (.’B) = /d3I 2”,62 .752('73) (129)
B*()
Bgeq = [d .

But under steady state conditions V x B = 4mwc~ '3, so

2 2
F:/d3x{fs+B—+AfM} . (1.30)
8w 8w
Taking the functional variation and setting it to zero,
oF 2 2 72
47TE:B+)\LV><(V><B):B—)\LVB:O . (1.31)

Pippard’s nonlocal extension

The London equation jy(x) = —cA(z)/4w\? says that the supercurrent is perfectly yoked to the vector potential,
and on arbitrarily small length scales. This is unrealistic. A. B. Pippard undertook a phenomenological general-
ization of the (phenomenological) London equation, writing®

ey C «
7 (:13)2—471_/\E /d3rK B(T)Aﬁ(iL‘-f—’P)

. i/d3,, e/t
A 2 Amg r?

5See A. B. Pippard, Proc. Roy. Soc. Lond. A216, 547 (1953).

(1.32)

P Ag(x +7)
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Note that the kernel K?(r) = 3e~"/¢ 778 /4nér? is normalized so that

1 5P
3 af 3 3 67T/£ NIENG] 1 —r/& dr NG afB
dr K (T):R dr o :g dre -3 yrR =90 . (1.33)

The exponential factor means that K?(r) is negligible for r > &. If the vector potential is constant on the scale ¢,
then we may pull A;(x) out of the integral in Eqn. 1.33, in which case we recover the original London equation.
Invoking continuity in the steady state, V-5 = 0 requires

5 /d3 At =0 (1.34)
né? r—s— - Al@+r)=0 , .

which is to be regarded as a gauge condition on the vector potential. One can show that this condition is equivalent
to V-A = 0, the original Coulomb gauge.

In disordered superconductors, Pippard took

3 e /g

af _ NCRNG]
K (r) g, 12 PR (1.35)
with
1 1 1
- =4+ — (1.36)
£ & atl

where ¢ is the metallic elastic mean free path, and «a is a dimensionless constant on the order of unity. Note that
[d%r KB (r) = (£/&,) 0°P. Thus, for \, > &, one obtains an effective penetration depth A = (£,/£)'/2),, where
A\, = /mc2/4nn.e?. In the opposite limit, where )\, < &, Pippard found A\ = (3/472)1/6 (50/\3)1/3. For strongly
type-I superconductors, £ > A . Since j (x) is averaging the vector potential over a region of size { > A , the
screening currents near the surface of the superconductor are weaker, which means the magnetic field penetrates

deeper than ), . The physical penetration depth is A, where, according to Pippard, A\/A, « (§,/ /\L)l/ P> 1.

1.4 Ginzburg-Landau Theory

The basic idea behind Ginzburg-Landau theory is to write the free energy as a simple functional of the order
parameter(s) of a thermodynamic system and their derivatives. In “He, the order parameter ¥(x) = (¢(z)) is the
quantum and thermal average of the field operator ¢ (x) which destroys a helium atom at position . When ¥ is
nonzero, we have Bose condensation with condensate density n, = |¥|?. Above the lambda transition, one has
ng(T >T,) =0.

In an s-wave superconductor, the order parameter field is given by
V(@) o (Yp() vy () (1.37)
where v, (x) destroys a conduction band electron of spin o at position . Owing to the anticommuting nature of

the fermion operators, the fermion field v, (x) itself cannot condense, and it is only the pair field ¥U(x) (and other
products involving an even number of fermion field operators) which can take a nonzero value.
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1.4.1 Landau theory for superconductors

The superconducting order parameter ¥(x) is thus a complex scalar, as in a superfluid. As we shall see, the
difference is that the superconductor is charged. In the absence of magnetic fields, the Landau free energy density
is approximated as

f=alV?+Lp[u[* . (1.38)

The coefficients a and b are real and temperature-dependent but otherwise constant in a spatially homogeneous
system. The sign of a is negotiable, but b > 0 is necessary for thermodynamic stability. The free energy has an
O(2) symmetry, i.e. it is invariant under the substitution ¥ — W¥e'®. For a < 0 the free energy is minimized by

writing
U= ,/—% it (1.39)

where ¢, the phase of the superconductor, is a constant. The system spontaneously breaks the O(2) symmetry and
chooses a direction in ¥ space in which to point.

In our formulation here, the free energy of the normal state, i.e. when ¥ = 0, is f,, = 0 at all temperatures, and that

of the superconducting state is f, = —a?/2b. From thermodynamic considerations, therefore, we have
_ _HT) a*(T) _ H(T)
D) = fl)=-—— = WD) — (1.40)

Furthermore, from London theory we have that A = mc?/4nn.e?, and if we normalize the order parameter
according to

=22 (1.41)

where n is the number density of superconducting electrons and n the total number density of conduction band
electrons, then

N(0) 2 a(T)
Sy~ YO =5 (1.42)
Here we have taken n (T = 0) = n, so |¥(0)|? = 1. Putting this all together, we find
__HAT) A(T) _ HZT) AAT)
a(T) =— T 20) : b(T) = ) (1.43)

Close to the transition, H,(T') vanishes in proportion to A ?(T), so a(T,) = 0 while b(T,) > 0 remains finite at 7.
Later on below, we shall relate the penetration depth A to a stiffness parameter in the Ginzburg-Landau theory.

We may now compute the specific heat discontinuity from ¢ = -7 g—;’;. It is left as an exercise to the reader to
show
T, [o(T,)]?
Ac=c(T) —en(T) = —p 73— (1.44)
b(T.)

where o/ (T') = da/dT. Of course, ¢, (T) isn’t zero! Rather, here we are accounting only for the specific heat due to
that part of the free energy associated with the condensate. The Ginzburg-Landau description completely ignores
the metal, and doesn’t describe the physics of the normal state Fermi surface, which gives rise to ¢, = vT". The
discontinuity Ac is a mean field result. It works extremely well for superconductors, where, as we shall see, the
Ginzburg criterion is satisfied down to extremely small temperature variations relative to 7,. In “He, one sees
an cusp-like behavior with an apparent weak divergence at the lambda transition. Recall that in the language of
critical phenomena, ¢(T") « |T' — T,|~®. For the O(2) model in d = 3 dimensions, the exponent « is very close to
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zero, which is close to the mean field value oo = 0. The order parameter exponent is 3 = 1 at the mean field level;
the exact value is closer to % One has, for T' < T,

(T <T.)| = \/_ Zg; = \/‘ch)) (T, —-T)"/2+ ... . (1.45)

1.4.2 Ginzburg-Landau Theory

The Landau free energy is minimized by setting |V|> = —a/b for a < 0. The phase of V is therefore free to vary,
and indeed free to vary independently everywhere in space. Phase fluctuations should cost energy, so we posit
an augmented free energy functional,

Flw, ] :/ddx {alv@[* +1o[v@)| + K |[Vo@)[*+...} . (1.46)

Here K is a stiffness with respect to spatial variation of the order parameter ¥(x). From K and a, we can form
a length scale, £ = /K/|a|, known as the coherence length. This functional in fact is very useful in discussing
properties of neutral superfluids, such as He, but superconductors are charged, and we have instead

- 2
Flo, v, A] = /ddx {a U (@)|* + 1o |0(@)|" + K‘(V + i A)\I/(:c)‘ +E(Vx At } . (147)
Here ¢ = —e* = —2e is the charge of the condensate. We assume E = 0, so A is not time-dependent.
Under a local transformation ¥(z) — ¥(x) ¢**(®), we have
(V+ A)(Ve') = (V+iVa+ < A)T | (1.48)

which, upon making the gauge transformation A — A — € Vq, reverts to its original form. Thus, the free energy
is unchanged upon replacing ¥ — e’ and A — A — £ Va. Since gauge transformations result in no physical
consequences, we conclude that the longitudinal phase fluctuations of a charged order parameter do not really
exist. More on this later when we discuss the Anderson-Higgs mechanism.

1.4.3 Equations of motion

Varying the free energy in Eqn. 1.47 with respect to ¥* and A, respectively, yields

OF et a\2

0= <3 =aV+b|UP¥-K (V4 AV

(1.49)
0F  2Ke*| 1 e* 1
= —="— | (V'VU - UVI*) + — [TPA| + — B
=34~ The |2(VVY VYY) F AL+ TV
The second of these equations is the Ampere-Maxwell law, V x B = 4rc~ !5, with
. 2Ke* | h ,_, N e

If we set W to be constant, we obtain V x (V x B) + A\[?B = 0, with

£\ 2
_ e
A2 = 8wK<ﬁ> w2 . (1.51)
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Thus we recover the relation A, 2 o« |¥|2. Note that |¥|> = |a|/b in the ordered phase, hence

1/2
A= [¥ . I%(I] % _ %Hcg , (1.52)
which says
H = \/§¢TL§)\L . (1.53)
At a superconductor-vacuum interface, we should have
h- (Ev+e—*A)\1/|m:o , (1.54)
2 C

where (2 denotes the superconducting region and 7 the surface normal. This guarantees i - j|,, = 0, since

. 2Ke* h _, e’
j=—"Re (; VY + = | A) . (1.55)
Note that nn - 7 = 0 also holds if
. (h e* .
no (VS A, =i (1.56)

with r a real constant. This boundary condition is appropriate at a junction with a normal metal.

1.4.4 Critical current

Consider the case where ¥ = ;. The free energy density is

2
f:a|\110|2+%b|\110|4+K<;—> AT, 2 (1.57)
C
If a > 0 then f is minimized for ¥, = 0. What happens for a < 0, i.e. when T' < T,.. Minimizing with respect to
|W,|, we find
la| — K (e*/hc)?A?

0,2 = - (1.58)
The current density is then
j= —26K<2—Z>2<|a| - K(eb*/hc)zAQ)A . (1.59)
Taking the magnitude and extremizing with respect to A = |A|, we obtain the critical current density j:
1/2,13/2
A? = ﬁ%@z = o= 3?‘/3 K b'“' (1.60)

Physically, what is happening is this. When the kinetic energy density in the superflow exceeds the condensation
energy density H?2/8m = a?/2b, the system goes normal. Note that j.(T) o (T, — T)%/2.

Should we feel bad about using a gauge-covariant variable like A in the above analysis? Not really, because when
we write A, what we really mean is the gauge-invariant combination A + £ V¢, where ¢ = arg(¥) is the phase
of the order parameter.
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London limit

In the so-called London limit, we write ¥ = /n, e, with n, constant. Then

= (e ) =i (v a) o
Thus,
ij:£V><(V><B)
- p_ ¢ (bLVngp , (o2
Am\2 472 2
which says
\NV’B =B +5r il VXch . (1.63)

If we assume B = Bz and the phase field ¢ has singular vortex lines of topological index n, € Z located at
position p; in the (z,y) plane, we have

NVB=B+¢, Y ndlp—p;) - (1.64)
Taking the Fourier transform, we solve for B(q), where k = (g, k) :

® _ ¢L —iq,p.

whence

_ 2M22 KO<|” pz|) , (1.66)

where K, (z) is the MacDonald function, whose asymptotic behaviors are given by

Ky(2) ~ {—C —In(z/2) (z—0) (1.67)
(1/22)"2 exp(—2) (2 — )
where C = 0.57721566 . . . is the Euler-Mascheroni constant. The logarithmic divergence as p — 0 is an artifact of
the London limit. Physically, the divergence should be cut off when |p — p,| ~ £. The current density for a single
vortex at the origin is

¢ 4
dwA, 2mwA?

jir)= "=V xB=- K (p/\) @ . (1.68)

where n € Z is the vorticity, and K, (z) = —K)(z) behaves as 27! as = — 0 and exp(—=z)/v/27z as z — oo. Note the
ith vortex carries magnetic flux n,; ¢, .

1.4.5 Ginzburg criterion

Consider fluctuations in ¥(x) above T.. If |¥| < 1, we may neglect quartic terms and write

F:/dd:z: (a|\1/|2+K|V\IJ|2) =Y (a+ KR T(R)? (1.69)

k
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where we have expanded

—Z\i/ ke (1.70)
\/_ k
The Helmholtz free energy A(T') is given by
~A/kaT — S L
e~ A/ky _/D[\IJ,\IJ Je _1;[ <a+§<k2> , (1.71)
which is to say
kT
Y=k TZl ( +Kk2) . (1.72)
We write a(T") = at with t = (T' — T,)/T, the reduced temperature. We now compute the singular contribution
to the specific heat C\, = —T'A”(T'), which only requires we differentiate with respect to T as it appears in a(T').

Dividing by Nk, where N, = V/a? is the number of lattice sites, we obtain the dimensionless heat capacity per
unit cell,
2.d f
d%k 1
O / , (1.73)
K2 (27T)d (572 + k2)2

where A ~ a~! is an ultraviolet cutoff on the order of the inverse lattice spacing, and ¢ = (K/a)'/? o |t|~'/2. We
define R, = (K/a)'/?, in which case ¢ = R, |t|~'/?, and

Ag

d’% 1
_ p—4_.d¢d—d
c=R"a%¢ /(27.‘.)d 1+ @)’ (1.74)

where ¢ = ¢¢. Thus,
const. ifd >4
ety ~<¢ —Int ifd=4 (1.75)
1572 ifd<4.

For d > 4, mean field theory is qualitatively accurate, with finite corrections. In dimensions d < 4, the mean field
result is overwhelmed by fluctuation contributions as t — 07 (i.e. as ' — 7). We see that the Ginzburg-Landau
mean field theory is sensible provided the fluctuation contributions are small, i.e. provided

Jlaletd <1, (1.76)

N
t, = (R—> (1.77)

*

which entails ¢ >> ¢, where

is the Ginzburg reduced temperature. The criterion for the sufficiency of mean field theory, namely ¢ >> ¢, is known
as the Ginzburg criterion. The region |t| < t, is known as the critical region.

In a lattice ferromagnet, as we have seen, R, ~ a is on the scale of the lattice spacing itself, hence ¢, ~ 1 and
the critical regime is very large. Mean field theory then fails quickly as 7' — 7,.. In a (conventional) three-
dimensional superconductor, R, is on the order of the Cooper pair size, and R,/a ~ 10?2 — 103, hence t, =
(a/R,)® ~ 107'® — 10~'? is negligibly narrow. The mean field theory of the superconducting transition — BCS
theory —is then valid essentially all the way to 7' = T_..
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Another way to think about it is as follows. In dimensions d > 2, for |r| fixed and £ — oo, one has®

5 c, e/t
(U*(r)e(0)) ~ kBTde T (1.78)

where C is a dimensionless constant. If we compute the ratio of fluctuations to the mean value over a patch of
linear dimension &, we have

fluctuations _ fgddr (T*(r) w(0))

mean ¢
Jddr (|9 (r)[?) (1.79)
¢

1 /dd e "/k 1
X T
RZeTwE )" a2 T REgTEUP

Close to the critical point we have ¢ « R, [t|™" and |¥| o [¢|?, with v = } and 8 =  within mean field theory.
Setting the ratio of fluctuations to mean to be small, we recover the Ginzburg criterion.

1.4.6 Domain wall solution

Consider first the simple case of the neutral superfluid. The additional parameter K provides us with a new

length scale, £ = \/K/|a|, which is called the coherence length. Varying the free energy with respect to U*(x),

one obtains
oF

SU*(x)

= aW(z)+b|¥(x)] V(z) - KV2U(z) . (1.80)

Rescaling, we write U = (|a|/b) Y2, and setting the above functional variation to zero, we obtain

—EV2Y 4 sgn (T —T) Y + [Y)*p =0 . (1.81)

Consider the case of a domain wall when T" < T,,. We assume all spatial variation occurs in the z-direction, and
we set ¢(z = 0) = 0 and ¥(x = o) = 1. Furthermore, we take 1)(z) = f(r)e!® where «a is a constant’”. We then
have —&%f"(z) — f + f* = 0, which may be recast as
*f 0 2
2 _ 1 2

5@_87[1(1—]‘) | (1.82)
This looks just like F' = ma if we regard f as the coordinate, z as time, and —V (f) = (1 — f2)2. Thus, the
potential describes an inverted double well with symmetric minima at f = +1. The solution to the equations of
motion is then that the “particle’ rolls starts at ‘time” z = —oo at “position” f = +1 and ‘rolls” down, eventually
passing the position f = 0 exactly at time = = 0. Multiplying the above equation by f’(z) and integrating once,
we have

df . 2
§2<£) =s(1-)"+C (1.83)
where C'is a constant, which is fixed by setting f(z — o0) = +1, which says f’(c0) = 0, hence C' = 0. Integrating
once more,
r— X
flz) = tanh( 0) , (1.84)
) Vae

SExactly at T = T, the correlations behave as (U* (1) ¥(0)) o r~(4=2+1), where n is a critical exponent.
7Remember that for a superconductor, phase fluctuations of the order parameter are nonphysical since they are eliiminable by a gauge
transformation.
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where z, is the second constant of integration. This, too, may be set to zero upon invoking the boundary condition
f£(0) = 0. Thus, the width of the domain wall is {(T"). This solution is valid provided that the local magnetic field
averaged over scales small compared to &, i.e. b= (V x A), is negligible.

The energy per unit area of the domain wall is given by &, where

o0

A
o= [de { K|—
o /x{ ‘dw

0

o 2
SIGEORST
0

Now we ask: is domain wall formation energetically favorable in the superconductor? To answer, we compute
the difference in surface energy between the domain wall state and the uniform superconducting state. We call
the resulting difference o, the true domainwall energy relative to the superconducting state:

oc=0— dx(—];[f)
0
27 df \: 2
_%/d:r{§2 (%) +%(1—f2)2}:§5 ,

where we have used H2 = 4ma?/b. Invoking the previous result f' = (1 — f2)/1/2¢, the parameter § is given by

2
+alV*+ 3 b|\I/|4}
(1.85)

(1.86)

oo 1 42 2
5:2/@: (1—f2)2:2/df C ff) :4\3/55(T) . (1.87)
0 0

Had we permitted a field to penetrate over a distance A, (7') in the domain wall state, we’d have obtained

42
6(T) = ——&T) = A(T) . (1.88)
Detailed calculations show
W2 1.89¢ ife&> N
§=40 ifE =2\, (1.89)

SSVED N R 110N, i, > €

Accordingly, we define the Ginzburg-Landau parameter « = A, /¢, which is temperature-dependent near ' = T,
as we’ll soon show.

So the story is as follows. In type-I materials, the positive (§ > 0) N-S surface energy keeps the sample spatially
homogeneous for all H < H_. In type-II materials, the negative surface energy causes the system to break into
domains, which are vortex structures, as soon as H exceeds the lower critical field H_,. This is known as the mixed
state.

1.4.7 Scaled Ginzburg-Landau equations

For T' < T, we write

U=4/=1 , =T , A=V2)\ H.a (1.90)
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as well as the GL parameter,

_ )‘L _ \/56* 2
K= T The H, X (1.91)
The Gibbs free energy is then
HEN [ 2 41,2 -1 ; 2 2
G == [dr — [P+ WP+ |V +ia)y| +(Vxa)?—2h-Vxap . (1.92)
Setting 6G = 0, we obtain
(k7Y +ia)*+ ¢ — [P =0
i (1.93)
V x (V xa—h)+[¢*a— %(1/;*%;) —pV*) =0
The condition that no current flow through the boundary is
- ; =0 . 1.94
n (V—i—ma)w’aﬂ ( )

1.5 Applications of Ginzburg-Landau Theory

The applications of GL theory are numerous. Here we run through some examples.

1.5.1 Domain wall energy

Consider a domain wall interpolating between a normal metal at + — —oc and a superconductor at x — +oc. The
difference between the Gibbs free energies is

- B — H)?
AG:GS—Gn:/d% {a|\IJ|2+%b|\1!|4+K\(V+%A)\I/|2+(87)}

- " (1.95)
HZ A _ , 2
= B i [ 4 ol 0 i) ol - 2]
with b= B/v2 H_.and h = H//2 H.. We define
H2
AG(T,H) = 35 AN, -6 . (1.96)
Y

as we did above in Eqn. 1.86, except here ¢ is rendered dimensionless by scaling it by A . Here A is the cross-
sectional area, so d is a dimensionless domain wall energy per unit area. Integrating by parts and appealing to the
Euler-Lagrange equations, we have

/d3r [ = [P+ [l + |71V +ia) o] =/d3r W[ = v+ P - (T +ia) e =0 (1.97)

and therefore

5= [da [— |¢|4+2(b—h)2} . (1.98)

— 00



20 CHAPTER 1. PHENOMENOLOGICAL THEORIES OF SUPERCONDUCTIVITY

TT 1
f

0.6

0.4

0.2

Magnetic Field b(s)

0.8 _— T T T T T
0.6
04

0.2

Magnetic Field b(s)

-

N

0.8

0.6

0.4

0.2

0.8

0.6

0.4

0.2

Condensate Amplitude f(s)

Condensate Amplitude f(s)

Figure 1.6: Numerical solution to a Ginzburg-Landau domain wall interpolating between normal metal (z — —o0)
and superconducting (r — +o0) phases, for H = H.. Upper panel corresponds to x = 5, and lower panel to
x = 0.2. Condensate amplitude f(s) is shown in red, and dimensionless magnetic field b(s) = B(s)/v2 H. in
dashed blue.

Deep in the metal, as + — —oo, we expect ¢y — 0 and b — h. Deep in the superconductor, as x — +oo, we
expect || — 1 and b — 0. The bulk energy contribution then vanishes for h = h, = %, which means ¢ is finite,
corresponding to the domain wall free energy per unit area.

We take ¢y = f € R, a = a(z) g, so b = b(z) 2 with b(z) = d’(z). Thus, Vxb = —a”(z) g, and the Euler-Lagrange
equations are

1@

el G
20 2 (1.99)
preiai

These equations must be solved simultaneously to obtain the full solution. They are equivalent to a nonlinear
dynamical system of dimension N = 4, where the phase space coordinates are (f, ', a,a’), i.e.

. (7 TR
=1 1= R g " . (1.100)

a' af?
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Four boundary conditions must be provided, which we can take to be

f(=0)=0 , d(-00)= % , f(+o0)=1 , d(+x)=0 . (1.101)

Usually with dynamical systems, we specify /N boundary conditions at some initial value x = z, and then inte-
grate to the final value, using a Runge-Kutta method. Here we specify 1 N boundary conditions at each of the two
ends, which requires we use something such as the shooting method to solve the coupled ODEs, which effectively
converts the boundary value problem to an initial value problem. In Fig. 1.6, we present such a numerical solution
to the above system, for x = 0.2 (type-I) and for x = 5 (type-II).

Vortex solution

To describe a vortex line of strength n € Z, we choose cylindrical coordinates (p, ¢, z), and assume no variation
in the vertical (z) direction. We write ¢(r) = f(p) "¢ and a(r) = a(p) ¢. which says b(r) = b(p) 2 with b(p) =

Qa 4 % . We then obtain
1 [(d*f 1df n ’ 3
—nz<d—pz+;d—p> - (Fp“)f_“f

dp
d*a 1da a n 9
g ()

(1.102)

As in the case of the domain wall, this also corresponds to an NV = 4 dynamical system boundary value problem,
which may be solved numerically using the shooting method.

1.5.2 Thin type-I films : critical field strength

Consider a thin extreme type-I (i.e. k < 1) film. Let the finite dimension of the film be along @, and write f = f(z),

a=a(z)y,s0 Vxa=bz)z =922 Weassue f(z) € R. Now Vxb = —g—;‘é J, so we have from the second of
Egs. 1.93 that
d2
d—xé =af? |, (1.103)
while the first of Egs. 1.93 yields
1 d*f 2 3

We require f’(z) = 0 on the boundaries, which we take to lie at z = i%d. For k < 1, we have, to a first
approximation, f”(z) = 0 with f/(+3d) = 0. This yields f = f;, a constant, in which case a”(z) = fZa(z),
yielding

hq cosh(fyx)

_ hq sinh(fyz) o
a(z) b) = cosh(%fod) ’

n fo cosh(%fod) ’

with hy = Hy/v/2 H,, the scaled field outside the superconductor. Note b(£4d) = hy. To determine the constant
fo, weset f = f,+ f, and solve for f;:

(1.105)

&’f,

Tz = [(1 —a*(x)) fo— 03} ~ (1.106)



CHAPTER 1. PHENOMENOLOGICAL THEORIES OF SUPERCONDUCTIVITY
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In order for a solution to exist, the RHS must be orthogonal to the zeroth order solution?, i.e. we demand

/2
/dx [1 — a*(z) — f(ﬂ =0 , (1.107)
~d/2
which requires
2
20— o’ Gfod) .
[sinh(fod)/ fod] — 1
which should be considered an implicit relation for f,(h,). The magnetization is
T h(fyd)
- hO - hO tan 5Jo
m= dx b(x) I [ T7d 1 (1.109)
~d/2
Note that for f,d > 1, we recover the complete Meissner effect, b, = —4mm. In the opposite limit fyd < 1, we
find
Bhy o, 12(1-f3) b (B
m o =T , hy~ 2 = m~-— oy 13 (1.110)
Next, consider the free energy difference,
o g U2
HZA
G, -G, = ZWL/dx [= P30 4 6= hg)? + |(57'V +ia) f|°]
~d/2 (1.111)
HENd < tanh(%fod)) 2 _ 2, 144
=0 —— 5 |ho— fo + 5/
= T )il
The critical field h, = h. occurs when G, = G, hence
2
e O3 2080 g oG .
[1 B tanh(§.f0d):| [sinh(fyd)/fod] —1
2fod

We must eliminate f,, to determine h.(d).
When the film is thick we can write f, = 1 — ¢ with ¢ < 1. Then df, = d(1 — €) > 1 and we have h? ~ 2de and

e = h2/2d < 1. We also have
2 3 1 2
hczl_%zi(l—i—g) : (1.113)
which says
_ A
hd)= L(1+d7) = H(d :Hc(oo)(l—l— j) , (1.114)

where in the very last equation we restore dimensionful units for d.

(1.115)

For a thin film, we have f, ~ 0, in which case
2\/§

_ 2

h. = 7 1-f5

fol L fi) = <ﬁ7f0 | f1). Assuming L is self-adjoint, and that ﬁfo = 0, we obtain ( f; | R) = 0. In our

SIf Lf, = R, then (f,|R) =
case, the operator L is given by L = —d? /da?.
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Figure 1.7: Difference in dimensionless free energy density Ag between superconducting and normal state for
a thin extreme type-I film of thickness d\.. Free energy curves are shown as a function of the amplitude f; for
several values of the applied field hy = H/+/2 H.(oc) (upper curves correspond to larger ho values). Top panel:
d = 8 curves, with the critical field (in red) at . ~ 0.827 and a first order transition. Lower panel: d = 1 curves,
with he = v/12 ~ 3.46 (in red) and a second order transition. The critical thickness is d. = /5.

and expanding the hyperbolic tangent, we find

12
h2 = S 13 . (1.116)

This gives
for0 , h, =~ ¥ =  H,(d)=2V6H_(c0) % . (1.117)

Note for d large we have f;, ~ 1 at the transition (first order), while for d small we have f;, ~ 0 at the transition
(second order). We can see this crossover from first to second order by plotting

am tanh(3 fod)\ .5 .o 1,4
9= D3 H3 (G, = Ga) = (1 B Tzd)ho —fo+ 3/ (1.118)

as a function of f, for various values of h, and d. Setting dg/df, = 0 and d?g/df¢ = 0 and f, = 0, we obtain

d, = /5. See Fig. 1.7. For consistency, we must have d < 1.
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1.5.3 Critical current of a wire

Consider a wire of radius R and let the total current carried be I. The magnetizing field H is azimuthal, and
integrating around the surface of the wire, we obtain

nl

27TRH0:7§dl'H: d.S’-V><H=4—7T as-j= (1.119)
& &
r=R
Thus,
H, —H(R)—2—I (1.120)
0= =R .
We work in cylindrical coordinates (p, ¢, z), taking a = a(p) 2 and f = f(p). The scaled GL equations give
(k'V +ia)’ f+f—f2=0 (1.121)
with? P, 5
N $p A
=p—+ = — — . 1.122
v p8p+p6<p+zaz ( )
Thus,
1 o°f 2 3
Fa—pQ—i—(l—a)f—f =0 , (1.123)

with f/(R) = 0. From V x b = —(k~'V#0 + a) [¢)|?, where arg(y)) = 6, we have ¢y = f € R hence 6 = 0, and
therefore

9%a 1 da 9
—+t-— = . 1.124
a2 5 ap af (1.124)
The magnetic field is
b:VXa(p)ﬁz—g—Zgé , (1.125)
hence b(p) = —g—z , with
H(R) V2I
b = — 1.12
(R)= 57t = Rl (1126)

Again, we assume x < 1, hence f = f is the leading order solution to Eqn. 1.123. The vector potential and
magnetic field, accounting for boundary conditions, are then given by

a(p) = — 2 ofo 0) b(R) 1, (fo )
foIi(foR) ’ L(feR)

where I, (z) is a modified Bessel function. As in §1.5.2, we determine f, by writing f = f, + f; and demanding
that f, be orthogonal to the uniform solution. This yields the condition

b(p) = (1.127)

R

Jaoo (1= 13 =) =0 . (1.128)
0
which gives
CRU-R)BUR
V0 = THR) - U, R) (1129)

9Though we don’t need to invoke these results, it is good to recall g—'g = @ and % =-p.



1.5. APPLICATIONS OF GINZBURG-LANDAU THEORY 25

Thin wire: R < 1

When R <« 1, we expand the Bessel functions, using

k

(L2
= (%2 Z k' k: + ol (1.130)
Thus
I(z) =1+ 122 4.
ol#) ' i 1 (1.131)
and therefore
V(R) = f3(1— f3)R*+ O(R") . (1.132)
To determine the critical current, we demand that the maximum value of b(p) take place at p = R, yielding
on?
Bl = (@-8P=0 > fonu=/F - (1.133)
From f3 ... = %, we then obtain
R V21, cR*H,
b(R = I = < 1.134
( ) 3\/_ CRHC C 3\/6 ( )
The critical current density is then
. I, cH,
= = , 1.135
Je 7TR2 3\/6 T AL ( )
where we have restored physical units.
Thick wire: 1 < R < k!
For a thick wire, we use the asymptotic behavior of I, (z) for large argument:
()~ -2 (—1)* ) (1.136)
v V2rz = 2k
which is known as Hankel’s expansion. The expansion coefficients are given by!°
4% —12) (42 = 32) - (42 — (2k — 1)?
a,(v) = ( It 82 o ( ) , (1.137)
and we then obtain
V(R) = fo(1— f5) R+ O(R") . (1.138)
Extremizing with respect to f;, we obtain f; ... = \/g and
Ca3\1/4
b(R) = (4553 ) RY2 | (1.139)

10See ¢.g. the NIST Handbook of Mathematical Functions, §10.40.1 and §10.17.1.
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Restoring units, the critical current of a thick wire is

33/4

I H R32N\Y? (1.140)

¢~ w5
To be consistent, we must have R < !, which explains why our result here does not coincide with the bulk
critical current density obtained in Eqn. 1.60.

1.5.4 Magnetic properties of type-I1I superconductors

Consider an incipient type-II superconductor, when the order parameter is just beginning to form. In this case
we can neglect the nonlinear terms in ¢ in the Ginzburg-Landau equations 1.93. The first of these equations then
yields
~0
—1 . \2 2
—(k'V +ia) Yy =9+ O(|Y)*y) . (1.141)
We neglect the second term on the RHS. This is an eigenvalue equation, with the eigenvalue fixed at 1. In fact, this
is to be regarded as an equation for a, or, more precisely, for the gauge-invariant content of a, whichis b = V x a.

The second of the GL equations says V x (b — h) = O(|¢?), from which we conclude b = h + V(, but inspection
of the free energy itself tells us V{ = 0.

We assume b = hz and choose a gauge for a:

a=-ibyzx+3bzy (1.142)
with b = h. We define the operators
10 10
T = oy 20Y ; Wy—ga—eribw - (1.143)
Note that [r,,m,] = b/ix, and that
_ N2 1 92
—(k7'V +ia) :—Ew—i—wi—i-wz . (1.144)
We now define the ladder operators
K
Y= % (ﬂ-x — ’L7Ty)
(1.145)

which satisfy [v,7'] = 1. Then

. 1 8% 2b
Lz—(,flVﬂ'a)Q=—§@+;(7W+%) : (1.146)

The eigenvalues of the operator L are therefore

k2 2b
enlk,) = 5 + (n+3)- — (1.147)

The lowest eigenvalue is therefore b/ . This crosses the threshold value of 1 when b = &, i.e. when

H=V2rkH,=H, . (1.148)
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So, what have we shown? When b = h < \/LE ,s0 H., < H_ (we call H_ the thermodynamic critical field), a complete
Meissner effect occurs when H is decreased below H_.. The order parameter i) jumps discontinuously, and the
transition across H, is first order. If x > %, then H, > H,, and for H just below H_, the system wants ¢ # 0.

However, a complete Meissner effect cannot occur for H > H_, so for H, < H < H_, the system is in the so-called
mixed phase. Recall that H, = ¢, /v/8 7 &), , hence

¢
Hy=V2kH, = 27?22 : (1.149)

Thus, H_, is the field at which neighboring vortex lines, each of which carry flux ¢, , are separated by a distance
on the order of &.

1.5.5 Lower critical field

We now compute the energy of a perfectly straight vortex line, and ask at what field H; vortex lines first penetrate.
Let’s consider the regime p > £, where ¢ ~ %%, i.e. [1)| ~ 1. Then the second of the Ginzburg-Landau equations
gives

Vxb=—(k"'Vyo+a) . (1.150)

Therefore the Gibbs free energy is

H2 N3
v=Z—L/d3r{—%+b2+(v><b)2—2h'b} . (1.151)

™

G

The first term in the brackets is the condensation energy density —H? /8. The second term is the electromagnetic
field energy density B?/8r. The third term is A? (V x B)? /8, and accounts for the kinetic energy density in the
superflow.

The energy penalty for a vortex is proportional to its length. We have

C"VV - GO _ Hg A% 2 2 2
0 = e /dp{b +(V x b) —2h-b}
(1.152)
HEN [
= T/dp{b- [b+V % (V xb)] —2h b}
The total flux is
/d2p b(p) = —2mr 2 | (1.153)

in units of /2 H, A2 . We also have b(p) = —nr ' K,(p) and, taking the curl of Eqn. 1.150, we have b+V x (V xb) =
—2mnk~1§(p) 2. As mentioned earlier above, the logarithmic divergence of b(p — 0) is an artifact of the London
limit, where the vortices have no core structure. The core can crudely be accounted for by simply replacing B(0)
by B(€), i.e. replacing b(0) by b(¢/\,) = b(k™!). Then, for k > 1, after invoking Eqn. 1.67,

o H2 2
Gy —Go = _—¢ AL {277712/172 In (2 eicli) + 47Tnh/£71} . (1.154)
L 4T
For vortices with vorticity n = —1, this first turns negative at a field
hey =3k 'In(2¢ %) . (1.155)

With 2e~C ~ 1.23, we have, restoring units,

(o8
4T \2

L

H. _
H., = ﬁ In (28 CH) =

In(1.23k) . (1.156)
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So we have
In(1.23 k)
H,=——"—"H K>1
cl \/ili c ( )
(1.157)
H,=+2rH, |,

where H, is the thermodynamic critical field. Note in general that if E, is the energy of a single vortex, then the
lower critical field is given by the relation H_,¢, = 47E,, i.c.

4T E,

HCI = (b
L

(1.158)

1.5.6 Abrikosov vortex lattice

Consider again the linearized GL equation —(x~'V + ia)gw =Y withb=V xa=>bz withb =k, ie. B= H_,.
We chose the gauge a = 3b(—y,z,0). We showed that 1(p) with no z-dependence is an eigenfunction with unit
eigenvalue. Recall also that v ¢/(p) = 0, where

_t(ro s 10 i
7_\/5 ikor 27 Kk Oy 2 *

1.159
) Q >, (1.159)
ow 1" ’

where w = x + iy and w = x — iy are complex. To find general solutions of v = 0, note that

v = Q efnzu’;w/él i e+/<21?)w/4 (1160)
K ow
Thus, v (z, y) is satisfied by any function of the form

Wla,y) = fl@)e ™ (1.161)

where f(w) is analytic in the complex coordinate w. This set of functions is known as the lowest Landau level.

The most general such function!! is of the form
o) =C[J(w-w,) |, (1.162)

where each w, is a zero of f(w). Any analytic function on the plane is, up to a constant, uniquely specified by the
positions of its zeros. Note that

(@ y)|” = CP e o2 []|w —w|* = |CPe®®@ (1.163)

where
D(p) = $k%p? - 221n\p pil - (1.164)

11\We assume that 1 is square-integrable, which excludes poles in f ().
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®(p) may be interpreted as the electrostatic potential of a set of point charges located at p;, in the presence of a
uniform neutralizing background. To see this, recall that V?In p = 27 §(p), so

V2®(p) =2x> — 4w > S(p—p,;) - (1.165)

Therefore if we are to describe a state where the local density [+ is uniform on average, we must impose (V@) =
0, which says

(Xdtp—p)) = % . (1.166)

The zeroes p; are of course the positions of (anti)vortices, hence the uniform state has vortex density n, = x2/27.
Recall that in these units each vortex carries 27/x London flux quanta, which upon restoring units is

2 h
%-\/iHC/\ﬁz%-\/iHc)\Lg:e—f:qu . (1.167)
Multiplying the vortex density n, by the vorticity 27/x, we obtain the magnetic field strength,
b=h=—x " =k . (1.168)

In other words, H = H_,.

Just below the upper critical field

Next, we consider the case where H is just below the upper critical field H,. We write 1) = 15+ 0, and b = k+ 0,
with 6b < 0. We apply the method of successive approximation, and solve for b using the second GL equation.
This yields

2 2
P ) N AR 1 (1.169)
2 2K
where 9, (p) is our initial solution for ¢b = 0. To see this, note that the second GL equation may be written
Vx(h—b):%(w*ww—i—wﬂ*w*):Re(w*ﬂ'z/z) : (1.170)
where m = —ik "'V + a. On the RHS we now replace 1 by 1, and b by &, corresponding to our lowest order

solution. This means we write m = 7, + da, with 7y = =ik "'V +ay, ay = 3

h—b=|¢y|>/2K, we have

kz2xp,and Vxda = db 2. Assuming

v x <M> . [3 wmm—%wswo)@]

2K 2%k dy
=~ Re[U30, %0 — 45 0, 9] (A7
= Re [1/15 iﬂ-Oy Yo & — 1y iy, Vg ?)} = Re [7/15 ) 1/’0} )
since img, = K10, + iay, and Re [i1 ¢ ag, | = 0. Note also that since v, = 0and v = % (e — imgy) = %wg ,

we have 7,1, = —im, 1, and, equivalently, 7,1 = img, 1.

Inserting this result into the first GL equation yields an inhomogeneous equation for §i. The original equation is

(7\'2 — 1)¢ - Py . 1.172)
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With m = 7, + da, we then have
(73 = 1) 8w = —0a my vy — g - da vy, — ol

The RHS of the above equation must be orthogonal to ¢, since (73 — 1)1, = 0. That is to say,
/dzr 1/)8 [50, Y + Ty da + |1/)0|2:|’¢)0 =0

Note that
da -y + - da = %5@773+%7T$5a+%5&7r0+%ﬂ'05& ,
where
Ty = Tog T Moy 7T$ = Moy — Ty, , O0a=da, +iba, , 6a=da,—ida,
We also have, from Eqn. 1.143,

Ty = —2in_1(8m — %/@211)) , 7T$ = —2in_1(8w + %lizw)
Note that
w(]; da = [wg , 6a] + da w(]; = —2ik" 19, 6a+ da wg
damy = [5&, WO} + 7 0a = +2ik " 0, 6a + Ty 0a
Therefore,

/d27° U5 {6(1 w(]; + 7 0a — ikt 0, da + ikt Dy da + |¢0|2} Py =0

(1.173)

(1.174)

(1.175)

(1.176)

(1.177)

(1.178)

(1.179)

We now use the fact that 7 1), = 0 and ¢§ 7, = 0 (integrating by parts) to kill off the first two terms inside the

square brackets. The third and fourth term combine to give
—i0,,0a+1i0,0a = d, 6a, — J, da, = &b

Plugging in our expression for ¢b, we finally have our prize:

[ l(% 1)l + (1 5 |w0|41 ~0

(12wl = (1 ke )l

1
(F(p)) = 5 [0 F(p)
denotes the global spatial average of F'(p). It is customary to define the ratio
g = Al
AT 2
(Ivol?)
which depends on the distribution of the zeros {p,}. Note that

2\ _ i <W’0|4> _ 26(k—h)
(Vo) = 52 ® ~ @2 =15,

We may write this as

where

)

(1.180)

(1.181)

(1.182)

(1.183)

(1.184)

(1.185)
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Now let’s compute the Gibbs free energy density. We have

9s = gu = —([tol*) +2((b = 1)*)

1 2 (k — h)? (1.186)
= —<1 - ﬁ><|¢o|4> = (1 - —)<|¢o| )= @B,
A
Since g, = —2 h?, we have, restoring physical units
_ Ll (Ho—H)?
go= g [H*+ o A | (1.187)

The average magnetic field is then

D ags _ HC2 - H
B=—tngh=H- s n (1.188)
hence B-H H-H oM 1
_ B _ — Ae2 _ Y
M= =Tee-n5 = “Tam - mee-05 (1.189)

Clearly g, is minimized by making 3, as small as possible, which is achieved by a regular lattice structure. Since
pgiavare — 1 18 and BAMENAT — 1 16, the triangular lattice just barely wins.

Just above the lower critical field

When H is just slightly above H_;, vortex lines penetrate the superconductor, but their density is very low. To see
this, we once again invoke the result of Eqn. 1.152, extending that result to the case of many vortices:

GVL_GoiHCQ)\E 2
—0 = et /dp{b-[b+V><(V><b)]—2h~b} . (1.190)
Here we have
V x (Vxb) + :——Znap ;)
(1.191)

b= _EZ”iKOOP— Pz|)

Thus, again replacing K,(0) by K,(x~') and invoking Eqn. 1.67 for > 1,

GVL—GO H2\?
T 2 n(1.23 k) Zn —|—Zn Ko lpi — pjl +f£th . (1.192)

1<j

The first term on the RHS is the self-interaction, cut off at a length scale x~! (¢ in physical units). The second
term is the interaction between different vortex lines. We've assumed a perfectly straight set of vortex lines —
no wiggling! The third term arises from B - H in the Gibbs free energy. If we assume a finite density of vortex
lines, we may calculate the magnetization. For H — H,, < H_,, the spacing between the vortices is huge, and
since K, (r) =~ (7/2r)/? exp(—r) for large |r|, we may safely neglect all but nearest neighbor interaction terms. We
assume n; = —1 for all 7. Let the vortex lines form a regular lattice of coordination number z and nearest neighbor
separation d. Then

G, —Gy, NHZX

L K2

{% In(1.23 ) + 12K, (d) — Hh} , (1.193)
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where N is the total number of vortex lines, given by N = A/ for a lattice with unit cell area 2. Assuming a
triangular lattice, Q = @ d* and z = 6. Then

GVL — GO _ Hc2 /\E —2 -2
ARy {[1n(1.23 k) — 2kh]d"2 + 6d Ko(d)} . (1.194)

Provided h > h.; = In(1.23 k)/2k, this is minimized at a finite value of d.



Chapter 2

Response, Resonance, and the Electron Gas

2.1 Response and Resonance

Consider a damped harmonic oscillator subjected to a time-dependent forcing:
4 2yE + Wiz = f(t), (2.1)

where 7 is the damping rate (y > 0) and wj, is the natural frequency in the absence of damping'. We adopt the
following convention for the Fourier transform of a function H (t):

oo

H(t) = / g—:ﬁ(w)e*iwt (2.2)
H(w) = /dtH(t)e+iwt. (2.3)

Note that if H(t) is a real function, then H(—w) = H*(w). In Fourier space, then, eqn. (2.1) becomes
(W2 — 2iyw — w?) &(w) = f(w), (2.4)

with the solution

(W) = = X(w) f(w) (2.5)

where x(w) is the susceptibility function:

X(w) = = ; (2.6)

with

wy = —iyEtJwi—~2. 2.7)

INote that f(t) has dimensions of acceleration.

33
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The complete solution to (2.1) is then

oo

_ [dw f(w)e it
o)~ [ 5 g T 2.8)
where z, () is the homogeneous solution,
z,(t) = Ape W+t 4 A_e -1 (2.9

Since Im(w,.) < 0, ,,(t) is a transient which decays in time. The coefficients A+ may be chosen to satisfy initial
conditions on z(0) and #(0), but the system ‘loses its memory’ of these initial conditions after a finite time, and in
steady state all that is left is the inhomogeneous piece, which is completely determined by the forcing.

In the time domain, we can write

x(t) = /dt’ x(t—1t) f(t) (2.10)
x(s) = /;l—:: R(w)e s (2.11)

which brings us to a very important and sensible result:

Claim: The response is causal, i.e. x(t —t') = 0 when ¢t < t/, provided that y(w) is analytic in the upper half plane
of the variable w.

Proof. Consider eqn. (2.11). Of x(w) is analytic in the upper half plane, then closing in the UHP we obtain
Xx(s <0)=0.

For our example (2.6), we close in the LHP for s > 0 and obtain

X(s>0) = (=2mi) 3 Res {% (@) e_m}

wELHP
_ Tt | demh-t (2.12)
Wy —wo W —wy
ie.
\/% sin( wi — 72) O(s) ifwi>92
wi—~
x(s) = (2.13)

—s . . 2 2
iLw(% sinh (\/72 — wg) O(s) ifwi <~?,
where O(s) is the step function: ©(s > 0) = 1, O(s < 0) = 0. Causality simply means that events occuring after
the time ¢ cannot influence the state of the system at ¢. Note that, in general, x(t) describes the time-dependent
response to a /-function impulse at ¢ = 0.
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2.1.1 Energy Dissipation

How much work is done by the force f(¢)? Since the power applied is P(t) = f(t) (t), we have

oo (o]

PO = [ 52 (i) i@ fwye ™ [T Frmer 2.14)
AE = [atP@) = / ;l—j:(—iw)f((w) f@) - (2.15)

Separating x(w) into real and imaginary parts,

X(w) =X (w) + X" (w) , (2.16)
we find for our example
2 2
~! _ Wy —wW ol
X (W) - (wg _ wg)g 4 472“}2 - +X ( W) (217)
) = S — —{/(-w). 218)

The energy dissipated may now be written

Oodw

s
—o00

AE = W (W) [f) (2.19)

The even function x’(w) is called the reactive part of the susceptibility; the odd function x” (w) is the dissipative part.
When experimentalists measure a lineshape, they usually are referring to features in w {” (w), which describes the
absorption rate as a function of driving frequency.

2.2 Kramers-Kronig Relations

Let x(z) be a complex function of the complex variable z which is analytic in the upper half plane. Then the
following integral must vanish,

dz x(2) _
el (2.20)
c
whenever Im(¢) < 0, where C is the contour depicted in fig. 2.1.

Now let w € R be real, and define the complex function x(w) of the real variable w by
X(w) = lim x(w +i€) . (2.21)
e—0+t

Assuming x(z) vanishes sufficiently rapidly that Jordan’s lemma may be invoked (i.e. that the integral of x(z)
along the arc of C vanishes), we have

o= [l a0

2mi Vv — w + 1€

I N I

— [ o5 W)+ X W) | — imd( ) 222)
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Figure 2.1: The complex integration contour C.

where P stands for ‘principal part’. Taking the real and imaginary parts of this equation reveals the Kramers-Kronig

relations:

X(w) =P / sy

™ V—

P/dUX
T V—w

S

The Kramers-Kronig relations are valid for any function x(z) which is analytic in the upper half plane.

If x(z) is analytic everywhere off the Im(z) = 0 axis, we may write

o= [,

— 00

This immediately yields the result

lim [x(w + ie) — x(w —i€)] = 2ix"(w) .

e—0t

As an example, consider the function

" o w
X (W) - w2 _|_,YQ
Then, choosing v > 0,
i/(z+idy) ifIm(z) >0
(= [2 L. ¥
X = T w—2z w242 ) ) .
“s0 —i/(z —ivy) ifIm(z) <O0.

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

Note that x(z) is separately analytic in the UHP and the LHP, but that there is a branch cut along the Re(z) axis,

where x(w £ i€) = +i/(w £ i7y).
EXERCISE: Show that eqn. (2.26) is satisfied for y(w) = w/(w? + 7?).
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If we analytically continue x(z) from the UHP into the LHP, we find a pole and no branch cut:

7

X(z) =~ el (2.29)

The pole lies in the LHP at z = —i~.

2.3 Quantum Mechanical Response Functions

Now consider a general quantum mechanical system with a Hamiltonian #, subjected to a time-dependent per-
turbation, H(¢), where

Ha(t) = — Z Qi pilt) . (2.30)
Here, the {Q;} are a set of Hermitian operators, and the {¢;(t)} are fields or potentials. Some examples:
—M - B(t) magnetic moment — magnetic field
Hi(t) =< [d¥ o(r) ¢(r,t) density — scalar potential

—1 [d% j(r)- A(r,t) electromagnetic current — vector potential

We now ask, what is (Q;(t))? We assume that the lowest order response is linear, i.e.
@) = [d st~ )66 + O(6n ). @31)
Note that we assume that the O(¢") term vanishes, which can be assured with a judicious choice of the {Q;}>. We

also assume that the responses are all causal, i.e. x;;(t —t') = 0 for t < t'. To compute x;; (¢t — t’), we will use first
order perturbation theory to obtain (Q;(t)) and then functionally differentiate with respect to ¢, (¢'):

n_ 5Qi1)
The first step is to establish the result,
. t
|U(t))=T eXp{ - %/dt’ [(Ho + Ha(t)] }| W(to) ), (2.33)
to

where 7 is the time ordering operator, which places earlier times to the right. This is easily derived starting with the
Schrodinger equation,

m%y U(t)) =HE)| @), (2.34)

where H(t) = Ho + H1(t). Integrating this equation from ¢ to ¢t + dt gives
| U(t+dt)) = <1 - %’H(t) dt> | w(t)) (2.35)
| W(to+ Ndt)) = <1 - %H(to + (N — 1)dt)> e (1 - %H(to)) | W(to) ), (2.36)

2If not, define 6Q; = Q; — (Q;), and consider (3Q;(t)).
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hence
| W(ta) ) = Ulta,tr) | ¥(t1)) (2.37)
U(fz,tl) = Texp{ - %/dt%(t)} . (238)

U(ts,t1) is a unitary operator (i.e. U t = U~1), known as the time evolution operator between times ¢; and ¢,.
EXERCISE: Show that, for t1 <ty < t3 that U(t3, tl) = U(t3, tz) U(fz, tl).
If t1 <t < to, then differentiating U (t2, t1) with respect to ¢;(t) yields

0U(t2,t1) _ i

;) h Ulta,t) Q; U(t,t1) (2.39)

since OH(t)/0¢;(t) = —Q;. We may therefore write (assuming ¢y < ¢,t)

5| (t)) b it (t—t')/h Ho (1 —to) /B /
= — g trtoll— cetrtolt —to Wt t—1t
5¢;(t') {¢:=0} ne Qje | (to) >@( )
= ST M Q, () e R [ () YOt~ 1) (2.40)
where
Q;(t) = eMot/h Qe tHot/h (2.41)

is the operator ); in the time-dependent interaction representation. Finally, we have

Xij(t —t) = 5¢J5( )<‘I’ )| Qi [ ¥(t))
_ o], 5| o(t)
= 565 ) | (t)> < ‘Qz 50, (t)
- { - %< U(ty) [ e~ Moto/hQ (1) e Mo/h Q| W(t))

(W) | Quem ot Q) ot/ | w(to) ) } ©(t )
)

= ([, Q;)]) e -1), (2.42)

were averages are with respect to the wavefunction ] G > = exp(—iHoto/ h)‘ U(to) >, with ¢ — —oo, or, at finite
temperature, with respect to a Boltzmann-weighted distribution of such states. To reiterate,

it —t) = %([Qi(t),Qj(t’)D@(t ) (2.43)

This is sometimes known as the retarded response function.
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2.3.1 Spectral Representation

We now derive an expression for the response functions in terms of the spectral properties of the Hamiltonian #,.
We stress that 7, may describe a fully interacting system. Write Ho| n ) = hwy | n ), in which case

oo

/ dt ¢ ([Qi(t), Q;(0)])

0

SIS

Xij(w) =

oo

i Tw 1 —Bhwm (W —wn,
e LSS ) (0] Qs |y on e

0 m,n
—(m|Qj[n)(n|Q:| m>e+i(“”‘“m>t} : (2.44)

where 8 = 1/k,T and Z is the partition function. Regularizing the integrals at ¢ — oo with exp(—et) with e = 07,

we use
oo

dt i(w—Q+ie)t _ i 2.45
/ ¢ w— O +ie ( )
0

to obtain the spectral representation of the (retarded) response function?,

WH&):%Ze_m{<m|Qm><n\@i\m>_<m|Qz-|n><n\Qj\m>} 016

W — Wy, + wp, + 1€ W+ Wy — Why, + 1€
m,n

We will refer to this as x;;(w); formally x;;(w) has poles or a branch cut (for continuous spectra) along the Re(w)
axis. Diagrammatic perturbation theory does not give us x;;(w), but rather the time-ordered response function,

(=) = (T Qi) Q1)

= QN Q) O — 1) + 1 (Qs(1) Qi) O ~1). 47)
The spectral representation of \};(w) is
(ot ie) = L S gt [ (M Qi |n)(n]Qi|m) _ (m[Qi|n)(n]|Q;[m)
Xij(w—l-ze)_ﬁmzme Bh { T — _ P T——— (2.48)

The difference between y;;(w) and X7;(w) is thus only in the sign of the infinitesimal +ie term in one of the
denominators.

Let us now define the real and imaginary parts of the product of expectations values encountered above:

(m|Qi|n)(n|Qj|m) = Amn(ij) + iBmn(ij) . (2.49)
That is?,
1
i) = 5 (m Qi |n) (0] Q| m) + 5 (m| @ |n) (n] @i |m) (2.50)
. 1 1
Bon(i) = 5:(m | Qi) (n| Q5| m) — 5-(m| Qs n) (n| @[ m). @51

3The spectral representation is sometimes known as the Lelmann representation.
4We assume all the Q , are Hermitian, i.e. Q, = QI.
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Note that A,,,(i7) is separately symmetric under interchange of either m and n, or of i and j, whereas B,,,,(ij) is
separately antisymmetric under these operations:

Amn(ij) = +Anm(i5) = Anm (J1) = +Amn(ji) (2.52)
Byn(1j) = —=Bnm(ij) = Bum(ji) = —Bma(ji) - (2.53)
We define the spectral densities
A .
= — e Phwm Sl 0w —wn W), (2.54)
which satisfy
05 (w) = +oi(w) , 0fj (—w) = +e 7 ofi (w) (2.55)
05 (W) = — 07} (w) , 05 (~w) = —e " o (w) . (2.56)
In terms of these spectral densities,
R T 2v — Bhw R
Xij(w) =P [dv PER) Q?j(’/) —m(l—ePM )QZ(W) = +Xi;(—w) (2.57)
. T 2w — Bhw .
X;IJ(W) =P [dv 22 95(’/) +m(l—e ph )Q?j(w) = —ng(_w)- (2.58)
For the time ordered response functions, we find
. Vi 2v _ Bhw
Xij (W) =P [dv PR gf}(u) — (14 e ) 95 (w) (2.59)
. 7 2w _ Bhw
Xij' (W) =P [dv R gfj—(u) + (1 + e P gf‘j (W) . (2.60)

Hence, knowledge of either the retarded or the time-ordered response functions is sufficient to determine the full
behavior of the other:

[Xij (W) + Xji ()] = [Xi (W) + X7 ()] (2.61)
(Xl (w) = X ()] = [Xij (@) = Xji ()] x tanh(56hw) (2.62)
(X5 (w) + Xi(w)] = [X5" (W) + X5 (w)] x tanh(580w) (2.63)
(X35 (W) = Xji ()] = [{i" () = X5 (@)] - (2.64)

2.3.2 Energy Dissipation

The work done on the system must be positive! he rate at which work is done by the external fields is the power
dissipated,

Pz%(@(t)}%(t)}@(t))
= (w0 P40 w )y =~ 3™ (@) i) (2:65)

i
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where we have invoked the Feynman-Hellman theorem. The total energy dissipated is thus a functional of the
external fields {¢;(¢)}:

W= [dtP(t / dt / dt' xij(t —t') di(t) o5 (t')

—0o0 —0O0

- / (i) 31 ) R1a () ) (2.66)

— 00

Since the {Q;} are Hermitian observables, the {¢;(¢)} must be real fields, in which case ¢? (w) = ¢,(—w), whence

W= [T (i) [t ) — ()] 81 ()
OOdw ~ -
= |9 Mij (w) 95 (w) oy (w) (2.67)

where

Mij(w) = 3(=i) [y (@) = Kji(-)]
= 7w (1= ¢ ) (g (w) +i05(w)) - (2.68)

Note that as a matrix M (w) = MT(w), so that M (w) has real eigenvalues.

2.3.3 Correlation Functions

We define the correlation function
Si(t) = (Qi(t) Q;(1)) , (2.69)

which has the spectral representation

$15(w) = 2 0} (@) + 05 (w)]

2 —Bhw
:% eﬁh’"<m‘Qi’n><n‘Qj’n>6(w—wn+wm). (2.70)
Note that
Sij(_w) = e P S:j (w) ) S]z(w) = S;j (w) . (2.71)
and that
Xij (W) = Xji(—w) = % (1—e?m) G5 (w) (2.72)

This result is known as the fluctuation-dissipation theorem, as it relates the equilibrium fluctuations S;;(w) to the
dissipative quantity x;; (w) — ;i (—w).
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Time Reversal Symmetry

If the operators ); have a definite symmetry under time reversal, say
TQT ' =nQi, (2.73)

then the correlation function satisfies

Sij(w) = nin; Sji(w) - (2.74)

2.3.4 Continuous Systems

The indices ¢ and j could contain spatial information as well. Typically we will separate out spatial degrees of
freedom, and write

Sij (’l" — ’l"l7 t— tl) = <Qi(r, t) Qj (’l"l, tl)> 5 (275)

where we have assumed space and time translation invariance. The Fourier transform is defined as
S(k,w) = / d*r / dt e=* 7 S(r,t) (2.76)
= % dt e (Q(k,t) Q(—k,0)) . (2.77)

2.4 Density-Density Correlations

In many systems, external probes couple to the number density n(r) = S~ §(r — r;), and we may write the
perturbing Hamiltonian as

Hy(t) = — / Ero(r)U(r,t) . (2.78)

The response én = n — (n), is given by

(6n(r,t)) = /d3r’ dt' x(r —r';t =t U(r',t)

(2.79)
(0n(q,w)) = x(q,w) U(q,w) ,
where
(@) = o S e {_LmIAg [ [m g m)"
X ﬁVZmn W—Wm +wnt+ie w+wy,—wy,+ice
o (2.80)
1 1 1
T h /dys(q’y){w—l—l/—i—ie_w—l/—i—ie}
and 5
7T —Bhwm, ~ 2
S(q,w):ﬁze Bhem |(m | fig )] 6(w — wp + wim) - (2.81)

m,n
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Note that
N

fig =y e T, (2.82)

=1

and that ﬁ:rl = n_q. S(q,w) is known as the dynamic structure factor. In a scattering experiment, where an incident
probe (e.g. a neutron) interacts with the system via a potential U(r — R), where R is the probe particle position,
Fermi’s Golden Rule says that the rate at which the incident particle deposits momentum /g and energy /w into
the system is

2 — Bhw -
Z(q.w) = = > e "™ (mip| Hy [nip — hig)|” 6(e — wo + )
o (2.83)
1, 2
=+ |U(a)]" S(g,w)

The quantity ‘U (q)]2 is called the form factor. In neutron scattering, the “on-shell” condition requires that the
incident energy £ and momentum p are related via the ballistic dispersion € = p?/2m,,. Similarly, the final energy
and momentum are related, hence

2 —h 2 ha - h2 2
P, _(p—hg T 5 L o
2mn 2mn Mn 2my

(2.84)

Hence for fixed momentum transfer /g, the frequency w can be adjusted by varying the incident momentum p.

Another case of interest is the response of a system to a foreign object moving with trajectory R(t) = V't. In this
case, U(r,t) =U(r — R(t)), and

3 —iq-7r zwt _
/d /dte U(r — Vi) 2.85)
=216(w—q-V)U(q)

so that
<5n(q,w)> =216(w—q-V)x(q,w) . (2.86)

2.4.1 Sum Rules

From eqn. (2.81) we find

/— wS(aw) = 77 S [(m g (@ )
), (2.87)

. h2 9
H_——mZVZ- V(. Ty, (2.88)
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then with 2} = SN | ¢/ we obtain

=—gq- (Vz’ AT | it Vi)

i=1
N N
[’ﬁq; [H,ﬁj]]] = —4q"- ZZ |:efiq-'r]‘ ) Vz' eiQ'ri + e“]"”i VZ:|

We have derived the f-sum rule:

1 —
/—w S(gq,w _W<ﬁq[H, A, [ A ]] ) -

Moments with n > 1 in general do depend on the potential. The n = 0 moment gives

- %/ & (n(r) n(0)) 97

which is the Fourier transform of the density-density correlation function.

Compressibility Sum Rule

The isothermal compressibility is given by

B 13‘/‘ B lan‘

T TV on e T w2 ople

Since a constant potential U(r, t) is equivalent to a chemical potential shift, we have
1 Ood S
(o) = xO.0) 01 = wp = o iy [ 22 5L,

hn? q—0 T w
— 00

This is known as the compressibility sum rule.

(2.89)

(2.90)

(2.91)

(2.92)

(2.93)

(2.94)

(2.95)
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2.5 Structure Factor for the Electron Gas

The dynamic structure factor S(g,w) tells us about the spectrum of density fluctuations. The density operator
ﬁjl = Y, €7 increases the wavevector by q. At T = 0, in order for (n| ﬁ:rl |G) to be nonzero (where |G)
is the ground state, i.e. the filled Fermi sphere), the state n must correspond to a particle-hole excitation. For a
given g, the maximum excitation frequency is obtained by taking an electron just inside the Fermi sphere, with
wavevector k = k, g and transferring it to a state outside the Fermi sphere with wavevector k + q. For |q| < 2k,,
the minimum excitation frequency is zero — one can always form particle-hole excitations with states adjacent to
the Fermi sphere. For |g| > 2k,, the minimum excitation frequency is obtained by taking an electron just inside
the Fermi sphere with wavevector k = —k, ¢ to an unfilled state outside the Fermi sphere with wavevector k + q.
These cases are depicted graphically in Fig. 2.2.

We therefore have

hq®>  hk.q
wmax(Q) = % + ’ITIZ (296)
0 if ¢ <2k,
Winin (@) = (2.97)
2
he- et e g > ok,

This is depicted in the left panel of Fig. 2.3. Outside of the region bounded by w, ;. (¢) and w,,,.(¢), there are no
single pair excitations. It is of course easy to create multiple pair excitations with arbitrary energy and momentum,
as depicted in the right panel of the figure. However, these multipair states do not couple to the ground state | G )

through a single application of the density operator ﬁ}}, hence they have zero oscillator strength: (n | ﬁl} |G)=0
for any multipair state | n ).

2.5.1 Explicit 7' = 0 Calculation

We start with
S(r,t) = (n(r,t)n(0,0) (2.98)

d% d’%' ik- —ik-r; ik -r;
= [ Gp T (e . 2:99)
4,3

( ‘

\\E_,,) | _ }

(a) wne(a) (b) @pin(a<Rky) (€) wmina>2ky)

Figure 2.2: Minimum and maximum frequency particle-hole excitations in the free electron gas at 7" = 0. (a) To
construct a maximum frequency excitation for a given g, create a hole just inside the Fermi sphere at k = kx ¢
and an electron at k' = k + q. (b) For |g| < 2k the minumum excitation frequency is zero. (c) For |q| > 2k, the
minimum excitation frequency is obtained by placing a hole at k = —kr ¢ and an electron at k' = k + q.
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'

15 \
F a“._#. low frequency
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large wavevector
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ho/le

on

high frequency
small waveveclor

Figure 2.3: Left: Minimum and maximum excitation frequency w in units of €; /% versus wavevector ¢ in units of
k. Outside the hatched areas, there are no single pair excitations. Right: With multiple pair excitations, every

part of (g,w) space is accessible. However, these states to not couple to the ground state |G) through a single

application of the density operator ﬁl}.

The time evolution of the operator r;(¢) is given by r;(t) = r; + p;t/m, where p; = —ihV,. Using the result
eATB — AP e_%[A’B] , (2.100)

which is valid when [A4, [A, B]] = [B, [4, B]] = 0, we have

o—ikeri(t) _ ihk*t/2m —ikr —ikpit/m 7 (2.101)
hence
Pk [ PE ez em ke _iker; ikepit/m ik'T;
St = /(271')3/(271')3 ekt/zm gtk Z <e frs ethpit/m etk m> ' (2102)

0,J
We now break the sum up into diagonal (i = j) and off-diagonal (i # j) terms.

For the diagonal terms, with ¢ = j, we have

<e—ik»m eik-pi,t/m eik/-ri> _ e—ihk»k't/m <ei(k—k)-n- eik»pit/m> (2.103)

_ e*ihk-k’t/m (27T)3 5(’{7 _ k/) Z@(k _ )efihk-qt/m
- NV F q ’
q

since the ground state | G ) is a Slater determinant formed of single particle wavefunctions ¢y, () = exp(iq-r)/VV
with ¢ < k.
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For i # j, we must include exchange effects. We then have
. . 1./ 1
—ik-r; jik-p;t/m _ik'-r;\ _ § :2 : _ o
<8 T e p e T > — N(N—_ 1) 2 @(kp q)@(kF q)

3
d%/d i o—ihk-qt/m ) —ik-r; ik'r;
v

<[5

. / i ’
ea—q'—k)ri ji(q' —q+k )-7‘]}

- s S E 0t 060~

qa ¢
e_ihk'qt/m{é(kz) S(k') — 6(k —K')d(k+q — q)} . (2.104)
Summing over the i = j terms gives
dgk ik - 2 d3q .
ia, t) = ik-r —ihk t/2m/ ko —ihk-qt/m 21
Sd g(’l", ) /(27’1’)3 e e (27’1’)3 6( F Q)e ) ( 05)

while the off-diagonal terms yield

B dBk il qu d3q/ ,
Soﬁfdlag = /W € /(27T)3/(27T)3 e(kF - Q) @(kl«‘ —q )

% (27‘1’)3{6(,@) _ e+iﬁk2t/2m e—ihk»qt/m 5((1 _ ql _ k)}

— 2 _ 4’k ik-r +ihk®t/2m d3q ok — Ok — |k — —ihk-qt/m 2.106
=n (27‘()3 € e (27‘()3 ( F q) ( F | Q|)e ’ ( : )
and hence
d%q hk®>  hk-q
2 4 _ e
S(k,w) = n? (21) 6(k:)6(w)+/(2ﬁ)3 ok, q){?w&(w o Tkay
hk? hk-q
— Ok, — |k —Q|)27T5(w+ 57 T)} (2.107)
d% hk?> hk-q
_ 4,2 -~ -~ ) R nk-q
= (21)'n 6(k)6(w)+/(2ﬁ)3 Ok, — q)O(k +q| — k) 27T6(w S )
For nonzero k and w,
kg 1 )
1 hk hkq
- W_ v A
Stk,w) = 5= dqq/ O(Vk? + ¢% + 2kqx k)(w S )
0 1
)i (242 / k
mw mw
0 S1
k2
m 2mw 9 ko mw)?
- du@(—l—T—k)@( -5 -5 ) (2.108)
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The constraints on u are

2mw |k mw|?
2 >y > 2_ - = ‘— - = . .
ki > u > max (kF w0 |3 e ) (2.109)

Clearly w > 0 is required. There are two cases to consider.

The first case is

2mw k' mw)|? hk.k  hk?
2T > - = <w< 2 - — 2.110
e T e e (2110
which in turn requires k < 2k,. In this case, we have
m 2mw
o= gl - (-5
Stk w) 47rhk{ rART T
mzw
— . 2111
2rh2k ( )
The second case ) , bk 2
2mw mw
2T <2 - > — 2.112
e R T e (@112)
However, we also have that
k' mw
Yo <2 .
5~ 7| < ki, (2.113)
hence w is restricted to the range
MR ok <w< PR e 4ok (2.114)
2m PSS om o ’
The integral in (2.108) then gives
m k. mw)|?
kw)=-——akZ—|=——| ¢. 2.115
Sk, w) 47rhk{ 2T Tk } (2115)
Putting it all together,
e if 0 < w < vek — B2
2
S(k,w) = { mbs . mhe [1 () } i ek — 2] <0 < vk 4 22 (2.116)
0 ifw > vk + g—’fj .
See the various plots in Fig. 2.4
Integrating over all frequency gives the static structure factor,
1 Oodw
_ T _
S(k) = V<nk n,) = /ﬁ S(k,w) . (2.117)
The result is ,
(5 — gm0 <k <2k,
S(k)=4{n if k > 2k, (2.118)

Vn? ifk=0,

where n = k /672 is the density (per spin polarization).
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15 :_1</1<F=o.1I _: [ k/k,=05 ! I i
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Figure 2.4: The dynamic structure factor S(k,w) for the electron gas at various values of k/kp.
2.6 Screening and Dielectric Response

2.6.1 Definition of the Charge Response Functions

Consider a many-electron system in the presence of a time-varying external charge density p, (7, t). The perturb-

ing Hamiltonian is then
— e /ds /ds 1 UT) Pext (T, )
ol
=l (2.119)

3 m
_e/(d];;g iQ A(k)pext( k t)

The induced charge is —e dn, where on is the induced number density:

. 4me .
5”((1’ W) = ? X((L CU) Pext (qa W) . (2120)

We can use this to determine the dielectric function e(q,w):

V.-D= 47Tpext

(2.121)
V  E =47 (pexs — € (61)) .
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In Fourier space,

Zq : D((Lw) = 47TpAext(q’ W)

. ) ) (2.122)
q - E(qvw) = 47Tpext(qa w) - 47T€<57’L(q, w)> 5
so that from D(q,w) = €(q,w) E(q,w) follows
1 _ig-E(qw) |  di(qw)
(Q7 ) q D(q,W) Znext(q’ )
(2.123)
4rre?
=1- o x(g,w)
A system is said to exhibit perfect screening if
S 0,w=0)= lim 7€ (g,0) =1 (2.124)
e(q ,w=0)=00 — q% po x(g,0)=1. .
Here, x(g,w) is the usual density-density response function,
2wy 2
u 2 2.12
x(g.w WZ e [(nl g 0O (2.125)

where we content ourselves to work at 7" = 0, and where w,,, = w,, — w,, is the excitation frequency for the state

From j ... = o E and the continuity equation

7'q ! <jcharge(q7w)> = —iew(ﬁ(q,w)> = ia(q,w) q- E(q,W) ) (2126)
we find
(4wﬁext(q,w) - 47re<5ﬁ(q,w)>)a(q,w) = —iwe(dn(q,w)) , (2.127)
" (9n(a.)) {(g.0)
47 n(q,w 1—€¢(q,w
—o0 ,w: = =e€e(q,w)—1. 2.128
T P TP S R 1
Thus, we arrive at
1 1 4re? 1 411 2129
6((],&)) - 4+ qg X(qaw) ’ E(q,W) =1+ 7 0'((],(4)) ( . )

Taken together, these two equations allow us to relate the conductivity and the charge response function,

olquw) = 2 _eX@w) (2.130)

@’ 1- 225 (gq,0)

2.6.2 Static Screening: Thomas-Fermi Approximation

Imagine a time-independent, slowly varying electrical potential ¢(r). We may define the ‘local chemical potential’
fi(r) as
j= i) — ed(r) (2.131)
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where 4 is the bulk chemical potential. The local chemical potential is related to the local density by local thermo-
dynamics. AtT =0,

h? K2 2/3
ir) = k2 (r) = = (371'271 + 3ﬁ25n(r))
2m 2m 2132
7h_2(32)2/3 1+257’L—(’P)+ ( )
=9 T™n 3 R
hence, to lowest order,
3en

This makes sense — a positive potential induces an increase in the local electron number density. In Fourier space,

(0n(q,w =0)) = 32% d(q.w=0). (2.134)

Poisson’s equation is —V?2¢ = 4mp,_, i.e.

iq - E(q,0) = ¢* $(q,0)

= 47yt (q,0) — 4me (6n(q, 0)) (2.135)
. 6rne? -
= 47Tpcxt(qa O) - ¢(q7 O) )
and defining the Thomas-Fermi wavevector ¢, by
6mne?
— ) (2.136)
1
we have
2 47Tﬁ t(Q7 0)
,0) = 5=, 2.137
¢(q,0) @+ 0. (2.137)
hence
e (n(@.0) = T 5 (@0) = | e(q0)=1+% (2138)
q° + 4re q

Note that e(g — 0,w = 0) = o0, so there is perfect screening.

For a general electronic density of states g(g), we have dn(r) = ed(r) g(s,), where g(e,) is the DOS at the Fermi
energy. Invoking Poisson’s equation then yields ¢, = \/4me? g(e,) .

The Thomas-Fermi wavelength is Ay = g1}, and for free electrons may be written as
T\ 1/6
Ay = (E) T ay, ~ 0.800 /5 ay, , (2.139)
where 7, is the dimensionless free electron sphere radius, in units of the Bohr radius a, = h%/me? = 0.5294,
defined by 4 7(r,as)®n = 1, hence r, oc n~'/3. Small r, corresponds to high density. Since Thomas-Fermi theory

is a statistical theory, it can only be valid if there are many particles within a sphere of radius Arg, i.e. 3 TA3. n > 1,
orr, < (m/12)1/3 =~ 0.640. TF theory is applicable only in the high density limit.

In the presence of a J-function external charge density p,. (1) = Ze é(r), we have f,(q,0) = Ze and

Zq2, Ze /Aty

(67(q,0)) = W (dn(r)) = (2.140)

4mr




52 CHAPTER 2. RESPONSE, RESONANCE, AND THE ELECTRON GAS

O = e vk

Figure 2.5: Perturbation expansion for RPA susceptibility bubble. Each bare bubble contributes a factor x°(q, w)
and each wavy interaction line 9(q). The infinite series can be summed, yielding eqn. 2.151.

Note the decay on the scale of A,. Note also the perfect screening:

e(0n(q = 0,w =0)) = poyi(q = 0,w =0) = Ze . (2.141)

2.6.3 High Frequency Behavior of ¢(q,w)

We have )
- 4dme
e qw)=1- o x(q,w) (2.142)
and,atT =0,
xaw) = Sl o {—— - L} (.143)
’ hV a wHwyFie w—w,+ie ’ ‘
j J J
where the number density operator is
>, et (1** quantized)
b = (2.144)
>k w};Jrq Y, (2" quantized: {wk,w};,} = Opper) -
Taking the limit w — oo, we find
2 2 2 [ dw
_ ot _
x(g,w — o0) = _W; |G 17 [0)]" wjo = —w/ﬁw’S(q,w’) : (2.145)
Invoking the f-sum rule, the above integral is nhg?/2m, hence
ng?
X(gw —00) = ———, (2.146)
mw
and
2
e Hquw—oo0)=1+—, (2.147)
w
where
Anne?
wy =\ == (2.148)
m

is the plasma frequency.
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2.6.4 Random Phase Approximation (RPA)

The electron charge appears nowhere in the free electron gas response function x°(g,w). An interacting elec-
tron gas certainly does know about electron charge, since the Coulomb repulsion between electrons is part of the
Hamiltonian. The idea behind the RPA is to obtain an approximation to the interacting x(g, w) from the noninter-

acting x°(g,w) by self-consistently adjusting the charge so that the perturbing charge density is not p.(r), but
rather p, (7, t) — e (dn(r,t)). Thus, we write

. 47e? .
e <6n(q7 w)> = qg XRPA (qa w) Pext (qv w)
s (2.149)
= qg Xo(qvw) {ﬁcxt(qa w) —€ <5ﬁ’(qa w)>} )
which gives
0
RPA X ((Lw)
w)=— D) 2.150
)= (g w) 2450

Several comments are in order.

1. If the electron-electron interaction were instead given by a general ¢(q) rather than the specific Coulomb
form 9(q) = 4me?/q?, we would obtain

0
X(q,w)
X (g, w) = . . (2.151)
) T @ ()
2. Within the RPA, there is perfect screening:
lim 7€ Y (g w) = 1 (2.152)
i =2 ) . .
3. The RPA expression may be expanded in an infinite series,
XA =0 =P oxP+ P oxPoxt — ..., (2.153)

which has a diagrammatic interpretation, depicted in Fig. 2.5. The perturbative expansion in the interaction
© may be resummed to yield the RPA result.

4. The RPA dielectric function takes the simple form

4e?

M gw) =1+ pe X%(q,w) . (2.154)

5. Explicitly,

(1 (w—ﬁq2/2m)2>l ‘w—qu—ﬁqz/Zm
— n
(vpq)? w4 vpq — hg?/2m

N (1_ (w—ﬁq2/2m)2>ln‘w—qu+hq2/2m (2.155)
(vrq)? w + vsq + hg?/2m

2

q 1k
R RPA 1 TF - F
ee(q,w) = +—q2{2+—4q
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and
2
- r if 0 < w < veq — hg?/2m
, _ k w—hq?/2m)> 2 .
Tm "™ (q,w) = § %= (1 - ¢ o )G ifueg - he?/2m < w < veg + he?/2m (2.156)
0 if w > vpq + hg®/2m
6. Note that
w2
ERPA((LW N OO) —1— _g , (2.157)
w

in agreement with the f-sum rule, and
G
ER,PA( 07 O) 1 (;“2F , (2158)

in agreement with Thomas-Fermi theory.

w1k ? 2k
eRPA(q,O)_1+qu;{—+—F<1 I >1n‘q+ s

7. Atw = 0 we have

- 2.1
2 "2 A2 2 — 2k, } (2159)

which is real and which has a singularity at ¢ = 2k,.. This means that the long-distance behavior of (én(r))
must oscillate. For a local charge perturbation, p..(r) = Ze §(r), we have

(on(r)) = 27r227° /dqqsin(qr) {1 — ﬁ} , (2.160)
0
and within the RPA one finds for long distances
(on(r)) ~ % , (2.161)
rather than the Yukawa form familiar from Thomas-Fermi theory.
2.6.5 Plasmons
The RPA response function diverges when 9(q) x°(g,w) = —1. For a given value of g, this occurs for a specific

value (or for a discrete set of values) of w, i.e. it defines a dispersion relation w = {2(q). The poles of x"** and are
identified with elementary excitations of the electron gas known as plasmons.

To find the plasmon dispersion, we first derive a result for x°(q, w), starting with

°a.0) = 7= {[lg, 1) A(-q,0)])

i e i)
- qudjw Virqor O Ul o ¢k,_q)o_,}>e (ck)—e(k+0)t/h g (1)

ko k' o’

(2.162)

where £(k) is the noninteracting electron dispersion. For a free electron gas, ¢(k) = hi*k?/2m. Next, using

[AB,CD] = A{B,C}D — {A,C}BD + CA{B,D} - C{A,D}B (2.163)
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we obtain ’
i . .
X(@,1) = 377 D (fi = froyg) e CW XD (1) (2164)
ko
and therefore
d*: Jrrq — T
0 =2 / +q . 2.1
X(aw) 27)® hw—e(k +q) + (k) + ic (2.165)

Here,
1

e = Tm—mrmT +1

(2.166)

is the Fermi distribution. AtT = 0, fx, = O(k, — k), and for w > v:¢q we can expand x°(g,w) in powers of w=?,

yielding
kg2 3 (hk.q\>
0 =__E . 1+ 2 == 2.167
X (q,w) 3.7 mwg{ +5<mw) + } (2.167)

so the resonance condition becomes

4me?
0=1+-73 X% (q,w)

w2 3 [ vpq 2
=1-2.014+2( X oy

N 3 [ veq °
w-wp{1+10<wp> —|—} (2.169)

For the noninteracting electron gas, the energy of the particle-hole continuum is bounded by w, ; (¢) and w,, . (q),
which are given below in Eqgs. 2.97 and 2.96. Eventually the plasmon penetrates the particle-hole continuum, at
which point it becomes heavily damped, since it can decay into particle-hole excitations.

(2.168)

This gives the dispersion

2.6.6 Jellium

Finally, consider an electron gas in the presence of a neutralizing ionic background. We assume one species of
ion with mass M, and charge +Z,e, and we smear the ionic charge into a continuum as an approximation. This
nonexistent material is known in the business of many-body physics as jellium. Let the ion number density be n,,
and the electron number density be n,. Then Laplace’s equation says

V2§ = —ATpparge = —4me(ny — N + ngyy) (2.170)

where ng; = peyi/€, Where p,, is the test charge density, regarded as a perturbation to the jellium. The ions move
according to
d
M, d_:s) = ZeE=-ZeVe . 2.171)

They also satisfy continuity, which to lowest order in small quantities is governed by the equation

on

0. _
ny V-v+ 5

0, (2.172)



56 CHAPTER 2. RESPONSE, RESONANCE, AND THE ELECTRON GAS

where n! is the average ionic number density. Taking the time derivative of the above equation, and invoking
Newton’s law for the ion’s as well as Laplace, we find

?n,(x,t)  4mndZ.e?
Tz T M (ni(wat)+next(w,t)—ne(:v,t)). (2.173)
In Fourier space,
W i(q,0) = 2 (74(0,0) + o (4,0) — Re(@,0)) @174)
where
47nd Z.e2
e VA (2.175)

1
is the ionic plasma frequency. Typically 2, ; ~ 10" s 1.
Since the ionic mass M; is much greater than the electron mass, the ionic plasma frequency is much greater than

the electron plasma frequency. We assume that the ions may be regarded as ‘slow” and that the electrons respond
according to Eqn. 2.120, viz.

. 4dre . A
el ) = g xe(@,) (4(2,0) + (@) (2.176)
We then have ) (@) (@)
w* M;(q, W) + Nyt (@, W
From this equation, we obtain 7;(g,w) and then n.,, = n; — n, + n.. We thereby obtain
. Nt (G, W
foo (@, w) = t(—q!)ﬂ . (2.178)
ee(qa w) - %
Finally, the dielectric function of the jellium system is given by
Mexi (4, W
c(g,w) = el )
Mot (@ W)
5 (2.179)

w
=e.(q,w) — 2.
jo

At frequencies low compared to the electron plasma frequency, we approximate ¢,(q,w) by the Thomas-Fermi
form, e,(q,w) = (¢*> + ¢3)/q*. Then

2 02,
~ q p,i
The zeros of this function, given by ¢(q,w,) = 0, occur for
2,4
Wy = ——PL (2.181)
RV
This allows us to write
4me? 1 4me? w?

= : . (2.182)
¢ elq,w) ¢ +agi wr-uwl

This is interpreted as the effective interaction between charges in the jellium model, arising from both electronic

and ionic screening. Note that the interaction is negative, i.e. attractive, for w? < wg. At frequencies high compared

to wy , but low compared to the electronic plasma frequency, the effective potential is of the Yukawa form. Only

the electrons then participate in screening, because the phonons are too slow.
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2.7 Electromagnetic Response

Consider an interacting system consisting of electrons of charge —e in the presence of a time-varying electromag-
netic field. The electromagnetic field is given in terms of the 4-potential A* = (A°, A):

10A
E=-vA' - 222
v c ot (2.183)

B=VxA.

The Hamiltonian for an N-particle system is

H(A") = ZN: {% (pl- + ZA(:ci,t))2 — A%z, t) + U(mi)} +3 v(w; — ;)

i<g (2.184)
_ 1 _ l 3,. ;P n 62 / 3, 2
= H(0) p /d z jh(x) A¥(,t) + 53 drn(xz) A%(x,t) ,
where we have defined
N
n(@) =Y iz - ) (2.185)
i=1
N
jp(:n)z—i {p-é(m—w-)—i—&(m—w»)p-} (2.186)
2m — K2 K2 3 K2
Jjo(x) = n(x)ec. (2.187)

Throughout this discussion we invoke covariant/contravariant notation, using the metric

-1 0 0 O
, o 100
9w =9"=109 0 1 0] (2189
0 0 0 1
so that if j* = (59,41, 52, 5%) = (4°,4), then
jM:gMUjV:(_j07jl,j2,j3)
(2.189)

juA#:j#guVAu = _]OAO+.7AE.7A

The quantity jP(z) is known as the paramagnetic current density. The physical current density j,(x) also contains a
diamagnetic contribution:

() = —c OH = P (x id(x
ul) gA“(:v) Jil) () (2.190)
@) = ——n(@)A(2) = - — ji(@) Ale)

The temporal component of the diamagnetic current is zero: j§(x) = 0. The electromagnetic response tensor K,
is defined via

(ju(m, 1)) = —4i /d%’/dt K, (zt; z't") A” (', 1) , (2.191)
7r
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valid to first order in the external 4-potential A*. From

(R, = - [ [ar (e, 2 ) Ot~ ) 4(@', 1) 102
. e . )
<j2(.’1}, t)> = _W <-](]))(m7 t)> A#(mv t) (1 - 5#0) )

we conclude

Kyuletsalt) = 0 ([, 1), 35! )] ) Ot — 1)
(2.193)

A R ) ala— )8t~ ) 8 (1~ dy0)

The first term is sometimes known as the paramagnetic response kernel, K5, (x; x') = (4xi/ihc)([j5(x), j5 (2')]) ©(t—
t') is not directly calculable by perturbation theory. Rather, one obtains the time-ordered response function
K0 (x; ') = (47 [ihc?) (T j5(x) j2(2')), where 2+ = (ct, x).

mz

Second Quantized Notation

In the presence of an electromagnetic field described by the 4-potential A* = (c¢, A), the Hamiltonian of an
interacting electron system takes the form

= Z/d%w { ( v+s A) —eAO(:I:)—i-U(:B)}wU(:B)
433 /d3 /d (@) v(@ —a') i, () ¥, () .

cra"

(2.194)

where v(z — ') is a two-body interaction, e.g. e?/|z — x'|, and U(z) is the external scalar potential. Expanding in
powers of A#,

. . 1 .
H(A) = H0) = [ ) = Z [ i@ v, () A% (2.195)
where the paramagnetic current density j} () is defined by

5 w>=ce2wl<w>w (z)

1eh ; ; (2.196)
Y — _
(@) = g 2 {w (@) V (@) — (Vb (@) %(w)} .
2.71 Gauge Invariance and Charge Conservation
In Fourier space, with ¢" = (w/c, q), we have, for homogeneous systems,
. c L
(iu(@)) = =~ Kun(0) A”(q) - (2.197)
Note our convention on Fourier transforms:
4
H(x) = / Akt
(27) (2.198)

H(k) = /d%H(z) e kT
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where k - 2 = k2" = k -  — wt. Under a gauge transformation, A* — A* 4+ 0FA, i.e.
At(q) — A*(q) +iA(g) ¢" (2.199)

where A is an arbitrary scalar function. Since the physical current must be unchanged by a gauge transformation,
we conclude that K, (¢) ¢V = 0. We also have the continuity equation, 9/ j,, = 0, the Fourier space version of
which says ¢* j,,(¢) = 0, which in turn requires ¢* K,,,(¢) = 0. Therefore,

Y " Kul(g) =) Ku(a)gd” =0 (2.200)
10 v

In fact, the above conditions are identical owing to the reciprocity relations,

Re Ky (q) = +Re Kypu(—q)

(2.201)
Im Ky (q) = —Im K, (—q)
which follow from the spectral representation of K, (¢). Thus,
gauge invariance <= charge conservation (2.202)
2.7.2 A Sum Rule
If we work in a gauge where A° = 0, then E = —¢ ' A, hence E(q) = iq" A(g), and
e .
i(q)) = —— Kij(q) &
(@) = == Kis(a) A’ (q)
C C
= Kij(q) — EI
1 J_(q) - Ea)
= 0i;(q) £ (q) - (2.203)
Thus, the conductivity tensor is given by
ic?
Oij (q,w) = m Kij (q,w) . (2204)
If, in the w — 0 limit, the conductivity is to remain finite, then we must have
i 2
& [dt { [ (x,t), 17 it _ B R 22
[t far ([0, 70,0 ) e =2 6 (2205)

0

where n is the electron number density. This relation is spontaneously violated in a superconductor, where o(w)

w lasw — 0.

2.7.3 Longitudinal and Transverse Response

In an isotropic system, the spatial components of K, may be resolved into longitudinal and transverse compo-
nents, since the only preferred spatial vector is g itself. Thus, we may write

Kij(q,w) = KH(Q7w) G4+ K | (q,w) (65 — i d5) (2.206)
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where §; = ¢;/|q|. We now invoke current conservation, which says ¢* K, (¢) = 0. When v = j is a spatial indeXx,
- w
¢" Koj +4' Kij = — Koj + K ; (2.207)

which yields

C .
Koj(q,w) = —— ¢’ K (q,w) = Kjo(q,w) (2.208)

In other words, the three components of Kq;(q) are in fact completely determined by K| (¢) and ¢ itself. When
v =0,

, w c
0=1¢q"Koo+ ¢ Kio = = Koo — = q K, (2.209)

which says

2

C
Koo(g,w) = — ° K (q,w) (2.210)

Thus, of the 10 freedoms of the symmetric 4 x 4 tensor K, (¢), there are only two independent ones — the functions
K, (¢) and K | (¢).

2.7.4 Neutral Systems

In neutral systems, we define the number density and number current density as

(2.211)
1N
jlx) = 5 ; {pid(w —x;)+o(x — mz)pz} .
The charge and current susceptibilities are then given by
1
x(x,t) = 7 {[n(z,t),n(0,0)]) O(t)
; (2.212)
Xij(x,t) = 7 ([ji(z,1),4;(0,0)]) ©() .
We define the longitudinal and transverse susceptibilities for homogeneous systems according to
Xij (@, w) = X (q,w) G G5 + x 1 (q,w) (i — G j) - (2.213)
From the continuity equation,
on
== 2214
V.ji+ 5 0 ( )
follows the relation
@0) ="+ 4 x(@.w) (2.215)
X\w) == qQanW . .

EXERCISE: Derive eqn. (2.215).
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The relation between K, (¢) and the neutral susceptibilities defined above is then

KOO(wu t) = _47T62 X(mv t)

47e? (n (2.216)
Kij(@,t) = =5 { = 3(@) 6(t) = xis (@ 1)} .
and therefore
dre? (n
KH(quw) = T{E - XH(qaw)} (2.217)

4me? (n
K, (g.w) = = {= —x. (aw)}.

2.7.5 The Meissner Effect and Superfluid Density

Suppose we apply an electromagnetic field E. We adopt a gauge in which A° = 0, in which case E = —¢ ' A. As
always, B = V x A. To satisfy Maxwell’s equations, we have g - A(q,w) =0, i.e. A(q,w) is purely transverse. But
then

. c
<J(q7w)> = _E Kl(qaw) A(q,W) . (2218)
This leads directly to the Meissner effect whenever limg_,o K| (g, 0) is finite. To see this, we write

ir . 10E
VxB-V(V-A)-v?a—2T; 10F
c c Ot

( ¢ )KL(—iV,z'at)A

C4r

| 524 (2.219)

B 47
- 2oz’

c

which yields

s 107 -
(v . C—Qw)A:KL(—zV,Z&)A- (2.220)

In the static limit, V2A = K | (iV,0)A, and we define

1 .
2= (}li% K (q,0). (2.221)

A, is the London penetration depth, which is related to the superfluid density ng by

m02

ng = ———
dme? A2 (2.222)
=n—mlimx, (q0).
Ideal Bose Gas

We start from the susceptibility,

Xij (q7 t) = % < []z (q7 t)vjj(_qv O)} > G(t) ) (2.223)
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where the current operator is given by

h
3i(@) = 5= D (2ki + i) U Vg (2.224)
k

For the free Bose gas, with dispersion w,, = hk*/2m,

Jilat) = 2k, +q,) e Tyl (2.225)
hence
(@5, (-0.0)] = 1 " (2% 2k, o)t
i, t),j;(—q,0)] = WZ( +a)(2k; —q;)e
k. k! (2.226)
i
X [1/111 wk+q ’ wk/ wkz_q]
Using
[AB,CD] = A[B,C] D + AC [B,D] + C [A,D| B + [A,C] DB , (2.227)
we obtain
i : o] = 2% 2% e whig)t 110 0 2.228
[]i(qat)7-]j(_q7 )] T am2 Z( i+ a;)( s qu)e a {” (Wk) -n (Wk+q)} ) (2.228)
k

where n°(w) is the equilibrium Bose distribution,®

1
0 _
n°(w) = Ry (2.229)
Thus,
0 0
h n (Wk )—n (Wk)
Xij (g, w) = TV > (2ki + q:)(2k; + ¢;) 4 ;
& w+wk—wk+q+ze
hn 1 1
1 02 { - - } qi g5 (2.230)
m W+ wg +1€  W—wgq e
) 3 il
m? J (27)° w+ Wk_q/2 T Wkiqe T
where ny = Ny/V is the condensate number density. Taking the w = 0 and ¢ — 0 limit yields
n, . . n'
xij(g — 0,0) = EO 4i q; + - dij » (2.231)
where n’ is the density of uncondensed bosons. From this we read off
n n'
x@=00=—, x(g=00=—, (2232)

where n = n,+n’ is the total boson number density. The superfluid density, according to (2.222), is ns = no(T). In
fact, the ideal Bose gas is not a superfluid. Its excitation spectrum is too ‘soft’ - any superflow is unstable toward
decay into single particle excitations.

5Recall that ;1 = 0 in the condensed phase.
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2.8 Electron-phonon Hamiltonian

Let R, = R? + 6R, denote the position of the i" ion, and let U(r) = —Ze? exp(—r/App)/r be the electron-ion
interaction. Expanding in terms of the ionic displacements J R;,

Heoion=» U(r—R))=> JR,-VU(r—R)), (2.233)

where i runs from 1 to Niop , the number of ions®. The deviation § R; may be expanded in terms of the vibrational
normal modes of the lattice, i.e. the phonons, as

1/2

o 1 h ~v ig-R°

ORY = —o— 3 (M) &5(q) TR (agy +al ). (2.234)
V on q>\

The phonon polarization vectors satisfy €, (q) = €3(—gq) as well as the generalized orthonormality relations

Z & (q) &% (—q) = M1 4,
¢ (2.235)

(@) es(—q) =M1,
A

where M is the ionic mass. The number of unit cells in the crystal is Nio, = V/Q, where Q is the Wigner-Seitz cell
volume. Again, we approximate Bloch states by plane waves (1) = exp(ik - )/v/V, in which case

i ik-k') R0 AZe* (k — k')

K'|VU(r—R))|k)=—=¢ _— = 2.236
(K[ VU(r - R k) = TayTae (2236
The sum over lattice sites gives
Nion
Z el(kik +q).R2 — Nion 5k/,k+q mod G > (2237)
i=1
so that .
Hapn = —= Dok k) (ahy +a ) ¥k Ve S krqre (2.238)
5
with
h V2 At Ze?
mLe
ok k+q+G)=—i — (g+G)-€éx(q) . (2.239)
g 2Qw,\(q) ) (a+G)*+App

In an isotropic solid” (fjellium’), the phonon polarization at wavevector g either is parallel to ¢ (longitudinal
waves), or perpendicular to g (transverse waves). We see that only longitudinal waves couple to the electrons.
This is because transverse waves do not result in any local accumulation of charge density, and it is to the charge
density that electrons couple, via the Coulomb interaction.

Restricting our attention to the longitudinal phonon, we have é,(q) = ¢/v M and hence, for small ¢ = k' — k,

h 1/2 47TZ62 —1/2
k. k = 1/2 2.240
gL( ) + q) ? <2MQ> q2 + )\E%‘ Cr q 9 ( )

®We assume a Bravais lattice, for simplicity.
7The jellium model ignores G # 0 Umklapp processes.
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[Metal | . Oy | deipn || Metal | 6. [ O [ deipn |

Na 220 | 150 | 0.47 Au 310 | 170 | 0.08
K 150 | 100 | 0.25 Be 1940 | 1000 | 0.59
Cu 490 | 315 | 0.16 Al 910 | 394 | 0.90
Ag 340 | 215 | 0.12 In 300 | 129 | 1.05

Table 2.1: Electron-phonon interaction parameters for some metals. Temperatures are in Kelvins.

where ¢, is the longitudinal phonon velocity. Thus, for small g we that the electron-longitudinal phonon coupling
gu(k, k + q) = gq satisfies
hepg
2 L
9ql” = Ael—ph - —/— , (2.241)
gal” = Ao )

where g(e,) is the electronic density of states, and where the dimensionless electron-phonon coupling constant is

Z? 27 m* € .
Aelph = o = = I 2.242
P T oM Qg(e,) 3 M (kB@S) (2242)

with O = hepk, /k,. Table 2.1 lists O, the Debye temperature @y, and the electron-phonon coupling Aci—pn for
various metals.



Chapter 3

BCS Theory of Superconductivity

3.1 Binding and Dimensionality

Consider a spherically symmetric potential U(r) = —U, ©(a — r). Are there bound states, i.e. states in the eigen-
spectrum of negative energy? What role does dimension play? It is easy to see that if U, > 0 is large enough, there
are always bound states. A trial state completely localized within the well has kinetic energy Tj, ~ h*/ma?, while
the potential energy is —U,, so if U, > h?/ma?, we have a variational state with energy E = T, — U, < 0, which
is of course an upper bound on the true ground state energy.

What happens, though, if U, < T,? We again appeal to a variational argument. Consider a Gaussian or exponen-
tially localized wavefunction with characteristic size { = Aa, with A > 1. The variational energy is then

h? aY —2 —d
Extremizing with respect to \, we obtain —2T, A\=® + d Uy A=+ and X\ = (d UO/2TO)1/(d72) . Inserting this into
our expression for the energy, we find

9 2/(d—2) 9 B B B
E= (3) <1 - 3) T/ g (3.2)

We see that for d = 1 we have A = 2T, /U, and E = —U} /4T, < 0. In d = 2 dimensions, we have E = (T, —U,)/\?,
which says £ > 0 unless U, > T,. For weak attractive U(r), the minimum energy solution is £ — 07, with
A — oo. It turns out that d = 2 is a marginal dimension, and we shall show that we always get localized states
with a ballistic dispersion and an attractive potential well. For d > 2 we have £ > 0 which suggests that we
cannot have bound states unless U, > Tj,, in which case A < 1 and we must appeal to the analysis in the previous
paragraph.

We can firm up this analysis a bit by considering the Schrodinger equation,

2
oG () + V() b(a) = Bufe) (33)
Fourier transforming, we have
~ d 4 ~ ~ ~
() (k) + [ s V= K D) = Bk G4

65
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where (k) = h?k?/2m. We may now write V(k — k') = 3\, a,, (k) o’ (k') which is a decomposition of the

Hermitian matrix Vk. w = V(k — K') into its (real) eigenvalues A, and eigenvectors a,, (k). Let’s approximate
Vi o by its leading eigenvalue, which we call ), and the corresponding eigenvector a(k). That is, we write

Vi 1 =~ Aa(k) a* (k') . We then have

(k) = o (K (k) (3.5)

Na(k) [ d%
E—e(k) /(27r)d

Multiply the above equation by o* (k) and integrate over k, resulting in
‘ 2

1 [ d% Jok) 717“’ 9(e) ,
X_/@ﬂdETEQ‘X‘/&E_gW@” ! (3.6)
0

where g(¢) is the density of states g(¢) = Tr §(¢ — e(k)). Here, we assume that a(k) = «(k) is isotropic. It is
generally the case that if V} ., is isotropic, i.e. if it is invariant under a simultaneous O(3) rotation k — Rk and
k' — RK', then so will be its lowest eigenvector. Furthermore, since ¢ = h?k?/2m is a function of the scalar k = |k|,
this means a(k) can be considered a function of €. We then have

L[ o) 2
o /ds Bl +< la(e)|” 3.7)
0

where we have we assumed an attractive potential (A < 0), and, as we are looking for a bound state, £ < 0.
If «(0) and ¢(0) are finite, then in the limit |E| — 0 we have

1

o 9(0) [(0)[? In (1/|E|) + finite . (3.8)

This equation may be solved for arbitrarily small |A| because the RHS of Eqn. 3.7 diverges as |E| — 0. If, on the
other hand, g(¢) ~ ¢ where p > 0, then the RHS is finite even when E' = 0. In this case, bound states can only

exist for |A| > ., where
A = 1/ /dg @ la(e)|” . (3.9)
0

Typically the integral has a finite upper limit, given by the bandwidth B. For the ballistic dispersion, one has
g(e) o< el4=2)/2, 50 d = 2 is the marginal dimension. In dimensions d < 2, bound states for for arbitrarily weak
attractive potentials.

3.2 Cooper’s Problem

In 1956, Leon Cooper considered the problem of two electrons interacting in the presence of a quiescent Fermi
sea. The background electrons comprising the Fermi sea enter the problem only through their Pauli blocking. Since
spin and total momentum are conserved, Cooper first considered a zero momentum singlet,

|¥) = ZAk (CLTCTJW - CLictk¢)|F> ; (3.10)
k
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where | I) is the filled Fermi sea, [F) =[], - € pT p 1, 10). Only states with k& > k, contribute to the RHS of Eqn.
3.10, due to Pauli blocking. The real space wavefunction is

U(ry,ry) = Z Ay etk (o) (IT1d2) = [ta)) (3.11)
k

with 4, = A_, to enforce symmetry of the orbital part. It should be emphasized that this is a two-particle
wavefunction, and not an (IV + 2)-particle wavefunction, with IV the number of electrons in the Fermi sea. Again,
the Fermi sea in this analysis has no dynamics of its own. Its presence is reflected only in the restriction & > k, for
the states which participate in the Cooper pair.

The many-body Hamiltonian is written

o= }:%%;M 322 2 > (ko ks |vlksos ko) ey L e e G, (3.12)

kyo, kyoy kyoy kyo,
We treat | U ) as a variational state, which means we set

6 (U|H|D)

— =0 3.13
SAL (VU |T) ’ (313
resulting in
k’
where .
Vi = (k1 =k | [0 k', K'|) = /d3rv<r> elth-k)r (3.15)
Here E, = (F | H |F) is the energy of the Fermi sea.
We write ¢, = ¢, + &, and we define £ = E; + 2¢. + W. Then
WAL =254+ Vip Ay - (3.16)

k'

If V}, ., is rotationally invariant, meaning it is left unchanged by k — Rk and k' — Rk’ where R € O(3), then we
may write

(%) Y4
Viw =2 > Vilk )Y (k)YE, (k) . (3.17)

=0 m=—/4
We assume that V,(k, k') is separable, meaning we can write

VilkK) = 5 A (k) 0 (K) (3.18)

This simplifies matters and affords us an exact solution, for now we take A4, = A, Y. (k) to obtain a solution in
the ¢ angular momentum channel:

W, A, =26, Ay + N a,(k E:cw VAL (3.19)
which may be recast as
_ )\é af(k) 1 * 1./
@_Wr%kvzwwmw. (3.20)

kl
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(W)

Figure 3.1: Graphical solution to the Cooper problem. A bound state exists for arbitrarily weak A < 0.

Now multiply by a; and sum over k to obtain

oo™ _ gy 321
Zwr%{‘(”' (321)

We solve this for WV,.

We may find a graphical solution. Recall that the sum is restricted to k > k,, and that £, > 0. The denominator
on the RHS of Eqn. 3.21 changes sign as a function of W, every time $W, passes through one of the ¢, values!. A
sketch of the graphical solution is provided in Fig. 3.1. One sees that if A\, < 0, i.e. if the potential is attractive, then
a bound state exists. This is true for arbitrarily weak |),|, a situation not usually encountered in three-dimensional
problems, where there is usually a critical strength of the attractive potential in order to form a bound state?.
This is a density of states effect — by restricting our attention to electrons near the Fermi level, where the DOS is
roughly constant at g(e,,) = m*k,/m?h?, rather than near k = 0, where g() vanishes as /¢, the pairing problem is
effectively rendered two-dimensional. We can make further progress by assuming a particular form for o, (k):

1 if B
ay(k) = 0 <& < By (3.22)
0 otherwise

where B, is an effective bandwidth for the ¢ channel. Then

1=10) glep +8€
1=3] |/€]W]+2E : (3.23)

The factor of % is because it is the DOS per spin here, and not the total DOS. We assume g(¢) does not vary
significantly in the vicinity of ¢ = ¢, and pull g(¢,) out from the integrand. Integrating and solving for [W,|,

2B,

4
eXP(i\AMsF)) -1

1We imagine quantizing in a finite volume, so the allowed k values are discrete.
2For example, the 2He molecule is unbound, despite the attractive —1/7% van der Waals attractive tail in the interatomic potential.

|Wg| = (3.24)
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In the weak coupling limit, where |\,| g(¢,) < 1, we have

4

As we shall see when we study BCS theory, the factor in the exponent is twice too large. The coefficient 2B, will
be shown to be the Debye energy of the phonons; we will see that it is only over a narrow range of energies about
the Fermi surface that the effective electron-electron interaction is attractive. For strong coupling,

[Wy| = % Aelg(er) - (3.26)

Finite momentum Cooper pair

We can construct a finite momentum Cooper pair as follows:

— T T T T
) = ZAk (Ck+%chfk+éqi - Ck+%q¢cfk+%qT) [F) (3.27)
k

This wavefunction is a momentum eigenstate, with total momentum P = hq. The eigenvalue equation is then

WAL = (Sr1q T 6 kr1q) A+ > Viw A (3.28)
k/
Assuming §, =& .,
0%¢
Chisg T Ekizg =25+ 50°0 5 pm T (3.29)

The binding energy is thus reduced by an amount proportional to ¢*; the ¢ = 0 Cooper pair has the greatest
binding energy®.

Mean square radius of the Cooper pair

We have
() = Jdir [w)|* 7 [d% [V,

Jd [w(r)|® Jd% | A, |

9(ep) & (kg)? :fodé‘ |52 ? (3.30)

~

aler) fds A2

with A(¢) = —C/ (W] + 2¢) and thus 4'(§) = 2C/(|W| + 25)2, where C is a constant independent of ¢. Ignoring
the upper cutoff on { at B,, we have

?du u?

(r?) =48 (k) e = A ()2 W2 (3.31)
fdu u—2
(W]

3We assume the matrix 9, 958 L, 1S positive definite.
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where we have used ¢'(k,) = hv,. Thus, R, = 2hv,/v3|W|. In the weak coupling limit, where |W| is expo-
nentially small in 1/|)\|, the Cooper pair radius is huge. Indeed it is so large that many other Cooper pairs have
their centers of mass within the radius of any given pair. This feature is what makes the BCS mean field theory
of superconductivity so successful. Recall in our discussion of the Ginzburg criterion in §1.4.5, we found that
mean field theory was qualitatively correct down to the Ginzburg reduced temperature ¢, = (a/R,)?*¥/ =4 je.
t, = (a/R,)® for d = 3. In this expression, R, should be the mean Cooper pair size, and a a microscopic length

(i.e. lattice constant). Typically R, /a ~ 102 — 10?, so t, is very tiny indeed.

3.3 Effective attraction due to phonons

The solution to Cooper’s problem provided the first glimpses into the pairing nature of the superconducting state.
But why should V;_,, be attractive? One possible mechanism is an induced attraction due to phonons.

3.3.1 Electron-phonon Hamiltonian

In §2.8 we derived the electron-phonon Hamiltonian,

. 1
Hel—ph = = E 9x (ka k/) (a;)\ + a’—q)\) CLU Crr o 6k’,k+q+G ) (332)
4 k.k'o
q. )G

where c;e creates an electron in state | ko ) and o] \ Creates a phonon in state | g A ), where X is the phonon polar-
o q

ization state. G is a reciprocal lattice vector, and

K 2 yrze
k k') = —i ee G)-éi(q). 3.33
N ) t <2Qw/\(q)> (q+G)2+)\T1% (@+G)-élq) ( )

is the electron-phonon coupling constant, with €, (g) the phonon polarization vector, € the Wigner-Seitz unit cell
volume, and w, (g) the phonon frequency dispersion of the A branch.

Recall that in an isotropic ‘jellium’ solid, the phonon polarization at wavevector q either is parallel to g (longi-
tudinal waves), or perpendicular to q (transverse waves). We then have that only longitudinal waves couple to
the electrons. This is because transverse waves do not result in any local accumulation of charge density, and
the Coulomb interaction couples electrons to density fluctuations. Restricting our attention to the longitudinal

phonon, we found for small g the electron-longitudinal phonon coupling g, (k, k 4 q) = g4 satisfies

herq
194]* = Nelph - —— (3.34)
1 P 9(ex)

where g(¢,) is the electronic density of states, ¢, is the longitudinal phonon speed, and where the dimensionless
electron-phonon coupling constant is

72 27 m* .
Ael_ph = =20 ( “r ) : (3.35)

IM2Qgle,) 3 M \ k6,

with O, = heyk, /K,
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k+aq,0 k+q.0 k'—q,d
q.A
: k.o T . Y
k.o vertex: g, (k,k + q) phonon propagator: ,
2w
D,(q.w) = —— 9
/\(q "‘)) P W(QJ.A

Figure 3.2: Feynman diagrams for electron-phonon processes.

3.3.2 Effective interaction between electrons

Consider now the problem of two particle scattering | ko, —k —c) — |k’ 0, —k’ —0 ). We assume no phonons
are present in the initial state, i.e. we work at 7' = 0. The initial state energy is F; = 2¢; and the final state energy
is E; = 2¢,,,. There are two intermediate states:*

L) =Ko,k —0)@[-q))

3.36
L)=|ko, K ~o)®|+q)) | 30

with k' = k + g in each case. The energies of these intermediate states are
El = f,k + gk/ + quA N EQ = fk + §,k/ + hKA)q)\ . (337)

The second order matrix element is then

<k/07 _kl _U|Hindircct|kav —k _U> :Z<k0', —k _0'|Hclfph|n><n|ﬁclfph|k/o'a _kl _G>

n

y Lo, 1
E.—E, FE —E,

= ‘gk’k‘2<§ ! - ! ) . (3.38)

Sk —Wq &k~ & — W

Here we have assumed ¢, = ¢_; and w, = w_g4, and we have chosen A to correspond to the longitudinal acoustic

_q/
phonon branch. We add this to the Coulomb interaction o (|k — k’|) to get the net effective interaction between
electrons,

2g (3.39)
(gk - gk/)Q - (hwq)2 ’ .

where k' = k + g. We see that the effective interaction can be attractive, but only of |, — ;| < wg.

<k01 —k _U|Heff|k/0’ _kl _0> :ﬁ(|k_kl|) + ’94’2 X

Another way to evoke this effective attraction is via the jellium model studied in §2.6.6. There we found the
effective interaction between unit charges was given by

N 4re?
. = A
‘/Cﬁ (q,W) q2 E(q,CU) (3 0)
where
1 q2 w?l
~ 1+ , 3.41
(g,w) ¢+ qi { w? —wg G40

4The annihilation operator in the Hamiltonian H can act on either of the two electrons.

el—ph



72 CHAPTER 3. BCS THEORY OF SUPERCONDUCTIVITY

where the first term in the curly brackets is due to Thomas-Fermi screening (§2.6.2) and the second from ionic
screening (5§2.6.6). Recall that the Thomas-Fermi wavevector is given by ¢, = /4me2g(e,), where g(e,) is the

electronic density of states at the Fermi level, and that w, = 2, ;¢/\/¢? + ¢2,, where 2, ; = \/47n{ Z,e2 /M, is the
ionic plasma frequency.

3.4 Reduced BCS Hamiltonian

The operator which creates a Cooper pair with total momentum g is b}; et b k.q Where

T T T
Pk = kgt Chtlas (3.42)

is a composite operator which creates the state | k + %q T, —k+ %q 1 ). We learned from the solution to the Cooper
problem that the g = 0 pairs have the greatest binding energy. This motivates consideration of the so-called reduced

BCS Hamiltonian,
4 i T
Hyea = € Chp o + D Vieks Vho Vo - (3.43)
k.o k.k

The most general form for a momentum-conserving interaction is’

o1 - i f

V= W Z Z Uy (k7p7 Q) ck+qo. cp_qa-l Cpgl cko . (344)

k.p.q o0’

Taking p = —k, 0’ = —0, and defining k¥’ = k + g, we have

V= (k K)el, el ey cn (3.45)

where 9(k, k') = i, (k,—k,k’ — k), which is equivalent to H.,.

If V}, 1 is attractive, then the ground state will have no pair (k 1, —k |) occupied by a single electron; the pair

states are either empty or doubly occupied. In that case, the reduced BCS Hamiltonian may be written as®

md—Z2€k k.0 k0+Zka' kolkio - (3.46)
Kk

This has the innocent appearance of a noninteracting bosonic Hamiltonian — an exchange of Cooper pairs restores
the many-body wavefunction without a sign change because the Cooper pair is a composite object consisting of

an even number of fermions’. However, this is not quite correct, because the operators b, ; and by, , do not satisfy
canonical bosonic commutation relations. Rather,

[bho+ by o) = [bho Ol o) =0 (3.47)
[bk,O’ k', ] (1 Ckﬁck’r Cikﬁfki) Ok

Because of this, H?,; cannot naively be diagonalized. The extra terms inside the round brackets on the RHS arise
due to the Pauli blocking effects. Indeed, one has (b}; 02> =0,s0 b}; o is no ordinary boson operator.

5See the discussion in Appendix I, §3.13.
6Spin rotation invariance and a singlet Cooper pair requires that V, k: b= Vk: =V kg

7Recall that the atom *He, which consists of six fermions (two protons two neutrons, and two electrons), is a boson, while 3He, which has
only one neutron and thus five fermions, is itself a fermion.
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Figure 3.3: John Bardeen, Leon Cooper, and ]J. Robert Schrieffer.

Suppose, though, we try a mean field Hartree-Fock approach. We write

5bk,o

/_/%
bro = o)t (b0 = (ro)) (3.48)

and we neglect terms in H,_, proportional to (Sb}Lc 0 6bs, o- We have

energy shift keep this drop this!

Z € Cho o T D Vi ( 10) (g o)+ (b o) U o+ (B, ) b o + 0}, 0by, ) : (3-49)
Kk

Dropping the last term, which is quadratic in fluctuations, we obtain

red - Z €k Cka ko + Z CkT C —k| + Ak ¢ —kl CkT Z Vk,k’ <b;f<;)0> <bk/70> ) (350)
k.k’
where
AVRES Z Vk,k/ <ka'¢ Ck/’r> , Ay, = Z Vk*,k' <c};/,r cik/¢> . (3.51)
/ k/

The first thing to notice about H'% is that it does not preserve particle number, ie. it does not commute with
N=Y k.o ck CL,- Accordingly, we are practlcally forced to work in the grand canonical ensemble, and we define

the grand canonical Hamiltonian K = H — uN.

3.5 Solution of the mean field Hamiltonian

We now subtract N from Eqn. 3.50, and define K. = H"Y — uN. Thus,

BCS

K,
A
3 k > ket
K, E ol c_ 4 + K, (3.52)
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with §,, = ¢, — ¢, and where

Ko=> & =Y Vi (chocl o) (e gy e (3.53)
k kK’

is a constant. This problem may be brought to diagonal form via a unitary transformation,

Ug

c cos ¥ —sind, 'k Y
i _< oV . > k) (3.54)
gl sindy e "%k cos Uy, Yy

In order for the v, operators to satisfy fermionic anticommutation relations, the matrix U,, must be unitary®. We
then have

Chy = COSUL v, —osindy, ek 'yT_k B

T

, 7 (3.55)
Vo = COSU cp + osindy ek o -

EXERCISE: Verify that {~v,_, V4., } = 04, 0

oo’*

We now must compute the transformed Hamiltonian. Dropping the k subscript for notational convenience, we
have

A _ cosd sind e’ & A cos — sind e'?
K=UKU= (— sinde " cos? A* —¢) \sinde cos? (3.56)

[ (cos?9 — sin®¥) € +sin cos I (A e + A*ei?) A cos?9 — A*e? sin? — 2€ sin 1) cos ¥ e'?
T\ A*cos? — Aem 2 sin) — 26sincosd e (sin®W — cos?) € — sind cos ) (A eI + A*ei?)

We now use our freedom to choose ¢ and ¢ to render K diagonal. That is, we demand ¢ = arg(A) and
2¢ sin cos ¥ = A (cosd — sin?d) . (3.57)

This says tan(29) = A/, which means

cos(20) = % , sin(29) = % ; E=v&+A2 . (3.58)
The upper left element of K then becomes
) ) 52 AQ
(cos®t) — sin®d) € + sind cos ) (A e~ + A%e'?) = 5 + 5 = E | (3.59)
and thus K = <§ _OE) . This unitary transformation, which mixes particle and hole states, is called a Bogoliubov

transformation, because it was first discovered by Valatin.

Restoring the k subscript, we have ¢, = arg(A,), and tan(29,) = |A;|/§,,, which means

cos(20},) = == , sin(20;,) = —% : E,=/&+ 1A 12 . (3.60)
Ek Ek k k

8The most general 2 X 2 unitary matrix is of the above form, but with each row multiplied by an independent phase. These phases may be
absorbed into the definitions of the fermion operators themselves. After absorbing these harmless phases, we have written the most general
unitary transformation.
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Assuming that A, is not strongly momentum-dependent, we see that the dispersion E, of the excitations has a
nonzero minimum at {;, = 0, i.e. at k = k.. This minimum value of E,, is called the superconducting energy gap.

[E, + |E, —
cosy, = ’;Tgk , sinvy, = ];Tgk . (3.61)
k k

The grand canonical BCS Hamiltonian then becomes

KBCS = Z Ek '7]];0 Vo T Z(gk - Ek) - Z Vk,k’ <C;£;TCT_]€¢> <c_k/¢ Ck/¢> . (3.62)
k,o k k.k’

We may further write

Finally, what of the ground state wavefunction itself? We must have v, |G ) = 0. This leads to

|G>:H(cos19k—sin19kei¢k C};TCT_M)|0> . (3.63)
k

Note that (G|G) = 1. J. R. Schrieffer conceived of this wavefunction during a subway ride in New York City
sometime during the winter of 1957. At the time he was a graduate student at the University of Illinois.

Sanity check

It is good to make contact with something familiar, such as the case A, = 0. Note that §;, < 0 for k < k. and
&, > 0 for k > k.. We now have

cos¥y, = O(k — k) , sindy, = O(k, — k) . (3.64)

Note that the wavefunction | G ) in Eqn. 3.63 correctly describes a filled Fermi sphere out to k = k,. Furthermore,
the constant on the RHS of Eqn. 3.62is 2}, _ k, ks Which is the Landau free energy of the filled Fermi sphere.

What of the excitations? We are free to take ¢,, = 0. Then
k <k, : 7};0 =o0c_

n

(3.65)
k>k, : 'y};a:cka

Thus, the elementary excitations are holes below £, and electrons above k. All we have done, then, is to effect a
(unitary) particle-hole transformation on those states lying within the Fermi sea.

3.6 Self-consistency

We now demand that the following two conditions hold:

N= Z<0Tka Cho)
ko

(3.66)
Ak :ZVk,k’ <ka’¢ck”r> s
k'’
the second of which is from Eqn. 3.51. Thus, we need
(c};g Chy) = ((cos Uy 7};0 —osind, e 0k Y g )(cosy 7y — osindy ek Vik )
1 &, (3.67)

= Coszﬁk fk + Sin219k (1 — fk) = 5 — E tanh(%ﬂEk) s
k
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where
fk = <’YI-E:U Fyk0'> - e[}Ei = % - %tanh(%ﬂEk) (368)

is the Fermi function, with g = 1/k,T. We also have

(€ o Cho) = {(cos VY _j_, T osind ek 'y};a)(cos Vg Vg — O SINT, ek 'yT_k _U)>

, A (3.69)
= osindy, cos vy, er (ka — 1) = _;Ek tanh(%BEk)
k
Let’s evaluateatT =0:
N = < _ f_k>
k B

A (3.70)

k/

Ap=— ;ka 3F,,

The second of these is known as the BCS gap equation. Note that A, = 0 is always a solution of the gap equation.

To proceed further, we need a model for V}, ,.,. We shall assume

(3.71)

V.o —v/V if [§,] < hwy, and [, | < hw,,
kK 0 otherwise

Here v > 0, so the interaction is attractive, but only when ¢, and &, are within an energy hw,, of zero. For
phonon-mediated superconductivity, w,, is the Debye frequency, which is the phonon bandwidth.

3.6.1 Solution at zero temperature

We first solve the second of Eqns. 3.70, by assuming

Ae'®  if hw
Ap=47000 Sl < ey (3.72)
0 otherwise |,
with A real. We then have’
¥ A
hwp, A (3.73)
= Lvgl(e, /d e
0
Cancelling out the common factors of A on each side, we obtain
hwp /A
1=3v g(EF)/ds (14 s2)712 = svg(ep) sinh_l(th/A) . (3.74)

0

9We assume the density of states g(e) is slowly varying in the vicinity of the chemical potential and approximate it at g(er). In fact, we
should more properly call it g(u), but as a practical matter p o~ e, at temperatures low enough to be in the superconducting phase. Note that
g(ew) is the total DOS for both spin species. In the literature, one often encounters the expression /N (0), which is the DOS per spin at the Fermi
level, i.e. N(0) = % g(er).
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Thus, writing A, = A(0) for the zero temperature gap,

fiw,, N o2
= wapiner =) o7

where g(e,,) is the total electronic DOS (for both spin species) at the Fermi level. Notice that, as promised, the
argument of the exponent is one half as large as what we found in our solution of the Cooper problem, in Eqn.
3.25.

3.6.2 Condensation energy

We now evaluate the zero temperature expectation of K. from Eqn. 3.62. To get the correct answer, it is essential
that we retain the term corresponding to the constant energy shift in the mean field Hamiltonian, i.e. the last term

on the RHS of Eqn. 3.62. Invoking the gap equation A, =34, Vi 1 (c_y, ¢p,1), we have

N A 2
<G|KBCSIG>=Z<€k—Ek+|2E’“| ) : (3.76)
k k

From this we subtract the ground state energy of the metallic phase, i.e. when A, = 0, whichis 2", £ O(k; — k).
The difference is the condensation energy. Adopting the model interaction potential in Eqn. 3.71, we have

A
Es_En:Z<€k_Ek+ 2Ek _2§k®(kl-‘_k)
k
k N (3.77)
=2 (& — Bi) (&) 0w, — &) + Y o5 O(hw, — &)
k k Tk
where we have linearized about k& = k.. We then have
hwp /A
1
E, — E, = Vg(e,) A2 /ds (s— s2+1+7)
oo A9 2v/s2 + 1 (3.78)

0
= $Vg(e,) A} (o2 2V T+02) ~ ~ Vg(e,) A

where z = hw,/A,. The condensation energy density is therefore —1 g(¢,) A3, which may be equated with
—H? /87, where H_ is the thermodynamic critical field. Thus, we find

H_(0) = +/2mg(en) Ay (3.79)

which relates the thermodynamic critical field to the superconducting gap, at T = 0.

3.7 Coherence factors and quasiparticle energies

When A, = 0, we have £, = |{,|. When Iw,, < ¢, there is a very narrow window surrounding k = k. where
E,, departs from [¢, |, as shown in the bottom panel of Fig. 3.4. Note the energy gap in the quasiparticle dispersion,
where the minimum excitation energy is given by!°

min By = By, =&, . (3.80)

10Here we assume, without loss of generality, that A is real.
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Figure 3.4: Top panel: BCS coherence factors sin?dy, (blue) and cos?9y, (red). Bottom panel: the functions &, (black)
and Ej, (magenta). The minimum value of the magenta curve is the superconducting gap Ay.

In the top panel of Fig. 3.4 we plot the coherence factors sin®9,, and cos®¥,,. Note that sin®J,, approaches unity for
k < k, and cos??,, approaches unity for k > k., aside for the narrow window of width 6k ~ A /hv;. . Recall that

'y};g = cosVy, c;fw +osind, ek C p o - (3.81)

Thus we see that the quasiparticle creation operator 7};0 creates an electron in the state | ko) when cos?d,, ~ 1,

and a hole in the state | —k —o ) when sin®9 r = 1. In the aforementioned narrow window |k — k.| < Ay /v, the
quasiparticle creates a linear combination of electron and hole states. Typically A, ~ 104 ¢, since metallic Fermi
energies are on the order of tens of thousands of Kelvins, while A is on the order of Kelvins or tens of Kelvins.
Thus, 0k < 1073k,. The difference between the superconducting state and the metallic state all takes place within
an onion skin at the Fermi surface!

Note that for the model interaction V., of Eqn. 3.71, the solution A in Eqn. 3.72 is actually discontinuous when

§, = Thw, , ie. when k = ki = k, £w,/vs. Therefore, the energy dispersion £, is also discontinuous along these
surfaces. However, the magnitude of the discontinuity is

AQ
OF =/ (hwy)? + A2 — hw,, ~ mﬁ . (3.82)

Therefore 0E/Ej, =~ A3 /2(hwy,)? o exp(—4/g(e;) v), which is very tiny in weak coupling, where g(e.)v < 1.
Note that the ground state is largely unaffected for electronic states in the vicinity of this (unphysical) energy
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discontinuity. The coherence factors are distinguished from those of a Fermi liquid only in regions where (c}; Tci ki)

is appreciable, which requires &, to be on the order of A,. This only happens when |k —k,| < A, /hvy, as discussed
in the previous paragraph. In a more physical model, the interaction V., and the solution A, would not be
discontinuous functions of k.

3.8 Number and Phase

The BCS ground state wavefunction | G ) was given in Eqn. 3.63. Consider the state

|G(a)) = H (cos®y, — €' ek sin v, c};,r Ciki) [0) . (3.83)
k

This is the ground state when the gap function A, is multiplied by the uniform phase factor ¢’®. We shall here
abbreviate | o) = | G(«) ).

Now consider the action of the number operator on |« ) :

Nla) = (chyepr +cl e p)la) (3.84)
k
= —228“‘ "%k sind,, CLT Ciki H (cosdy, — €' "%k sindy, C;c"]‘ Ctkw) [0)
k 'k
2 0 >
=-— |«
i O

If we define the number of Cooper pairs as M = %]\7 , then we may identify M = 1.2 Furthermore, we may

project | G ) onto a state of definite particle number by defining

|M>:/(2l—ie_iMo‘|a> : (3.85)

—T

The state | M ) has N = 2M particles, i.e. M Cooper pairs. One can easily compute the number fluctuations in the
state | G(a) ) :
(a| N2|a) = (a|N|a)® 2 [d% sin®9, cos?d,

- 3.86
(alNa) J & sin®d, (550
Thus, (AN )zys o< / (V). Note that (AN),,,, vanishes in the Fermi liquid state, where sin1J,, cos ¥, = 0.
3.9 Finite temperature
The gap equation at finite temperature takes the form
Ay, E,,
Ay = —%:Vk_’k, T tanh(2kBT) : (3.87)

It is easy to see that we have no solutions other than the trivial one A, = 0in the 7' — oc limit, for the gap equation
then becomes > ;, Vi ko A = —4k,T Ay, and if the eigenspectrum of V), ., is bounded, there is no solution for
k,T greater than the largest eigenvalue of -V, ,.,.
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To find the critical temperature where the gap collapses, again we assume the forms in Eqns. 3.71 and 3.72, in

which case we have
/e2 2
NG .

Itis clear that A(T') is a decreasing function of temperature, which vanishes at T' = T, where T is determined by
the equation

hwp

1=

A/2
2
ds s~ ! tanh(s) = , (3.89)
0/ MNTERE
where A = hw, /k, T, . One finds, for large A,
AJ2 A/2
Ins
I(A) = [dss *tanh(s) =In (1A)tanh(1A —/ds
(4) b/ (#) () (4) ), cosh®s (3.90)
=InA+1n (2 ec/ﬂ') + O(e_A/Q) ;
where C = 0.57721566 . . . is the Euler-Mascheroni constant. One has 2 ¢“/m = 1.134, so
kT, =1.134 hw, e 2/9E)v (3.91)
Comparing with Eqn. 3.75, we obtain the famous result
2A(0) = 2e kT, ~ 3.52k,T. . (3.92)
As we shall derive presently, just below the critical temperature, one has
T\/2 T\/2
A(T) = 1.734 A(0) (1 - ?) ~ 3.06 k,T. (1 - ?) . (3.93)
3.9.1 Isotope effect
The prefactor in Eqn. 3.91 is proportional to the Debye energy Aw,,. Thus,
In7T, =Inw, — 2 + const. . (3.94)

glep)v

If we imagine varying only the mass of the ions, via isotopic substitution, then g(¢,) and v do not change, and we
have
§InT,=élnw, =—4+6InM (3.95)

where M is the ion mass. Thus, isotopically increasing the ion mass leads to a concomitant reduction in 7, accord-
ing to BCS theory. This is fairly well confirmed in experiments on low 7, materials.

3.9.2 Landau free energy of a superconductor

Quantum statistical mechanics of noninteracting fermions applied to K., in Eqn. 3.62 yields the Landau free
energy

AL ? E
_ —E, [kgT _ 1A k
0, = 2kBT§k:ln(1+e k )+§k {gk Ey + 2L, tanh<2kBT>} . (3.96)
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Figure 3.5: Temperature dependence of the energy gap in Pb as determined by tunneling versus prediction of BCS
theory. From R. F. Gasparovic, B. N. Taylor, and R. E. Eck, Sol. State Comm. 4, 59 (1966). Deviations from the BCS
theory are accounted for by numerical calculations at strong coupling by Swihart, Scalapino, and Wada (1965).

The corresponding result for the normal state (A, = 0) is

2, = —2k, T3 (14 &I/4T) 137 (gk - |gk|) . (3.97)
k

k

Thus, the difference is

1+ e Bi/kaT |A | Ly
Qs—Qn:—QkBTZIn<W +Z €] — B, + (% T) . (3.98)
k

We now invoke the model interaction in Eqn. 3.71. Recall that the solution to the gap equation is of the form
AL(T) = A(T) O(hw,, — [&]). We then have

Q-0 A? hw hw, N hw, Vo hw
Sy = b {TD e () - (%) e ()
o0 (3.99)
—29(e,) kT A [ds In (14 VIFFO/MT) 4 L2 g(e) (k,T)?
0

We will now expand this result in the vicinity of 7' = 0 and 7' = T,. In the weak coupling limit, throughout this
entire region we have A < hw,,, so we proceed to expand in the small ratio, writing

2
£ ;Qﬂ =—1lg(e)A? {1 +21n(%) — (%) +(9(A4)} (3.100)

—29(e.) kyTA [ds In (1 + e Vits A/kBT) + 272 g(ep) (k,T)?
0
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where Ay = A(0) = me~“ k,T.. The asymptotic analysis of this expression in the limits 7 — 0% and 7 — T is
discussed in the appendix §3.14.

T — 0t

In the limit 7" — 0, we find

£, ;Qn =—1lg(e,)A? {1 + 21n(%> + 0(A2)} (3.101)

= 9(ee)V2r(k,T3A e 8/%T 4 £ 7? g(ey) (k, T)°

Differentiating the above expression with respect to A, we obtain a self-consistent equation for the gap A(T') at

low temperatures:
A - 27TkBT 7A/kBT kBT
ln<A0>— 1/ A © 1 oA T (3.102)

Thus,
A(T) = Ay — \/27A gk, T e 2o/keT (3.103)
Substituting this expression into Eqn. 3.101, we find
0, -0, _
bT = _% g(EF) Ag - g(EF) 27TA0 (kBT)S € So/kpT + % 7T2 g(EF) (kBT)2 . (3104)

Equating this with the condensation energy density, — H2(T) /8, and invoking our previous result, A, = we~“ k,T.,
we find

~1.057
_ 1o (T ’
H.(T)=H.0){1- 3e T + ... , (3.105)
where H_(0) = /27 g(e,) A
T T,
In this limit, one finds
QS B “Qn 1 T 2 7C(3) g(EF) 4 6
% 1g(e,) ln(TC>A + 35 T A*+0(A%) . (3.106)
This is of the standard Landau form,
£ ‘_/Q“ =a(T)A*+ 1b(T)AY (3.107)

with coefficients T 7¢(3) g(ey)

c

working here to lowest nontrivial order in 7" — T.. The head capacity jump, according to Eqn. 1.44, is

T,

co(T7) — ¢, (Th) = c[dl(Tc)]2 472

— 2
ARREIC] g(ep) k2T, . (3.109)
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Figure 3.6: Heat capacity in aluminum at low temperatures, from N. K. Phillips, Phys. Rev. 114, 3 (1959). The
zero field superconducting transition occurs at 7, = 1.163 K. Comparison with normal state C below T, is made
possible by imposing a magnetic field H > H.. This destroys the superconducting state, but has little effect on the
metal. A jump AC is observed at T¢, quantitatively in agreement BCS theory.

The normal state heat capacity at T' = T, is ¢, = 7°g(e,) k2T, , hence

Cs(Tci) B Cn(TCJr) o 12 .
e (T) T 143 . (3.110)

This universal ratio is closely reproduced in many experiments; see, for example, Fig. 3.6.
The order parameter is given by

o O(T) _ 8T(k,T)? (0 TN 8 (0 TN o,
A= oT)  7¢(3) <1 T) IR <1 T > A%(0) (3.111)

() C

where we have used A(0) = 7e~“ k,T.. Thus,

~ 1.734
CN1/2 T2
A(T) [ 8e?
A(0) ‘(74(3)) (“i) | (3.112)

The thermodynamic critical field just below 7}, is obtained by equating the energies —a2/2b and —H? /8. There-

fore
1/2
i((g; _ ( 784(2::)) (1 _ %) ~1.734 (1 - %) | (3113)
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3.10 Paramagnetic Susceptibility

Suppose we add a weak magnetic field, the effect of which is described by the perturbation Hamiltonian

Hy=—p,HY ocl e =—p,HY o) v, - (3.114)
k,o k,o

The shift in the Landau free energy due to the field is then AQ (T, V, u, H) = 2,(T,V,u, H) — (T, V, 1,0). We
have

1 —B(Ey+ougH)
AQ(T,V, i, H) = —kBTZm( te - )
k.o

1+ e 75k

(3.115)
81 H Y. e+ O(H)
= —PHg T BE. N2
w (k1)
The magnetic susceptibility is then
1 02A0, 2

Xs =~ 2 glep) ps V(T) (3.116)

where

I(T) = 2/d§ (— g—g) =38 [d¢ sechz‘(%ﬁ\/§2 + A2) (3.117)

0 0
is the Yoshida function. Note that Y(T,) = [dusech®u = 1, and V(T — 0) ~ (2rBA)"/? exp(—BA), which is
0

exponentially suppressed. Since x,, = g(,) 2 is the normal state Pauli susceptibility, we have that the ratio of
superconducting to normal state susceptibilities is x(7")/x,(T) = Y(T'). This vanishes exponentially as 7" — 0
because it takes a finite energy A to create a Bogoliubov quasiparticle out of the spin singlet BCS ground state.

In metals, the nuclear spins experience a shift in their resonance energy in the presence of an external magnetic
field, due to their coupling to conduction electrons via the hyperfine interaction. This is called the Knight shift, after
Walter Knight, who first discovered this phenomenon at Berkeley in 1949. The magnetic field polarizes the metallic
conduction electrons, which in turn impose an extra effective field, through the hyperfine coupling, on the nuclei.
In superconductors, the electrons remain unpolarized in a weak magnetic field owing to the superconducting gap.
Thus there is no Knight shift.

As we have seen from the Ginzburg-Landau theory, when the field is sufficiently strong, superconductivity is
destroyed (type I), or there is a mixed phase at intermediate fields where magnetic flux penetrates the supercon-
ductor in the form of vortex lines. Our analysis here is valid only for weak fields.

3.11 Finite Momentum Condensate

The BCS reduced Hamiltonian of Eqn. 3.43 involved interactions between g = 0 Cooper pairs only. In fact, we
could just as well have taken

& _ T T
g =Y e0hohot O Ver bhpbop - (3.118)
k,o’ k7k/7p

where bL » i ket ipt provided the mean field was (b, p> = A}, 0p o - What happens, though, if we take

—
= Cpripr©

<bkap> - <C*k+%qick+%q1‘> opq (3.119)
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corresponding to a finite momentum condensate? We then obtain

_— i Wkq T Vg Bk erian
Koo = Z (Ck:Jr%qT C*kJr%Ql) < A,*c_q Wi g T Vkg of 2

) s (3.120)
3 (6~ Bag bhy) -
k
where
“kq = %(ngr%q + 57k:+%q) §k+%q = Wk.q + Vk.q (3.121)
Yka = %(5k+§q - §—k+%q) € hilq=Whq  Vkg - (3.122)

Note that w), q is even under reversal of either k or g, while v, q is odd under reversal of either k or q. That is,

Yk = Y-kq = Yk—q = “Y-k,—q ; Veaq= Vkaq~ Vk—q = V-k-q - (3.123)

We now make a Bogoliubov transformation,

N o iqﬁk, T
Chrigr = CO3Vkg gy ~SVkg€ MY kg

t i ) i (3.124)
Cktlqy — 98 19’“1 V kg TSI 19k7q ek kgt
with
E, 4w
k, k,
cos ﬁk,q — |- ;Ek ) q ¢k,q = arg(Ak,q) (3.125)
E, —w
1 — k7q k7q .
Sln'l?k)q = W Ek,q = ,/wiq + |Ak,q|2 . (3126)
We then obtain
Koes =D (Brg+Vhg) hgoThas T2 (é‘k — Byt Mg <b,§7q>) . (3.127)
k,o k
Next, we compute the quantum statistical averages
<C}L€+%qT Ck+§q¢> = cos219k7q f(Ek_’q + Vk_’q) + sinzﬁk_’q {1 - f(Ek,q - ’/k,q)} (3.128)
_ 1 wk;q 1 wk,q
= 5 <1 =+ —Ekq> f(Ek,q + Vk,q) + §< - m) |:1 — f(Ek,q — Vk,q)]
and
. —i¢p
<CITc+%qT Cik+%q¢> = —sindy geosvy ge T {1 ~ [(Bpg + Vig) = [(Ep g — Vk,q)}
——Ak’q [1—f(E +pg) = f(Epg—Vig) (3.129)
2B, . kq " "kq k.q k.q : :
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3.11.1 Gap equation for finite momentum condensate

We may now solve the T' = 0 gap equation,

hwp

1 d¢
==Y Vep so— =29(c) v/ . (3.130)
v P )\ J(€ b9 + 180

Here we have assumed the interaction V, .., of Eqn. 3.71, and we take

Apqa=00gq O (hw, — |§k|) . (3.131)
We have also written Weq= &}, + bg- This form is valid for quadratic §;, = % — p, in which case b, = h%q?/8m*.
We take A , € R. We may now compute the critical wavevector ¢, at which the 7" = 0 gap collapses:
hw,, + b
1=1g()g h(%) = by, ~ hwy e 29 = LA (3.132)
qC
whence ¢, = 2,/m*A /h. Here we have assumed weak coupling, i.e. g(¢,.) v < 1
Next, we compute the gap A, ,. We have
hw, +b 2 b
sinh™* ( = ‘1) = +sinh™* (—‘1> . (3.133)
AO,q Q(EF) v AO,q
Assuming b, < A ,, we obtain
' n2q?
Rog=Bo—bg=B8Bo— o2 (3.134)
3.11.2 Supercurrent
We assume a quadratic dispersion &, = h?k?/2m* , so v, = hk/m*. The current density is then given by
. 2€h 1 i
R ; (k+ §q)<ck+%mck+%m>
_ neh 2eh Kl ol (3.135)
S o 4Ty Zk: <Ck+%qrck+%q¢> ’
where n = N/V is the total electron number density. Appealing to Eqn. 3.128, we have
. eh
. [1 + (Bpyg + Viog) — f(Egog ykyq)] (3.136)
k

“k,q neh
o |/ Brq + Vig) + F(Breg = Vieg) - 1” +5-a

We now write f(Ek_q T, q) = f(Ek_q) + f’(Ek_q) Vgq T - - - Obtaining

eh neh
=k (142030 (B g)| + e d (3.137)
k

j:
m
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For the ballistic dispersion, v, = h’k - q/2m*, so

o g N k(B )

2m* m*V m* .

oo (3.138)

eh?
?)W?quk2 (Fra) = / ’

0

where we have set k* = k2 inside the sum, since it is only appreciable in the vicinity of k& = k,, and we have
invoked g(s,.) = m*k,/7?h? and n = k3 /372. Thus,

j=lehfy < /d§ f) = ne(T)chg (3.139)
2m 2m
0
This defines the superfluid density,
n (T) = n<1 + 2/d§ ‘9f> . (3.140)

0

Note that the second term in round brackets on the RHS is always negative. Thus, at 7' = 0, we have ny = n, but at
T = T,, where the gap vanishes, we find n (T,) = 0, since E = [¢| and f(0) = 5. We may write n (T) = n—n,(T),
where n,(T') = n Y(T') is the normal fluid density.

Ginzburg-Landau theory

We may now expand the free energy near 7' = T, at finite condensate g. We will only quote the result. One finds

Qs_gn
\%4

nb(T) h?q?

2
e 2 AR (3.141)

=a(T) |AP + 3 B(T) Al +

where the Landau coefficients a(7") and b(T') are given in Eqn. 3.108. Identifying the last term as K |V A|?, where
K is the stiffness, we have

~ 2 b
i nb) (3.142)
2m* g(ey)
3.12 Effect of repulsive interactions
Let’s modify our model in Eqns. 3.71 and 3.72 and write
Vk o = (UC - vp)/v if |§k| < h’wD and |€k/| < h’wD (3143)
vV otherwise
and
A, if hw
P (3.144)
A, otherwise

Here —v, < 0 is the attractive interaction mediated by phonons, while v, > 0 is the Coulomb repulsion. We
presume v, > v, so that there is a net attraction at low energies, although below we will show this assumption is
overly pessimistic. We take A ; both to be real.
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AtT = 0, the gap equation then gives

hwp
A A
Ay = 5 9(er) (v, —v0) [ dé —==2== — F g(e) Vo [ dE ——=
0 2 P J /§2+A% 2 h:d/r; /§2+A%
(3.145)
A i A
A :_lg(‘g ) Vo dgio_lg(glr)vc dgil )

Wp

where fw,, is once again the Debye energy, and B is the full electronic bandwidth. Performing the integrals, and
assuming A, ; < fiw, < B, we obtain

2hw B
8o = haler) (0, = ve) B (2522 ) = batey) v Ayt (- )

(3.146)

The second of these equations gives

- _ %Q(EF) Uc ln(2th/A0)
Y14 39(en) ve In(B/hw,)

(3.147)

Inserting this into the first equation then results in

2 2hop |y ve 1
9(ex) vp a hl( Ay ) {1 v, 1+1g(e) ln(B/th)} : (3.148)

This has a solution only if the attractive potential v, is greater than the repulsive factor v, / [1+3 g(e,) vo In(B/hwy,)].

Note that it is a renormalized and reduced value of the bare repulsion v, which enters here. Thus, it is possible to

have
v

>v, > Q , 3.149
Ye > U T T T o0 vo In(B) ) (3.149)

so that v, > v, and the potential is always repulsive, yet still the system is superconducting!

Working at finite temperature, we must include factors of tanh (% B\/E2 4+ AF ) inside the appropriate integrands

in Eqn. 3.145, with 3 = 1/k,T'. The equation for T is then obtained by examining the limit A, ; — 0, with the
ratior = A, /A, finite. We then have

B
2
— = (v, — UC)/dS 5! tanh(s rvc/ds 5! tanh(s
€
9(er) ) J
. (3.150)
Q B
~1 ~1 -1
—— = —r" ", [dssT" tanh(s ’UC/dS s7" tanh(s)
€
9(er) ) J

where Q = hw, /2k,T. and B = B/2k,T.. We now use

A R 2.268
—~

/ds s~! tanh(s) = In A + In( 4e%/7 )+ (’)(eiA) (3.151)
0



3.13. APPENDIXI: GENERAL VARIATIONAL FORMULATION 89

to obtain
2 1n<%) ot . 1 , (3.152)
g(EF) Up kBTC Up 1+ 2 9(51«*) 1n(B/h‘*}D)
Comparing with Eqn. 3.148, we see that once again we have 2A (7' = 0) = 3.52 k,T,. Note, however, that
2
kT, =1.134 hw exp<— 7) , (3.153)
v v 9(Er) Vege
where
/UC
V. =V, — 3.154
=% T T Tgle,) (B ) .
It is customary to define
A=Llge)v p=2Lgle)v /L*E+ (3.155)
29 29t 1+ puIn(B/hw,)
so that A
kT = 1134w, e VO Ay = 2w, e VO A = _A“ o (3.156)
— 1
Since p* depends on w,,, the isotope effect is modified:
12
dInT, =01 9l . 3.157
nhe = ot { 1+ﬂ1n(B/ﬁwD)} G157
3.13 AppendixI: General Variational Formulation
We consider a more general grand canonical Hamiltonian of the form
. 1 N
K= Z(gk — 1) c;rm Chy T v Z Z Uyy (K, D, q) C;Hqg c;r,fqg, Cpor Chy (3.158)
ko k,p,qo,0’
In order that the Hamiltonian be Hermitian, we may require, without loss of generality,
ﬁ’:’a" (kv D, q) = ﬁa’a” (k + q,p—4dg, —Q) . (3159)

In addition, spin rotation invariance says that ﬂﬁ(k,p, q) =i, (k,p,q) and ﬂw(k,p, q) = i,,(k,p,q). We now
take the thermal expectation of K using a density matrix derived from the BCS Hamiltonian,

o t SV ket
KBCS—%:(CM C—kJ,) <A}2 wy cim + K, . (3.160)

The energy shift K, will not be important in our subsequent analysis. From the BCS Hamiltonian,

(Cho Chror) = M O o O

‘ (3.161)
<C-]r€cr C]Tc/a"> = \I/k 6k’,—k €0l

wheree__, = ( 0 1) . We don’t yet need the detailed forms of n;, and ¥, either. Using Wick’s theorem, we find

-1 0

k kK’ k,k’
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where

1
Wig = 7 {aﬁ(k, K, 0) + iy, (k, K, 0) — oy (e, K/ K — k)}

1 (3.163)
Vi = —7 by (K, Kk — &)
We may assume W, ., is real and symmetric, and V} ., is Hermitian.
Now let’s vary (K') by changing the distribution. We have
SK)=2>" (ak —ht+ > Wi nk) S+ > Vi (\1/;; 5Wy, + 69, \ka) : (3.164)
k % k.k'
On the other hand,
6 Rncs) =23 (& 0y + Ay, 095, + A 0Wy) (3.165)
k
Setting these variations to be equal, we obtain
Ce=cr—ptY Wi
k'’
. (3.166)
k’
e ; Wi [5 "3k, tanh (38, )
and
A= Vi Vi
k'
A (3.167)

— _ZVk,k/ 2E{Z tanh(%BEk/)
Kk’ !

These are to be regarded as self-consistent equations for {;, and A,.

3.14 AppendixII: Superconducting Free Energy

We start with the Landau free energy difference from Eqn. 3.100,

2
& ‘_,Q“ =19 A’ {1 + 2ln<%> = (ﬁ) + 0(A4)} (3.168)

- 29(51?) A2 1(6) + % 7T2 g(EF) (kBT)2 ’

where
o0

16) =+ [ds m (1 n 6_5‘/1+52) : (3.169)
0

We now proceed to examine the integral 1(9) in the limits § — oo (i.e. T — 07) and 6 — 0% (i.e. T — T, where
A — 0).



3.14. APPENDIXII : SUPERCONDUCTING FREE ENERGY 91

Imz

Figure 3.7: Contours for complex integration for calculating I(d) as described in the text.

When § — oo, we may safely expand the logarithm in a Taylor series, and

n 1

i K,(nd) (3.170)

n=1

where K () is the modified Bessel function, also called the MacDonald function. Asymptotically, we have!}

1/2
_ 1 -z, —1
Ky (2) = <2z) e {1401} (3.171)
We may then retain only the n = 1 term to leading nontrivial order. This immediately yields the expression in
Eqn. 3.101.

The limit § — 0 is much more subtle. We begin by integrating once by parts, to obtain

1) = far X =1 5t+1 . (3.172)
1

We now appeal to the tender mercies of Mathematica. Alas, this avenue is to no avail, for the program gags when
asked to expand I(9) for small . We need something better than Mathematica. We need Professor Michael Fogler.

Fogler says'?: start by writing Eqn. 3.170 in the form

> n 1
:Z Ky (no) = 4+ [22 ™ LSICN (3.173)
— omi sinmz 0z
- e

The initial contour C, consists of a disjoint set of small loops circling the points z = mn, where n € Z_ . Note that
the sense of integration is clockwise rather than counterclockwise. This accords with an overall minus sign in the
RHS above, because the residues contain a factor of cos(mn) = (—1)" rather than the desired (—1)"~!. Following
Fig. 3.7, the contour may now be deformed into C,, and then into C;. Contour C; lies along the imaginary z axis,
aside from a small semicircle of radius ¢ — 0 avoiding the origin, and terminates at z = +iA. We will later take
A — oo, but for the moment we consider 1 < A < 6~ L. So long as A > 1, the denominator sin 7z = isinh 7w,
with z = iu, will be exponentially large at u = + A, so we are safe in making this initial truncation. We demand
A < 571, however, which means |§z| < 1 everywhere along C,. This allows us to expand K, (5z) for small values of

1gee, e. g., the NIST Handbook of Mathematical Functions, §10.25.
2M. Fogler, private communications.
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the arqument. One has

K, (w) 1
L2 = S+ i (1+ fu? + gyo' +... ) + (C—ln2 - §) (3.174)

+&(C-m2- 2w’ + 55 (C—m2— 3w +... |

w

where C ~ 0.577216 is the Euler-Mascheroni constant. The integral is then given by

A /2 , .
0= (o7 | Ealow) K (Cidw) / db_mec? Ky (ocet) (3.175)
270 sinh Tu iou —i0u 21 sin(mee?)  deetd
€ —7/2
Using the above expression for K, (w)/w, we have
K, (idu) K, (—idu) _im 152 2 1 ¢4,4
L - = T (-t et ) (3.176)
At this point, we may take A — oco. The integral along the two straight parts of the C; contour is then
T du
.rga):iw/, - La%? 4 Lght o
/ smhﬂ'u( ) (3.177)
7¢E) o 31¢0O)
=_1 1 — 2 4 6
= — % Intanh(gme) 6471'26 + 51271'46 + 0(8°%)
The integral around the semicircle is
/2
de L L 1 9\ | 1 1
L(0) = /% 1 — Lr2e2 o2if {5262 oz T yIn(dee”) +3(C—2—-3)+...
—7/2 6
/2 0i
df i e <" i
= | 5 (1+%w2626”+...) {W+§1n(5e)+59+§(0—1n2— %)+...}
—7/2
2
:1;52+%ln5+%lne+i(0—1n2—%)—1—(’)(62) . (3.178)

We now add the results to obtain I(§) = I,(d) + I,(J). Note that there are divergent pieces, each proportional to
In €, which cancel as a result of this addition. The final result is

2 20 7¢(3 31¢(5
10) = 55 +%1n<?> +1i(C-m2-1)- 64;3 5 + 512;4) 5+ 0% . (3.179)

Inserting this result in Eqn. 3.168 above, we thereby recover Eqn. 3.106.



Chapter 4

Applications of BCS Theory

4.1 Quantum XY Model for Granular Superconductors

Consider a set of superconducting grains, each of which is large enough to be modeled by BCS theory, but small
enough that the self-capacitance (i.e. Coulomb interaction) cannot be neglected. The Coulomb energy of the j'"
grain is written as
2
= 2Ci(M. — ) 4.1)
where M , is the operator which counts the number of Cooper pairs on grain j, and M; is the mean number of
pairs in equilibrium, which is given by half the total ionic charge on the grain. The capacitance C; is a geometrical
quantity which is proportional to the radius of the grain, assuming the grain is roughly spherical. For very large
grains, the Coulomb interaction is negligible. It should be stressed that here we are accounting for only the long
wavelength part of the Coulomb interaction, which is proportional to 47|05 (q,,;, )| ° /@i Where g i ~ 1/R; is the
inverse grain size. The remaining part of the Coulomb interaction is included in the BCS part of the Hamiltonian
for each grain.

We assume that K, _; describes a simple s-wave superconductor with gap A; = |A;|e'%. We saw in chapter 3

how ¢; is conjugate to the Cooper pair number operator M ,» with

10

= 4.2
=796 (42)

The operator which adds one Cooper pair to grain j is therefore ¢'%s, because
Mj e = e'%i (MJ +1) . (4.3)

Thus, accounting for the hopping of Cooper pairs between neighboring grains, the effective Hamiltonian for a
granular superconductor should be given by

. . . o 2e? , . 2
_ 1 19; 1P —19; 1P = . .
ng——§ZJZJ(8¢ & 4 +e ¢ er )+Z C (M] Mj) ) (44)
i.j i J
where J;; is the hopping matrix element for the Cooper pairs, here assumed to be real.

93
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Before we calculate .J;; , note that we can eliminate the constants M, from the Hamiltonian via the unitary trans-
formation f,, — f, = VIH,V , where V =T, '™ %, where [M,] is defined as the integer nearest to ;. The
difference, §M; = M, — [M;], cannot be removed. This transformation commutes with the hopping part of H ar 7
so, after dropping the prime on H’_, we are left with

gr s
- 2¢% (1 0
In the presence of an external magnetic field,
- 2¢? (1 0
ng_zﬁ<;%—6M) ZJ cos(¢; — d; — Ayj) (4.6)
j
where
Rj
Ay =2 [a-a (47)
W e '
R

is a lattice vector potential, with R, the position of grain i.

4.1.1 No disorder

In a perfect lattice of identical grains, with .J;; = .J for nearest neighbors, §M; = 0 and 2¢*/C; = U for all j, we
have '

- —UZ 3¢2 —2J ) cos(é; — ;) (4.8)
(i)

where (ij) indicates a nearest neighbor pair. This model, known as the quantum rotor model, features competing
interactions. The potential energy, proportional to U, favors each grain being in a state ¢(¢;) = 1, corresponding
to M = 0, which minimizes the Coulomb interaction. However, it does a poor job with the hopping, since
(cos(¢; — ¢;)) = 0 in this state. The kinetic (hopping) energy, proportional to .J, favors that all grains be coherent
with ¢, = « for all 7, where o is a constant. This state has significant local charge fluctuations which cost Coulomb
energy — an infinite amount, in fact! Some sort of compromise must be reached. One important issue is whether
the ground state exhibits a finite order parameter (¢*%:).

The model has been simulated numerically using a cluster Monte Carlo algorithm!, and is known to exhibit a
quantum phase transition between superfluid and insulating states at a critical value of .J/U. The superfluid state
is that in which (%) # 0.

4.1.2 Self-consistent harmonic approximation

The self-consistent harmonic approximation (SCHA) is a variational approach in which we approximate the
ground state wavefunction as a Gaussian function of the many phase variables {¢, }. Specifically, we write

U[p] =C exp(— %Aij o, (bj) , 4.9)

ISee F. Alet and E. Serensen, Phys. Rev. E 67, 015701(R) (2003) and references therein.
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where C is a normalization constant. The matrix elements A, ; is assumed to be a function of the separation R, — R,

where R, is the position of lattice site i. We define the generating function
2 _ _
Z[J) = /D¢ |W[e]|" e 7% = Z[0] exp(3 T, A" T;) - (4.10)

Here J, is a source field with respect to which we differentiate in order to compute correlation functions, as we shall
see. Here D¢ = [], d¢;, and all the phase variables are integrated over the ¢, € (—o0, +00). Right away we see
something is fishy, since in the original model there is a periodicity under ¢, — ¢, + 27 at each site. The individual
basis functions are ¢, (¢) = ¢™?, corresponding to M = n Cooper pairs. Taking linear combinations of these basis
states preserves the 27 periodicity, but this is not present in our variational wavefunction. Nevertheless, we can
extract some useful physics using the SCHA.

The first order of business is to compute the correlator

1 0227 .
<‘If|¢i¢j|‘11>—majiajj =A; (4.11)
Tlg=0
This means that
(U] e@=93) | ) = e~ ((#i=8))")/2 = o~(ALT=45Y) (4.12)

Here we have used that (e?) = ¢(@*)/2 where Q is a sum of Gaussian-distributed variables. Next, we need

8 1
%EAU@‘%“I” (4.13)

= lAii+%AikAli<\IJ|¢k¢l|\I/>:_%A”

) 1

32
<‘IJ|672|‘P>:—<‘PI

Thus, the variational energy per site is

1 ~ _(A—1_ -1
N<‘I’|ng|‘1/>:%UAii—ZJ€ (A =4
4.14)
e i 1—~ (
:lU/ A(k) — 2J ex —/ kL
) @ A7 P G
where 7 is the lattice coordination number (N, = £zN),
_1 ik-0
T = e (4.15)
4
is a sum over the z nearest neighbor vectors 8, and A(k) is the Fourier transform of Aijs
d% ;
Y i(R,—R;)
y / i Alk) R (4.16)

Note that A* (k) = A(—k) since A(k) is the (discrete) Fourier transform of a real quantity.

We are now in a position to vary the energy in Eqn. 4.14 with respect to the variational parameters { A(k)}. Taking
the functional derivative with respect to A(k), we find

(2m)? M =1iU- L% yew : (4.17)
SA(K) A2(k)
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Figure 4.1: Graphical solution to the SCHA equation W = r exp (1) for three representative values of r. The
critical value is r. = 2/e = 0.73576.

where

d. 1 —
W:/dk it/ (4.18)

We now have

A(k) =2 (%)mew/?, /17, . (4.19)

Inserting this into our expression for W, we obtain the self-consistent equation

W=reV2 . —C U\ CE/d—dk,/l—v . (4.20)
’ 1\ 127 B AT k

One finds C,_, = 0.900316 for the linear chain, C;,_, = 0.958091 for the square lattice, and C;_, = 0.974735 on
the cubic lattice.

The graphical solution to W = r exp (3W) is shown in Fig. 4.1. One sees that for r > r, = 2/e ~ 0.73576, there
is no solution. In this case, the variational wavefunction should be taken to be ¥ = 1, which is a product of v,
states on each grain, corresponding to fixed charge M; = 0 and maximally fluctuating phase. In this case we must
restrict each ¢, € [0,27]. When r < r., though, there are two solutions for W. The larger of the two is spurious,
and the smaller one is the physical one. As J/U increases, i.e. r decreases, the size of A(k) increases, which means
that Aifjl decreases in magnitude. This means that the correlation in Eqn. 4.12 is growing, and the phase variables
are localized. The SCHA predicts a spurious first order phase transition; the real superfluid-insulator transition is
continuous (second-order)?.

2That the SCHA gives a spurious first order transition was recognized by E. Pytte, Phys. Rev. Lett. 28, 895 (1971).
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4.1.3 Calculation of the Cooper pair hopping amplitude

Finally, let us compute J;;. We do so by working to second order in perturbation theory in the electron hopping

Hamiltonian
JZ— AR 1/22 Z ( P IPRER N v S, 0—) , (4.21)

Heret,;(k, k') is the amplitude for an electron of wavevector k' in grain j to hop to a state of wavevector k in grain
i. To simplify matters we will assume the grains are identical in all respects other than their overall phases. We’ll
write the fermion destruction operators on grain i as ¢, and those on grain j as ¢, _. We furthermore assume
t;;(k, k') =t is real and independent of k and k’. Only spin polarization, and not momentum, is preserved in the
hopping process. Then
- t
_ P .
HhOP - _V Z (Cka Ck’a + Ck’a Cka) . (422)
k.k’

Each grain is described by a BCS model. The respective Bogoliubov transformations are

_ ; ig T
Chy = COSVp Y, —osindp eyl

- L s (4.23)
Chy = COSUp Vg, — 0 sindy, e'? ﬁik .
Second order perturbation says that the ground state energy £ is
’ n | Hhop | G ’
—_— 4.24
-y el e

where |G) = [G;) ® |G, ) is a product of BCS ground states on the two grains. Clearly the only intermediate
states | n) which can couple to | G ) through a single application of hop are states of the form

(kK o)=L 4 1G) (4.25)
and for this state B
(kKo | Hyop | G) = —J(cos 9y, sin vy, € + sin 1y, cos v, ei¢) (4.26)
The energy of this intermediate state is
o2
Eppo=EptEp+ 7 (4.27)

where we have included the contribution from the charging energy of each grain. Then we find®

ED =g~ Jeos(p—) (4.28)
where o A A .
Rl E_k Ek, "E, +E,, + (e2/C) (429)
ki Tk Tk TR PR
For a general set of dissimilar grains,
t; Ak A 1
iy = lvjxlf > F . E]’k B, B, +(22C;) (4:30)

J kK 1 Kk 7.k’

where C’i;l =C;! +Cj_1.

3There is no factor of two arising from a spin sum since we are summing over all k and k’, and therefore summing over spin would
overcount the intermediate states |n) by a factor of two.
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4.2 Tunneling

We follow the very clear discussion in §9.3 of G. Mahan’s Many Particle Physics. Consider two bulk samples,
which we label left (L) and right (R). The Hamiltonian is taken to be

H=H +H,+H, |, (4.31)
where H, . r are the bulk Hamiltonians, and
‘E[T:_Z(ﬂjciich,jd+ﬂ?CljchiU) ' (432)

5,0
The indices ¢ and j label single particle electron states (not Bogoliubov quasiparticles) in the two banks. As we

shall discuss below, we can take them to correspond to Bloch wavevectors in a particular energy band. In a
nonequilibrium setting we work in the grand canonical ensemble, with

K=H —pu N, +H, —p, N, +H, . (4.33)

The difference between the chemical potentials is ji, — 1, = eV, where V is the voltage bias. The current flowing
from left to right is
dN,

I(t)=e( o ). (4.34)
Note that if N, is increasing in time, this means an electron number current flows from right to left, and hence
an electrical current (of fictitious positive charges) flows from left to right. We use perturbation theory in H.. to
compute I(t). Note that expectations such as (¥, |¢,; | ¥, ) vanish, while (¥, |c |, ) may notif | ¥, )isa
BCS state.

L% ch

A few words on the labels i and j: We will assume the left and right samples can be described as perfect crystals,
so i and j will represent crystal momentum eigenstates. The only exception to this characterization will be that
we assume their respective surfaces are sufficiently rough to destroy conservation of momentum in the plane
of the surface. Momentum perpendicular to the surface is also not conserved, since the presence of the surface
breaks translation invariance in this direction. The matrix element T;; will be dominated by the behavior of the
respective single particle electron wavefunctions in the vicinity of their respective surfaces. As there is no reason
for the respective wavefunctions to be coherent, they will in general disagree in sign in random fashion. We then
expect the overlap to be proportional to v/ A, on the basis of the Central Limit Theorem. Adding in the plane wave
normalization factors, we therefore approximate
A /2
T.=T ,~|——] t 4.35
ij q.k (VLVR) (qu ’ ng) ) ( )

where g and k are the wavevectors of the Bloch electrons on the left and right banks, respectively. Note that we
presume spin is preserved in the tunneling process, although wavevector is not.

4.2.1 Perturbation theory

We begin by noting
dN TIPS Do .
L _ —[H,NL] = _[]—[T7 NL}
dt h h (4.36)
7 N :
:_E (T;jciiachU_TijclTKjaCLiO')
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First order perturbation theory then gives
. t
[W(0)) = e O W) - e fay By (e T W) £ O() @)
tf)
where H, = H, + H, and ) A
H,(t) = eHot/h [ _e=tHot/h (4.38)
is the perturbation (hopping) Hamiltonian in the interaction representation. To lowest order in H.,,, then,

t

. i - . . -
(P L]T(E) = —+ /dt1 (W(to) | [1(t), Hao(ty)] [T (to)) (4.39)
tf)
where | U(t,)) = eifloto/h | T(t,)). Setting t, = —oo, and averaging over a thermal ensemble of initial states, we
have .
I(t) = _% / dat' ([1(t), H.()]) (4.40)

where [(t) = eN(t) = (+¢) et/ N e=Hot/7 is the current flowing from right to left. Note that it is the electron

charge —e that enters here and not the Cooper pair charge, since H., describes electron hopping.

There remains a caveat which we have already mentioned. The chemical potentials 1, and y,, differ according to
P — Hy =€V, (4.41)

where V' is the bias voltage. If V' > 0, then p, > 1, which means an electron current flows from right to left, and
an electrical current (i.e. the direction of positive charge flow) from left to right. We must work in an ensemble
described by K, where

KO = HL - NLNL + ‘E[R - NRNR : (4.42)
We now separate H, into its component processes, writing i, = Hf + H;, with
HJF* Z ij Lza Crjo ) Z ij R]o’ CLic - (4.43)
1,7,0 1,7,0

Thus, H; describes hops from R to L, while A describes hops from L to R. Note that H; = (H;")'. Therefore
H.(t) = Hf (t) + H; (t), where*

Hi( t) = (K0+MLNL+HRNR)t/ﬁ Hi —i(Kotuy N +pp Ng)t/h
_ e:erVt/h ezKOt/h Hi e—zKot/h (444)
T
Note that the current operator is
- te o e [~ -
[=2 [, N]=% (HT - H;“) . (4.45)
We then have
t
1) = e /dt <[ VR = (1) — e~V (), e VE TR fL (1) 4 eV E R ﬁ;r(t’)]>
=)+ L) (4.46)

4We make use of the fact that N, + Ny, is conserved and commutes with A Ti
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where
o0

(&

L) = /dt’@(t—t’) {e“”(f—t/) ([ 1), 1)) — e 20 ([t e), ﬁ;(t')]>} (4.47)

and
oo

1,(H) = = / dt' Ot —t') {eHQ(Ht/) ([ (1), Hy ()] ) = e 0 ([fE ), I ()] >} . (448)

with 2 = eV/h. I (t) is the usual single particle tunneling current, which is present both in normal metals as well as
in superconductors. I,(t) is the Josephson pair tunneling current, which is only present when the ensemble average
is over states of indefinite particle number.

4.2.2 The single particle tunneling current /

We now proceed to evaluate the so-called single-particle current I in Eqn. 4.47. This current is present, under
voltage bias, between normal metal and normal metal, between normal metal and superconductor, and between
superconductor and superconductor. It is convenient to define the quantities

X(t—t)=—iot-1) <[I§I; (t), Flj(t’)]>

R R (4.49)
Xt -ty =—io - ) ([A; (), fF0)])
which differ by the order of the time values of the operators inside the commutator. We then have
ie | i —i
1= 15 [dt {e+ 2t X (1) + e Xa(t)}
o (4.50)

= (B2 + & (-2)

where X, (£2) is the Fourier transform of X, () into the frequency domain. As we shall show presently, X,(—02) =
—X(42), so we have

1

N

(V) = _% ImX,(eV/h) . (4.51)

Proof that X,(2) = —X*(—£2) : Consider the general case
(1) = —i6(t) ([A@®), A'0)])
x,(t) = —i0() ([4(0), A1) )

We now spectrally decompose these expressions, inserting complete sets of states in between products of opera-
tors. One finds

(4.52)

- 2 - 2
:me{ [(m|Aln)| _ [(m| At |n)| } | w.53)
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—hw,, /kg

where the eigenvalues of K~ are written fw,,, and P, = e T /2 is the thermal probability for state [m ),

where = is the grand partition function. The corresponding expression for X, (w) is

- 2 - 2
z?a(w)=ZPm{ [midin)] __[{m] ATIn) } , (4.54)

— w—w, tw, ti wt+uw, —w,t+1€

whence follows X, (—w) = —X*(w). QED. Note that in general

Z(t)=—i0(t) (A(t) B(0)) = —iO(t) > P, ( (m|eBm A e KR 0y (0| B|m)

m,n (4.55)
=—i0(t) ) P (m|A[n)(n|B|m)eEn=n)t
the Fourier transform of which is
~ ¥ (m]Aln)(n Blm
Z(w) = /dt et Z(t Z P - Ll _<w| +|% ) (4.56)
If we define the spectral density p(w) as
_27TZ SAm|An)Y(n|Blm)é(w+w, —w,) (4.57)
then we have -
~ dv  p(v
2w) = /%w—(ui-ie ' (4.58)

— 00

Note that p(w) is real if B = AT.

Evaluation of X,(w): We must compute

X0 ==i0() Y > T Ty ([ oein®), of (0 6 (0)] )

1,5,0 k,l,0’

=—i0() Y IT, { (e o @) € (0)) (crqo(t)cl 4 (0)) (4.59)

q.k,o

- <clqd(0) chU(t)> <CR,ka'(0) Cl kcr(t)>}
Note how we have taken j = [ — kand ¢ = k — g, since in each bank wavevector is assumed to be a good quantum

number. We now invoke the Bogoliubov transformation,

Cho = Ui Vo — O Vk et Vik . (4.60)

where we write u;, = cos ¥, and vy, = sind,. We then have

(e o) gy (0)) = uf, ek ™ f(By) +vf e PP [1 = f(Ey)]

)
(CLqo(t)cl qo(0)) = ug e Fa/™ [1 — f(By)] +vg e'Fa'/" f(Ey)

(4.61)
)
)

=g e Fat/l F(By) + vg ePat/ 1~ F(Ey)]

_ ui eiEkt/ﬁ [1 _ f(Ek)] + ’UIQC e*iEkt/h f(Ek)
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We now appeal to Eqn. 4.35 and convert the g and k sums to integrals over §, , and {_,. Pulling out the DOS

factors g, = g, (p,) and g, = g, (1), as well as the hopping integral ¢t = ¢(&, ¢=0,& 4= 0) from the integrand,
we have

X,(t) = —iO(t) x & g, g [t2A [de [de x (4.62)

{[uz o—iBt/h 1—f)+ 02 eiBt/h f} % {u’2 iEt/h i o2 e—iEt/h (1— f/)}

_ {uz efiEt/hf_’_UQ eiEt/h(l _ f)} % [u’2 eiE’t/h(l — L2 e iEt/n f/}} ,

where unprimed quantities correspond to the left bank (L) and primed quantities to the right bank (R). The £ and
¢ integrals are simplified by the fact that in u? = (F + ¢)/2F and v? = (E — £)/2F, etc. The terms proportional to
¢ and ¢’ and to £¢’ drop out because everything else in the integrand is even in £ and ¢’ separately. Thus, we may
replace u2, v2, v/, and v'? all by 1. We now compute the Fourier transform, and we can read off the results using

— iwt it —et .+
Z/dte ¢ T oEatic (4.63)
0

We then obtain

~ oo [ee) 2(f/_f) 1—f—f/

1 2 ,
X (w) = 5 hgyga [t17A [dE [dE {M+E,_E+Z.e+ R oy (4.64)
L-f=f
hwo+ E+ E' + e
Therefore,
2 _
I(V.T) = _h_§|m X.(eV/h) e
= 7T;engRIltFA d¢ d&’{(l—f—f’) 6(E+E’—ev)_5(E+E/+eV)}
0 0

+2(f’—f)5(E’—E+eV)}

Single particle tunneling current in NIN junctions

We now evaluate I, from Eqn. 4.65 for the case where both banks are normal metals. In this case, £ = £ and
E’ = ¢’. (No absolute value symbol is needed since the ¢ and ¢’ integrals run over the positive real numbers.) At
zero temperature, we have f = 0 and thus

LV, T = 0) = 2 g, g, 124 [dg [de’ [6(6+€ = eV) = (6 +€ + V)
o (4.66)

2
e e
= f 9. 9r |t|2A/d§ = T 9. 9r |t|2AV
0
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energy

positive bias zero bias negative bias

Figure 4.2: NIS tunneling for positive bias (left), zero bias (center), and negative bias (right). The left bank is
maintained at an electrical potential V' with respect to the right, hence px = p,. + eV. Blue regions indicate
occupied fermionic states in the metal. Green regions indicate occupied electronic states in the superconductor.
Light red regions indicate unoccupied states. Tunneling from or into the metal can only take place when its Fermi
level lies outside the superconductor’s gap region, meaning |eV| > A, where V is the bias voltage. The arrow
indicates the direction of electron number current. Black arrows indicate direction of electron current. Thick red
arrows indicate direction of electrical current.

We thus identify the normal state conductance of the junction as

7'('62

Gy= 709 ltPA (4.67)

Single particle tunneling current in NIS junctions

Consider the case where one of the banks is a superconductor and the other a normal metal. We will assume V' > 0
and work at 7" = 0. From Eqn. 4.65, we then have

oo o0 oo
G

¢ /df dg' 3¢+ B —eV) = 7 [dEO(eV ~ B)

N
e

L(V,T =0) =
0

0 0
af E
—) [ — 2 _ 2
: /dE s = GV BSF (4.68)
A

The zero temperature conductance of the NIS junction is therefore

dI GV
Gras(V) = 5 = T (4.69)

Hence the ratio G o /Gy 18
Gus(V) eV
= . 4.70
GNIN(V) (6V)2 — A2 ( )
It is to be understood that these expressions are to be multiplied by sgn(V') ©(e|V| — A) to obtain the full result
valid at all voltages.
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Figure 4.3: Tunneling data by Giaever et al. from Phys. Rev. 126, 941 (1962). Left: normalized NIS tunneling
conductance in a Pb/MgO/Mg sandwich junction. Pb is a superconductor for T < TP = 7.19K, and Mg is a
metal. A thin MgO layer provides a tunnel barrier. Right: /-1 characteristic for a SIS junction Sn/SnO,, /Sn. Sn is
a superconductor for T < 75" = 2.32K.

Superconducting density of states

We define
3 o0
ny(E) = 2/(;& 5(E — Ey) ~ g(u)/d§ 6(E - VE+A?)
—o0 (4.71)

() —2L2__
T T — At

This is the density of energy states per unit volume for elementary excitations in the superconducting state. Note
that there is an energy gap of size A, and that the missing states from this region pile up for £/ > A, resulting in
a (integrable) divergence of n (E). In the limit A — 0, we have n (E) = 2g(u) ©(E). The factor of two arises
because n (E) is the total density of states, which includes particle excitations above k, as well as hole excitations
below k., both of which contribute g(1). If A(€) is energy-dependent in the vicinity of { = 0, then we have

O(E — A)

E 1
= 4.72
€ (4.72)

1+ 4dd

€ d¢ |g=\/E2—A2(¢)
Here, £ = \/E? — A2(¢) is an implicit relation for {(E).

The function n,(E) vanishes for E < 0. We can, however, make a particle-hole transformation on the Bogoliubov
operators, so that

Yo = Vi OER) + 01 O(=&,) . (4.73)
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We then have, up to constants,

Koce =Y oV Vg (4.74)
ko
where
€ = {+E’“°' L “75)
—E, if§ <0

The density of states for the ¢ particles is then

s €]
———— 0| -A4) ,
were g, is the metallic DOS at the Fermi level in the superconducting bank, i.e. above T . Note that n,(—&) = n (&)

is now an even function of £, and that half of the weight from n,(E) has now been assigned to negative £ states.
The interpretation of Fig. 4.2 follows by writing

7 (€) = (4.76)

eV
I(V,T =0) = %‘/dﬁ n (&) . (4.77)
s

Note that this is properly odd under V' — —V. If V' > 0, the tunneling current is proportional to the integral of
the superconducting density of states from & = A to £ = eV. Since 7,(€) vanishes for |€| < A, the tunnel current
vanishes if |eV| < A.

Single particle tunneling current in SIS junctions

We now come to the SIS case, where both banks are superconducting. From Eqn. 4.65, we have (1" = 0)

I(V,T =0) = %/ §/d§’6(E+E’ —eV) (4.78)
0 0
G I T / E E/ / /
?0/ /dE T [6(E+E V) —§(E+E +eV)}

While this integral has no general analytic form, we see that I (V) = —I(—V), and that the threshold voltage V'*
below which I, (V') vanishes is given by eV* = A + A,. For the special case A, = A, = A, one has

(V) = % {% K(z) — (eV + 2A) (K(:z:) - IE(J:)) } , (4.79)

where z = (eV — 2A)/(eV + 2A) and K(z) and E(x) are complete elliptic integrals of the first and second kinds,
respectively. We may also make progress by setting eV = A + A, + e V. One then has

IL(V*+6V) = /dgL /ng (e 5V — 5L - 223 > = ”;N VA A, . (4.80)

Thus, the SIS tunnel current jumps discontinuously at V' = V*. At finite temperature, there is a smaller local
maximum in I for V =|A — A_|/e.
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Figure 4.4: SIS tunneling for positive bias (left), zero bias (center), and negative bias (right). Green regions indicate
occupied electronic states in each superconductor, where rn5(€) > 0.

4.2.3 The Josephson pair tunneling current /,

Earlier we obtained the expression

I(t) = %/Oodt’ ot —t) {e“”(t“/) <[ T-(t), Az (t’)}> (4.81)

— 00

Proceeding in analogy to the case for I, define now the anomalous response functions,

Yt =)= =i0( ) ([ ), fF @)

. . (4.82)
Yyt = 1) = =it — ) ([H; (). Hy (1)] )
The spectral representations of these response functions are
~ T+ T 4 e
Y,(w) =me{<m'HT [n)(nl B fm) _ (m | 1 |n><n|HT.|m>}
m.n w+wm_wn+7’e w_wm+wn+'l€
(4.83)

5 (m|Hy |n)(n|Hy |m) (m|Hg|n)(n|Hy|[m)
= P —
(@) ; m{ w—w,, +w, +ic w+w, —w, +ic ’
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from which we see ja (w) = —j)v,* (—w). The Josephson current is then given by
L) =—75 [dt { SHRLY (1) T B Y (1) e—m(t—t')}
% T _sig <
=z ImleB@2)

where {2 = eV/h.

Plugging in our expressions for H, we have

V() = =i00) 3 T kg ([ ao®) e ®)s g _o(0) e, 4 ,(0)])
k,q,0

=2 0(t ZquTk q{ el g1 el g 0) (e B ey g, (0))

- <Ci —q¢(0) CiqT(t» <CR —k¢(0) CRkT(t)>}

Again we invoke Bogoliubov,

Chy = U Ty — Vg€ 7T—k¢ CLT =y, "YIZT €Y
C*kizukvfkl—i_vkewvliﬁ Cik¢zuk7ik¢+vk€_i¢7kT
to obtain
(el 1)l _q,(0)) = ugvgein { Bqt/h f(B,) — e~ *Fat/h | }
(Canr(®) ey g (0)) = ug vy e™om {efiEkt/h [1— F(Ey)] — e Brt/ f }
<ci _qi(O) ciqT(t)> = U, e—ior [ oiEqt/h [1 f(Eq)] _ iE t/h }
<cR JW(O) chT(t)> = uy, Vg, eTitR {e—iEkt/h f(E,) — zEkt/h }
We then have
V() =16(t) x %QL ge [P A ei(%%)]od{ Ood{’ uwvu' v x

{ {eiEt/hf _ o—iBt/h (1- f)} % {e—iE/t/h (1—f)— GIE't/h f’]

- [eiEt/h (1—f)— o—iBt/h ﬂ % [e—iE't/h P GIE't/h (1- f')}} ,
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(4.84)

(4.85)

(4.86)

(4.87)

(4.88)

(4.89)

where once again primed and unprimed symbols refer respectively to left (L) and right (R) banks. Recall that the
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BCS coherence factors give uv = § sin(20) = A/2E. Taking the Fourier transform, we have

- oo [ AN F-f - f
V(w) =L hg, g [t e Pn2)A [de [dg ——{ _
0/ 0/

EFE |w+E—-FE +ie hw—E+FE +ie
1-f=r 1-f=r
TRt ErE vie hw-E-F tie| (4:90)
Setting T' = 0, we have
N e o7 1
— N 'L d)R d)L d /
Vilw) = ore2 © /5/5 {hw—i—E—i—E’—l—ze
0
1
- 491
hw—E—E’—i—ie} (91)
2
— h—(;’\‘ 67’(¢R_¢L /dE / 71
2me? VE AQ VEZ_A?
2(E + E')
X T — B+ B (4.92)
There is no general analytic form for this integral. However, for the special case A = A’, we have
Iw) = 25 AK(4A) Rt (4.93)
where K(z) is the complete elliptic integral of the first kind. Thus,
2eVt
I(t)=G,- —K W gin( g, — g, — 2V eV . (4.94)
4A
With V' = 0, one finds (at finite T),
TA A :
I,=G,- 5o tanh(2k T) sin(¢, — ¢,) . (4.95)

Thus, there is a spontaneous current flow in the absence of any voltage bias, provided the phases remain fixed.
The maximum current which flows under these conditions is called the critical current of the junction, I,. Writing
R, = 1/G, for the normal state junction resistance, one has

LR, -2 tanh( A ) : (4.96)

which is known as the Ambegaokar-Baratoff relation. Note that I, agrees with what we found in Eqn. 4.80 for V just
above V* = 2A. I is also the current flowing in a normal junction at bias voltage V' = 7A/2e. Setting I, = 2eJ/h
where J is the Josephson coupling, we find our V' = 0 results here in complete agreement with those of Eqn. 4.29
when Coulomb charging energies of the grains are neglected.

Experimentally, one generally draws a current I across the junction and then measures the voltage difference. In
other words, the junction is current-biased. Varying I then leads to a hysteretic voltage response, as shown in Fig.
4.5. The oscillating current I(t) = I sin(¢, — ¢, — 2t) gives no DC average. For a junction of area A ~ 1 mm?, one
has Q and I, = 1 mA for a gap of A ~ 1 meV. The critical current density is then j, = I./A ~ 10> A/m?. Current
densities in bulk type I and type Il materials can approach j ~ 10'* A/m? and 10° A /m?, respectively.
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Figure 4.5: Current-voltage characteristics for a current-biased Josephson junction. Increasing current at zero bias
voltage is possible up to |I| = I, beyond which the voltage jumps along the dotted line. Subsequent reduction in
current leads to hysteresis.

4.3 The Josephson Effect

4.3.1 Two grain junction

In 4.1 we discussed a model for superconducting grains. Consider now only a single pair of grains, and write

2%, 2%,

O_ ML + C_ MR - 2IU’LML - 2/'LRMR ) (4‘97)
L R

where M, ,, is the number of Cooper pairs on each grain in excess of the background charge, which we assume

here to be a multlple of ¢* = 2e. From the Helsenberg equations of motion, we have

K = —Jcos(¢, — ) +

. - J
ML = ﬁ [K’ML] = ﬁ Sin(¢R — ¢L) . (498)

Similarly, we find M, = + sin(¢, — ¢;,). The electrical current flowing from L to Ris I = 2eM, . The equations
of motion for the phases are

. VRN 4e2 M 2

i o) = 2

: (A 4e® M,  2u, (4.99)
On =g [ o] = 5 =

Let’s assume the grains are large, so their self-capacitances are large too. In that case, we can neglect the Coulomb
energy of each grain, and we obtain the Josephson equations

do 2eV ,
== = 4.100
= -T L I =Lsing(t) (4:100)
where eV =y, — p, , I, = 2eJ/h, and ¢ = ¢, — ¢, . When quasiparticle tunneling is accounted for, the second of

the Josephson equat1ons is modified to
I=1sin¢g+ (GO + G cos QS)V , (4.101)

where G, = G,, is the quasiparticle contribution to the current, and G| accounts for higher order effects.
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4.3.2 Effect of in-plane magnetic field

Thus far we have assumed that the effective hopping amplitude ¢ between the L and R banks is real. This is valid
in the absence of an external magnetic field, which breaks time-reversal. In the presence of an external magnetic

R
field, t is replaced by t — te'7, where v = £ [A - dl is the Aharonov-Bohm phase. Without loss of generality,
L

we consider the junction interface to lie in the (x,y) plane, and we take H = Hy. We are then free to choose the
gauge A = —Hzz. Then

R
e e
7_ﬁ/A-dl_—ﬁH()\L+/\R+d)x : (4.102)
L

where ), are the penetration depths for the two superconducting banks, and d is the junction separatino. Typ-
ically A, , ~ 100 A — 1000 A, while d ~ 10 A, so usually we may neglect the junction separation in comparison
with the penetration depth.

In the case of the single particle current I, we needed to compute [H; (t), H; (0)] and [H; (t), H;(0)]. Since
Hj o t while H; o t*, the result depends on the product |2, which has no phase. Thus, I is unaffected by
an in-plane magnetic field. For the Josephson pair tunneling current I,, however, we need [I?I;* (t), Hi (0)] and
[ﬁ —(t),H= (0)]. The former is proportional to t? and the latter to t*2. Therefore the Josephson current density is

. 1.(T) . 2e 2eVt
o) = = sin(0 - 3 Hia - 250,

(4.103)

where d s = A\, + A\, + dand ¢ = ¢, — ¢,. Note that it is 2e Hd g /hic = arg(t*) which appears in the argument
of the sine. This may be interpreted as the Aharonov-Bohm phase accrued by a tunneling Cooper pair. We now
assume our junction interface is a square of dimensions L, x L,. AtV = 0, the total Josephson current is then’

Lz Ly

L= [de [dyjz) =
0 0

1.0,
T

sin(m®/¢, ) sin(y — 7®/¢,) (4.104)

where ® = HL_d 4. The maximum current occurs when v — 7@ /¢, = + %w, where its magnitude is

sin(m®/¢, )
7®/p,

The shape I, (®) is precisely that of the single slit Fraunhofer pattern from geometrical optics! (See Fig. 4.6.)

1

max

(@) =1

C

(4.105)

4.3.3 Two-point quantum interferometer

Consider next the device depicted in Fig. 4.6(c) consisting of two weak links between superconducting banks. The
current flowing from L to R is
I = IC,I Sin (bl + IC,2 Sin ¢2 . (4.106)

where ¢; = ¢, | — ¢, ; and ¢y = ¢, 5 — ¢, , are the phase differences across the two Josephson junctions. The

total flux ® inside the enclosed loop is

2 _ o (4.107)
o8

5Take care not to confuse ¢, , the phase of the left superconducting bank, with ¢, , the London flux quantum hc/2e. To the untrained eye,
these symbols look identical.

Gy — ¢ =
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Figure 4.6: (a) Fraunhofer pattern of Josephson current versus flux due to in-plane magnetic field. (b) Sketch of
Josephson junction experiment yielding (a). (c) Two-point superconducting quantum interferometer.

Writing ¢, = ¢, + 2, we extremize I(¢,, ) with respect to ¢,, and obtain

Imax('y) = \/(Ic,l + 10,2)2 COSQV + (Ic,l - IC,Q)2 Sin2’}/ . (4108)

IfI.; = 1I.,, wehave I, (v) = 21| cosv|. This provides for an extremely sensitive measurement of magnetic
fields, since v = 7®/¢, and ¢, = 2.07 x 1077 G cm?. Thus, a ring of area 1 cm? allows for the detection of fields
on the order of 10~7 G. This device is known as a Superconducting QUantum Interference Device, or SQUID. The

limits of the SQUID’s sensitivity are set by the noise in the SQUID or in the circuit amplifier.

4.3.4 RCS] Model

In circuits, a Josephson junction, from a practical point of view, is always transporting current in parallel to some
resistive channel. Josephson junctions also have electrostatic capacitance as well. Accordingly, consider the resis-
tively and capacitively shunted Josephson junction (RCSJ), a sketch of which is provided in Fig. 4.8(c). The equations
governing the RCS] model are

I=CV+ % + 1. sing
5 (4.109)
V=—
50 ? >
where we again take I to run from left to right. If the junction is voltage-biased, then integrating the second of these
equations yields ¢(t) = ¢, + w,t, where w, = 2eV/h is the Josephson frequency. The current is then

I= % + I_sin(gg + w,t) . (4.110)

If the junction is current-biased, then we substitute the second equation into the first, to obtain

hC - h

'%¢+Z%¢+4“WZI' (4.111)
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Figure 4.7: Phase flows for the equation ¢ + Q~'¢ + sin ¢ = j. Left panel: 0 < j < 1; note the separatrix (in black),
which flows into the stable and unstable fixed points. Right panel: j > 1. The red curve overlying the thick black
dot-dash curve is a limit cycle.

We adimensionalize by writing s = w,,t, with w, = (2¢I./hC )1/2 is the Josephson plasma frequency (at zero current).
We then have 26 i p
1 U

L T i _sing= —— 4.112

e toa I TeEgg (4.112)
where Q = w,7 with 7 = RC, and j = I/I.. The quantity Q? is called the McCumber-Stewart parameter. The
resistance is R(T' =~ T,) = R,, while R(T <« T,,) ~ R, exp(A/k,T). The dimensionless potential energy u(¢) is
given by

u(¢) = —j¢ — cos ¢ (4.113)
and resembles a ‘tilted washboard’; see Fig. 4.8(a,b). This is an N = 2 dynamical system on a cylinder. Writing
w = ¢, we have

d (o) _ w
ds (w) N (j —sing — Qlw) ' (4.114)

Note that ¢ € [0, 27| while w € (—o0, 00). Fixed points satisfy w = 0 and j = sin ¢. Thus, for |j| > 1, there are no
fixed points.

Strong damping : The RCS] model dynamics are given by the second order ODE,

B+ Q 10,0 =—u'(¢) =j—sing . (4.115)

The parameter () = w,7 determines the damping, with large @) corresponding to small damping. Consider the
large damping limit Q < 1. In this case the inertial term proportional to ¢ may be ignored, and what remains is a
first order ODE. Restoring dimensions,
do
o=
where 2 = W2RC = 2el R/h. We are effectively setting C' = 0, hence this is known as the RS] model. The above
equation describes a N = 1 dynamical system on the circle. When |j| < 1, i.e. |I| < I, there are two fixed points,

Q2(j —sing) , (4.116)
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Figure 4.8: (a) Dimensionless washboard potential u(¢) for I/I. = 0.5. (b) u(¢) for I/I. = 2.0. (c) The resistively
and capacitively shunted Josephson junction (RCS]). (d) (V') versus I for the RS] model.

which are solutions to sin ¢* = j. The fixed point where cos ¢* > 0 is stable, while that with cos ¢* < 0 is unstable.
The flow is toward the stable fixed point. At the fixed point, ¢ is constant, which means the voltage V' = h¢/2e
vanishes. There is current flow with no potential drop.

Consider the case ¢ > 1. In this case there is a bottleneck in the ¢ evolution in the vicinity of ¢ = %71', where ¢ is
smallest, but ¢ > 0 always. We compute the average voltage

ho . h 2m
Vi=g@=5 "7 - (4.117)
where T is the rotational period for ¢(¢). We compute this using the equation of motion:
2m d¢ 9
m
= | ——— = . 4.118
O/J—sm¢ N ( )
Thus,
wy— oy 2l g T (4.119)

This behavior is sketched in Fig. 4.8(d).

Josephson plasma oscillations : When I < I, the phase undergoes damped oscillations in the washboard minima.
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Expanding about the fixed point, we write ¢ = sin~'j + d¢, and obtain

d;jf + % % =—V1-726¢ . (4.120)
This is the equation of a damped harmonic oscillator. With no damping () = c0), the oscillation frequency is
72\1/4
2I) = w, (1 — I_CQ) . (4.121)
When @ is finite, the frequency of the oscillations has an imaginary component, with solutions
wy(I)= —% Tw, \/(1 - %)1/2 - rclgz . (4.122)

Retrapping current in underdamped junctions : The energy of the junction is given by

hl
E=1cv?+ % (1 —cos¢p) . (4.123)

— 2
The first term may be thought of as a kinetic energy and the second as potential energy. Because the system is
dissipative, energy is not conserved. Rather,

. N 7 . 14
E=CVV+2—C¢sin¢:V(CV+ICsin¢) :V<I_E> . (4.124)
€
Suppose the junction were completely undamped, i.e. R = 0. Then as the phase slides down the tilted washboard
for |I| < I, it moves from peak to peak, picking up speed as it moves along. When R > 0, there is energy loss,
and ¢(¢) might not make it from one peak to the next. Suppose we start at a local maximum ¢ = 7 with V' = 0.
What is the energy when ¢ reaches 37? To answer that, we assume that energy is almost conserved, so

hl hl Al 1/2
E=1cv?+ 2—; (1 —cos¢) ~ eC = V= (eecc) |cos(39)| - (4.125)
then
i 4 hof 1 [ehI \'?
81 = fav(1-7) = fao{r-3(55) eotio)
e o (4.126)

1/2
_J%%F£Cm>}_ﬁ%_ﬂ}
2e R\ eC 2e TQ
Thus, we identify I, = 41./7Q < I, as the retrapping current. The idea here is to focus on the case where the phase
evolution is on the cusp between trapped and free. If the system loses energy over the cycle, then subsequent
motion will be attenuated, and the phase dynamics will flow to the zero voltage fixed point. Note that if the
current / is reduced below I and then held fixed, eventually the junction will dissipate energy and enter the zero

voltage state for any |I| < I,. But if the current is swept and /1 is faster than the rate of energy dissipation, the
retrapping occurs at I = I..

Thermal fluctuations : Restoring the proper units, the potential energy is U(¢) = (kI /2e)u(¢p). Thus, thermal
fluctuations may be ignored provided

hl h  7mA A
hy T < =< = I= tanh 4127
st S o0 T 2eR, 2¢ (QkBT) ’ (4127)
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where we have invoked the Ambegaokar-Baratoff formula, Eqn. 4.96. BCS theory gives A = 1.764k,T., so we
require

h 0.8827.
kT < SR (1.764 k,T,) - tanh( - ) (4.128)
In other words,
R, _022T, 0.8827
— tanh < 4.129
R < T an ( T ) , ( )
where Ry = h/e? = 25812.8 1 is the quantum unit of resistance®.
We can model the effect of thermal fluctuations by adding a noise term to the RCSJ] model, writing
.V Vi
CV+E+ICsin¢=I+§f : (4.130)
where V;(t) is a stochastic term satisfying
(Vi(t) Vi(t")) =2k, TRS(t —t) . (4.131)

Adimensionalizing, we now have
&2 dé  Ou
4 Va9 +n(s) (4.132)
where s = wt, v =1/w,RC, u(¢) = —jp —cos¢,j=1/1.(T),and
2w kT
(n(s)n(s")) = wIinRB S(s—s)=204(s—5") . (4.133)

Thus, © = w k,T/IZR is a dimensionless measure of the temperature. Our problem is now that of a damped
massive particle moving in the washboard potential and subjected to stochastic forcing due to thermal noise.
Writing w = 0,¢, we have

0,0 =w

4.134
Oyt = —ul () — w0+ VIO (s) (139

In this case, W (s) = [ ds’ n(s") describes a Wiener process: (W (s) W (s')) = min(s, s’). The probability distribution
0
P(¢,w, s) then satisfies the Fokker-Planck equation’,

2
(@P) + o [u(6) ] PY + O 50 (4.135)

oFp __9o
ds 0o

We cannot make much progress beyond numerical work starting from this equation. However, if the mean drift
velocity of the “particle’ is everywhere small compared with the thermal velocity v,;, o v/6, and the mean
free path ¢ o v,, /v is small compared with the scale of variation of ¢ in the potential u(¢), then, following
the classic treatment by Kramers, we can convert the Fokker-Planck equation for the distribution P(¢,w,t) to
the Smoluchowski equation for the distribution P(¢,¢)%. These conditions are satisfied when the damping 7 is

® R is called the Klitzing for Klaus von Klitzing, the discoverer of the integer quantum Hall effect.

7For the stochastic coupled ODEs du, = A, dt + B,, dW, where each W, (t) is an independent Wiener process, i.e. dW, dW, = §_, dt,
then, using the Stratonovich stochastic calculus, one has the Fokker-Planck equation 8, P = —9,(A,P) + %Ql [Bae 0, (B, P)]-

8See M. Ivanchenko and L. A. Zil'berman, Sov. Phys. JETP 28, 1272 (1969) and, especially, V. Ambegaokar and B. I. Halperin, Phys. Rev.
Lett. 22, 1364 (1969).
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large. To proceed along these lines, simply assume that w relaxes quickly, so that J,w = 0 at all times. This says
w=—y""/(¢) + 7 1V26 n(s). Plugging this into d,¢ = w, we have

0,0 = =y (¢) +77 V20 n(s) (4.136)
the Fokker-Planck equation for which is’
OP(¢,s) _ O 1, 0%P (¢, 5)
os ool u'(¢) P(o, )} 978 po , (4.137)

which is called the Smoluchowski equation. Note that —y~!u/(¢) plays the role of a local drift velocity, and v~26
that of a diffusion constant. This may be recast as

oP ow -1 2
In steady state, we have that 9,P = 0, hence W must be a constant. We also demand P(¢, s) = P(¢ + 27, s). To
solve, define F(¢) = e~7*(#)/€ In steady state, we then have

o (P\ W 1
a_¢><ﬁ)__ LA (4.139)
Integrating,
Pl) PO0) W idd)/
F(¢) F(0) e JF(¢)
° (4.140)
P@Er) P9) AW / dg’
F(2m)  F(¢) e JF(¢)

Multiply the first of these by F'(0) and the second by F'(2), and then add, remembering that P(27) = P(0). One
then obtains

W F@) /Z(b, F(0)

Plo)=—5 "F(2r) — F(0)

27
, F(2m)
n ¢/ @ o (4.141)

We now are in a position to demand that P(¢) be normalized. Integrating over the circle, we obtain

w = G0 (4.142)
v
where )
1 v/@ d¢/
= d d 4.143
GGA18) ~ oxpnn/0) 1 l/ I ] [ e / O 5 i
where f(¢) = F(¢)/F(0) = e~ )/ ¢7u(0)/€ js normalized such that f(0) = 1.
It remains to relate the constant W to the voltage. For any function g(¢), we have
27
/ 022 / 4o g 9(0) = [0 W(0)g(@) (4.144)
0

9For the stochastic differential equation da = v, dt + v2D dW (t), where W (t) is a Wiener process, the Fokker-Planck equation is 9, P =
—v, 8,P+ DJ2P.
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0 i 2 3
V/I.R

Figure 4.9: Left: scaled current bias j = I/I versus scaled voltage v = (V') /I, R for different values of the parame-
ter /O, which is the ratio of damping to temperature. Right: detail of j(v) plots. From Ambegaokar and Halperin
(1969).

Technically we should restrict g(¢) to be periodic, but we can still make sense of this for g(¢) = ¢, with

21

@@:/mwwzﬁw, (4.145)

0

where the last expression on the RHS holds in steady state, where W is a constant. We could have chosen g(¢)
to be a sawtooth type function, rising linearly on ¢ € [0,27) then discontinuously dropping to zero, and only
considered the parts where the integrands were smooth. Thus, after restoring physical units,

(V) _ Ty

V= TR T erR (00 = 2mGU/O) - (4.146)

C

AC Josephson effect : Suppose we add an AC bias to V, writing

V(t) = Vo + Vy sin(w,t) . (4.147)

Integrating the Josephson relation ¢ = 2¢V/I, we have

o(t) =w,t+ e cos(wqt) + ¢y - (4.148)
Vo wy

where w, = 2¢V;)/h. Thus,

I,(t) =1, sin <th + Vi, cos(wyt) + (;50) . (4.149)
Vow,
We now invoke the Bessel function generating relation,
el = N ] (z) e (4.150)

n=—oo
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Figure 4.10: (a) Shapiro spikes in the voltage-biased AC Josephson effect. = The Josephson cur-
rent has a nonzero average only when Vy = nhw;i/2e, where w; is the AC frequency. From
http://cmt.nbi.ku.dk/student_projects/bsc/heiselberg.pdf. (b) Shapiro steps in the current-biased AC Joseph-
son effect.

to write

> v,
Lt)=1.) Jn<V1 -
01

n=—oo

> sin|(w, — nw, )t + ¢g] (4.151)

Thus, I,(t) oscillates in time, except for terms for which

w,=nw; = Vy=n 5y (4.152)
in which case
2eV,
I(t)=11J, (&) sing, (4.153)
huoy

We now add back in the current through the resistor, to obtain

% 2V, .
(I(t)) = R —i—ICJn( oo ) sin ¢

1% 2¢V1\ 2eV, (4.154)
Yo I evy Yo I evy
N D G R e
This feature, depicted in Fig. 4.10(a), is known as Shapiro spikes.
Current-biased AC Josephson effect: When the junction is current-biased, we must solve
rC . ho .
%¢+ﬁ¢+ICSIH¢—I(t) , (4.155)

with I(t) = I + I, cos(w,t). This results in the Shapiro steps shown in Fig. 4.10(b). To analyze this equation, we
write our phase space coordinates on the cylinder as (z;, z,) = (¢, w), and add the forcing term to Eqn. 4.114, viz.

i ()= (- and g0) < (caten)

Ccll—f =V(x)+ef(x,s) |,

(4.156)
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where s = w,t, v = w;/w,,and e = I,/I.. As before, we have j = I,/I.. When ¢ = 0, we have the RCS]
model, which for [j| > 1 has a stable limit cycle and no fixed points. The phase curves for the RCS] model and
the limit cycle for |j| > 1 are depicted in Fig. 4.7. In our case, the forcing term f(zx, s) has the simple form f; =0,
fo = cos(vs), but it could be more complicated and nonlinear in x.

The phenomenon we are studying is called synchronization'’. Linear oscillators perturbed by a harmonic force will
oscillate with the forcing frequency once transients have damped out. Consider, for example, the equation & +
2B +wtx = f, cos(£2t), where 3 > 0 is a damping coefficient. The solution is z(t) = A(£2) cos (2t+8(12)) + (1),
where x,(t) solves the homogeneous equation (i.e. with f, = 0) and decays to zero exponentially at large times.
Nonlinear oscillators, such as the RCS] model under study here, also can be synchronized to the external forcing,
but not necessarily always. In the case of the Duffing oscillator, & + 234 + = + nz3, with 3 > 0 and n > 0, the
origin (z = 0,4 = 0) is still a stable fixed point. In the presence of an external forcing ¢ f, cos(£2t), with 3, n, and
¢ all small, varying the detuning §2 = {2 — 1 (also assumed small) can lead to hysteresis in the amplitude of the
oscillations, but the oscillator is always entrained, i.e. synchronized with the external forcing.

The situation changes considerably if the nonlinear oscillator has no stable fixed point but rather a stable limit
cycle. This is the case, for example, for the van der Pol equation i + 28(2? — 1)@ + = = 0, and it is also the case
for the RCS] model. The limit cycle x(s) has a period, which we call T, so (s + T;;) = x(s). All points on the
limit cycle (LC) are fixed under the Tj-advance map g, , where g,x(s) = x(s + 7). We may parameterize points
along the LC by an angle # which increases uniformly in s, so that § = v, = 27/T,. Furthermore, since each point
z,(0) is a fixed point under g, , and the LC is presumed to be attractive, we may define the 6-isochrone as the
set of points {«} in phase space which flow to #,(f) under repeated application of g, . For an N-dimensional
phase space, the isochrones are (N — 1)-dimensional hypersurfaces. For the RCS] model, which has N = 2, the

isochrones are curves 6 = 0(¢,w) on the (¢, w) cylinder. In particular, the f-isochrone is a curve which intersects
the LC at the point z,(¢). We then have

do_ 5~ 00 da
ds 4= Ox; ds
j=1 "7
(4.157)
Y. 96
Jj=1 "7
If we are close to the LC, we may replace x(s) on the RHS above with x,(6), yielding
j_i — vy +cF(0,5) (4.158)
where
Y o6
F(0,s)=> = (zo(0).5) . (4.159)
g=1 "7l (0)

OK, so now here’s the thing. The function F'(6, s) is separately periodic in both its arguments, so we may write
F(0,s) = > Fy e'®0tws) (4.160)
k.l
where f(xz,s + %) = f(x,s), i.e. v is the forcing frequency. The unperturbed solution has 0 = vy, hence the

forcing term in Eqn. 4.158 is resonant when £, + lv ~ 0. This occurs when v ~ 2 14, where p and ¢ are relatively
prime integers. The resonance condition is satisfied when k = rp and | = —rq for any integer 7.

10See A. Pikovsky, M. Rosenblum, and J. Kurths, Synchronization (Cambridge, 2001).
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Figure 4.11: Left: graphical solution of 1/1 = —0 + e G(¢). Fixed points are only possible if —¢ Giin < § < Gmax.
Right: synchronization region, shown in grey, in the (9, ) plane.

We now separate the resonant from nonresonant terms in the (k, ) sum, writing

O=vy+e Y F,, "™~ L NRT (4.161)

r=—00

where NRT stands for “non-resonant terms”. We next average over short time scales to eliminate these nonreso-
nant terms, and focus on the dynamics of the average phase (§). Defining ¢ = p () — ¢ vs, we have

b =p(0) —qv
=(pvy—qv)+ep Y Fpp g€ (4.162)
=—-0+eGW) ,

where § = qu—pu, is the detuning, and G(¢)) = p Y, F,, _,, € is the sum over resonant terms. This last equation
is that of a simple N = 1 dynamical system on the circle! If the detuning 4 falls within the range [¢G ;.. , €G]/
then ¢ flows to a stable fixed point where § = & G(¢)*). The oscillator is then synchronized with the forcing,
because (4) — Lv. If the detuning is too large and lies outside this range, then there is no synchronization.
Rather, 1/(s) increases linearly with the time s, and (6(t)) = 6, + L vs + % 1 (s), where

- dy -~ dy
dt—ier))_a = Tw—/iaG . (4.163)

For weakly forced, weakly nonlinear oscillators, resonance occurs only for v = £y, but in the case of weakly
forced, strongly nonlinear oscillators, the general resonance condition is v = £1,,. The reason is that in the
case of weakly nonlinear oscillators, the limit cycle is itself harmonic to zeroth order. There are then only two
frequencies in its Fourier decomposition, i.e. £1,,. In the strongly nonlinear case, the limit cycle is decomposed

into a fundamental frequency v, plus all its harmonics. In addition, the forcing f(x, s) can itself can be a general
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periodic function of s, involving multiples of the fundamental forcing frequency v. For the case of the RCS], the
forcing function is harmonic and independent of . This means that only the [ = %1 terms enter in the above
analysis.

4.4 Ultrasonic Attenuation

Recall the electron-phonon Hamiltonian,

T

Hy gy = fngm (@ + %k n) Choo Chro (4.164)
k.k’

o,

1 B .
B VV ngk’/\(a;rc/—k,,\ + ak—k',A) (“k”Ycha —oe " U Vot —o) (U Mg — e’ Vg 'VT—k/ )
k.k

oA

Let’s now compute the phonon lifetime using Fermi’s Golden Rule!l. In the phonon absorption process, a phonon
of wavevector g is absorbed by an electron of wavevector k, converting it into an electron of wavevector k' = k+q.
The net absorption rate of (g, ) phonons is then is given by the rate of

2mn

F;,k\)b: VqA Z ‘9kk/A2
k.k' o

(ugugy — Uk:”k/) fro (1= frrg) 0(Bry = B, = hwgy) O kv qmod G - (4.165)

Here n, is the Bose function and f; _ the Fermi function, and we have assumed that the phonon frequencies are
all smaller than 2A, so we may ignore quasiparticle pair creation and pair annihilation processes. Note that the
electron Fermi factors yield the probability that the state |ko) is occupied while |k’c) is vacant. Mutatis mutandis,
the emission rate of these phonons is!?

2m(ng \ +1)

em , 2 2
= 2 o | (s — o) frog (1= fig) 0(Epy = By, = 10gp) G g gmoa - (4:166)
k.k' o
We then have
dnq/\
where 1
I 2 2
Ygx = 77 Z |91k (s = oo )" (fi, = fir) 0(Bpy = By, = hogn) g ki gmoa & (4.168)

k.k’

is the attenuation rate, and s, is due to spontaneous emission.
We now expand about the Fermi surface, writing
1 dk dk:’ -
S Pl ) Bk = L )/d£ a6 F(6.¢) [ [T ok ~ ke~ ). (4.169)
k.k’ —00 —O00

for any function F'(§,¢’). The integrals over k and k' give

dk' 1k,
/ / —kk—q) = 4ﬁk3-2q o2k, —q) . (4.170)

Here we follow §3.4 of J. R. Schrieffer, Theory of Superconductivity (Benjamin-Cummings, 1964).
12Note the factor of n + 1 in the emission rate, where the additional 1 is due to spontaneous emission. The absorption rate includes only a
factor of n.
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k.o vertex: g, (k,k + q) k+gq.c vertex: g, (k,k + q)

Figure 4.12: Phonon absorption and emission processes.

The step function appears naturally because the constraint kk = kk+q requires that g connect two points
which lie on the metallic Fermi surface, so the largest |g| can be is 2k,. We will drop the step function in the
following expressions, assuming ¢ < 2k, but it is good to remember that it is implicitly present. Thus, ignoring
Umklapp processes, we have

agr = % de dg’ (e — ') (f — ') 6(E' — B — hwgy) - (4.171)

—00 —00

We now use

2
E+¢ [E+¢ \/E—f E —¢
/ N2 _
(el £ 00/) _<\/ o8 2\ 2E \ 2m

4.172
_ EE' + &8+ A? ( :
B EE
and change variables (¢ = EdE/vVE? — A?) to write
9% (1) lggr? ) (BE' = A(f —f)
fgr = 2k2 /dE /dE ST s O B ) (4.173)

We now satisfy the Dirac delta function, which means we eliminate the £’ integral and set £’ = E + hw,, every-
where else in the integrand. Clearly the f — f’ term will be first order in the smallness of /i, so in all other places
we may set £’ = E to lowest order. This simplifies the above expression considerably, and we are left with

2 2 ° 2 2
9° (1) [gga|” Tewgy of 9 (1) |ggal” hwgx
A

where ¢ < 2k, is assumed. For ¢ — 0, we have w,, /¢ — ¢,(g), the phonon velocity.

We may now write the ratio of the phonon attenuation rate in the superconducting and normal states as

(1) _ fa) _ 2 , (4.175)

zN(T) TO) exp(82) +1

The ratio naturally goes to unity at I" = T5c, where A vanishes. Results from early experiments on superconduct-
ing Sn are shown in Fig. 4.13.
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Figure 4.13: Ultrasonic attenuation in tin, compared with predictions of the BCS theory. From R. W. Morse, IBM
Jour. Res. Dev. 6,58 (1963).

4.5 Nuclear Magnetic Relaxation

We start with the hyperfine Hamiltonian,

+ 7 A i i
H,.=A Z Z or(R) o (R {JR Chy Chrp T IR Cpoy Cpor ) T Jr (Ck/r Crrp — Cry. Ckw)} (4.176)
kK’
where Jp, is the nuclear spin operator on nuclear site R, satisfying

s Jo ] =icunJR R 4.177)

and where ¢, (R) is the amplitude of the electronic Bloch wavefunction (with band index suppressed) on the
nuclear site R. Using
Cho = Up Voo — O Uk, et WT_k . (4.178)

_ 1t
we have for Sii = 3 Chopp Oy Chry 1
o f f T —i¢
Sk = Uk Vit My ™ UV Vol Vol T UV € Vit Vo T Ul € g iy

- t T ip T —i¢
Sk = U Uhr Ty Vit — ViVl Ykt V—kry — Yk Yk e’ Vi Yok T Ug Uy € ‘ T ket Vit (4.179)

1 t t i o F A —i¢
Skkr = 3 Z (“k“k ko Vo T UVl Yok —oV k' o — T UV € Vo Vokr —o — T Vgl © Vg -ﬂk/a) :
o

Let’s assume our nuclei are initially spin polarized, and let us calculate the rate 1/7; at which the J* component
of the nuclear spin relaxes. Again appealing to the Golden Rule,

& =27 |A| Z |‘Pk | |<F7k/ )| (ukuk/ + Ukvk/)ka(l - fk/) 5(Ek/ —E, - hw) (4.180)
k. k'
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Figure 4.14: Left: Sketch of NMR relaxation rate 1/7' versus temperature as predicted by BCS theory, with iw ~
0.01 ksT., showing the Hebel-Slichter peak. Right: T} versus T./T in a powdered aluminum sample, from Y.
Masuda and A. G. Redfield, Phys. Rev. 125, 159 (1962). The Hebel-Slichter peak is seen here as a dip.

where w is the nuclear spin precession frequency in the presence of internal or external magnetic fields. Assuming
¢, (R) = C/VV, wewrite V-1 3", — 1g(u) [ d¢ and we appeal to Eqn. 4.172. Note that the coherence factors in
this case give (uu’ + vv')?, as opposed to (uu’ — vv’)? as we found in the case of ultrasonic attenuation (more on
this below). What we then obtain is

1y ict e | E(E + hw) + A? )
7 =20 |4R O % A/ B e e /B 1 fE )] sy

Let’s first evaluate this expression for normal metals, where A = 0. We have

(oo}

— 2 [A] C]" ¢ (n) /ds FE[L = F(€ +hw)] = w AP O]} (1) ko T, (4.182)
0

1,Nn

where we have assumed hw < kT, and used f(£)[1 — f(£)] = —k,T f'(£). The assumption w — 0 is appropriate
because the nuclear magneton is so tiny: y,/k, = 3.66 x 107%K/T, so the nuclear splitting is on the order of mK
even at fields as high as 10 T. The NMR relaxation rate is thus proportional to temperature, a result known as the
Korringa law.

Now let’s evaluate the ratio of NMR relaxation rates in the superconducting and normal states. Assuming /uw <
A, we have

-1 0

s E(E + hw) + A? _of
_2/dE\/E2_A2\/(E+FM)2_A2< 8E) . (4.183)

~

=

~

7N A

We dare not send w — 0 in the integrand, because this would lead to a logarithmic divergence. Numerical
integration shows that for hw < 3k, 7., the above expression has a peak just below T = T.. This is the famous
Hebel-Slichter peak.

These results for acoustic attenuation and spin relaxation exemplify so-called case I and case II responses of the
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superconductor, respectively. In case I, the transition matrix element is proportional to uu’ — vv’, which vanishes
at & = 0. In case II, the transition matrix element is proportional to uu’ + vv'.

4.6 General Theory of BCS Linear Response

Consider a general probe of the superconducting state described by the perturbation Hamiltonian

=33 [Blko |Ko') et + B (Ko ko) et |c], ey, (4.184)
k.o k0’

An example would be ultrasonic attenuation, where

Viira ) =U > b (D) chy - (4.185)
k.k',o

Here ¢(r) = V - u is the deformation of the lattice and U is the deformation potential, with the interaction of the
local deformation with the electrons given by U¢(r) n(r), where n(r) is the total electron number density at 7.
Another example is interaction with microwaves. In this case, the bare dispersion is corrected by p — p + £A,

hence
N eh

pwave (t) =

S (k+K)-Ap ek oy (4.186)

2m*c
k.k' o

where m* is the band mass.

Consider now a general perturbation Hamiltonian of the form

V== (a:()CT + () Cy) (4.187)

where C; are operators labeled by i. We write
¢i(t) = /—d <b (w)e ™" (4.188)
i 5 Pilw)e . .

— 00

According to the general theory of linear response formulated in chapter 2, the power dissipation due to this
perturbation is given by

P(w):—iwsgf(w)@(wwcic;(w)+iw¢31-(w)¢3( W) Xere (~0)
(w) ¢j(—w

L ) “ (4.189)
— i 67 () 65 () R, ¢ () + i 6,(0) 8 (~0) Koo ()

where H = H, + V and C,(t) = ¢'fot/" ¢, ¢=1Hot/h is the operator C, in the interaction representation.
oo

/ dt et ([A(t), BO)]) (4.190)

0

:ﬂ&

Xap(w) =

For our application, we have i = (ko |k'c’) and j = (pu|p/yt'), with Cf = c};g o and € = CL’H’CP,LL , efc. So we
need to compute the response function,

o i W

Rec1@) =1 / t ([l (1) €, (8), € (0) e, 0)] ) (4.191)

0
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OK, so strap in, because this is going to be a bit of a bumpy ride.

We evaluate the commutator in real time and then Fourier transform to the frequency domain. Using Wick’s
theorem for fermions'®,

(cleychey) = (el ey) (e eg) = (el c}) (epey) + (el e)) (ea ) (4.192)
we have

i

Xe,c] t) = ﬁ< [C};/U' (8) g (1), C}Lw (0) prye (O)} > o) (4.193)
- _% |:F]?/g/ (t) FIZU (t) - Flga’ (t) F]?’cr’ (t):| 5p-,k 5p’,k’ 6#,0’ 6#’,0’/

/[; a (&
+ ﬁ |: k/o./(t) Gba_(t) — ka’(t) Gi/a/(t):| UUI 5p)_k/ 5p’,—k 6#770/ 5#/770 5
where, using the Bogoliubov transformation,

+ig T

ke = Uk Tko "7V C Tk -0
PRI o (4.194)
k-0 kV-k—0 TOUE " Tgo >
we find
Fg, () = ~10(t) {ch, (1) ¢q, (0)) = =1 ©(t) {ud Fa/™ f(Ey) +v3 e~ Fat/M[1 - f(E,)]}
FL () = =i O(t) {cgy (£) c}, (0)) = =i O(1) {uge—“%t/ﬁ [1— f(Ey)] +v2eiFat/h f Eq)} w109
Fa, () = ~10(t) (ch, (0) cq, (1)) = ~1©(t) {ud e Fat/™ f(Ey) + v Fat/M[1 - f(E,)] | '
FL (1) = =i O(t) {cqy (0) b, (1)) = =i O(1) {ug ¢Pat/ 1 = f(E)] + v3 e Fat/h f Eq)}
and
Ga,(t) = —i0(t) (ch, (t) el 4 _,(0)) = =i O(t) uyv, e*w{eieq/h f(By) — e FallP[1 - f(Eq)]}
Gfp,(t) =—i0(1t) <cqu(t) c_gq _V(O)> = —i0(t) ugvg e“‘i’{e*E t/h[ f(Eq)} _ e i Eqt/h f(Eq)} 196)
G (1) = =i O(1) (ch (0) ¢y _, (1)) = =i ©(t) ugvg e { Pt/ M [1 = f(By)] — e~ Fat/" f(B,) | '
Ga,(t) = —i0(t) (ch, (0)c y_, (1)) = =i O(t) uyv, e“d){e*mqt/ﬁ f(Ey) —ePa/m[1 - f(Eq)}}
Taking the Fourier transforms, we have'*
rap y_ WS v (1-f) N | v?(1-f)
F(w)_w+E—|—ie+w—E+ie ’ F(w)_w—E+ie+w+E+ie (4.197)
by W= f) v f rap o w(L—f) v’ f
Fb(w)_w—E+ie+w+E+ie ’ Fd(w)_w+E+ie+w—E+ie (4.198)
and
~a - —ig f _ 1_f Acw*uve o) 1_f _ f
Giw) =uve <w—|—E—|—ie w—E—i—ie) » GHw) = " <w—E—|—ie w+E+z’e> (4.199)
P (w) =uvet® it} — / > 2w =uve i¢< / — it} >
Gw) = ! (w—l—E—i—ie w— FE +ie W)= ' w+E+ie w—FE+ie - (4200)

13Wick’s theorem is valid when taking expectation values in Slater determinant states.
14Here we are being somewhat loose and have set i = 1 to avoid needless notational complication. We shall restore the proper units at the
end of our calculation.
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Using the result that the Fourier transform of a product is a convolution of Fourier transforms, we have from Eqn.
4.193,

oo

. ) dv 7. . “a .
$0,01 (@) = 7 0 kB by Ty O / - [Fka(y) Bl (w—v)— B8 () EL (w—v)
i [dv [aw oA . i
+ 3 0p b Opr, ko 5,,,_0_/% [ ¢ W)GY, (w—v) =G (V)G (w— y)} . (4.201)

The integrals are easily done via the contour method. For example, one has

oo

Tdv . - dv u? f v2(1—f) w2 (1—f") v'2 f!
i | — Fy Fl (w—v)=—[—
2/271' ko (V) Fioor (W =) /271'2' (V—E+ie+1/—|—E+ie)(w—y+E’+ie+w—V—E’+ie)

— 0o — 0o

N u2 u/2 (1 o ,f) f/ N ,02 u/2 ff/ N u2 ,U/2 (1 o f)(l _ f/) N v2 1/2 f(l _ f/)

4.202
w+E—-E +ie w—FE—FE +ie w+ E+ E' +ie w—E+E' +ie ( )
One then finds (with proper units restored),
) wu'? (f — f) v (f = f)
Xe,0 @) = O Opr O O o <fm “E+E +ic hw+E—E +ie
’LL21)/2 (1 _ f - f/) _ ,UQUIQ (1 - f - f/) (4 203)
hw+E+E'+ie hw—FE—E +ie '
- f—f
+5P=k'5P'=ké"’_”'5""_”<M—E+E’+ie hw+ E — E' + ie
+ 1_f_f/ _ 1_f_fl wou'v oo’
hw+E+E +ie hw—E—E +ie

We are almost done. Note that C; = c};,g,ckg means Cj = c};gck,g, , hence once we have y c.cl (w) we can easily
obtain from it ¥ crot (w) and the other response functions in Eqn. 4.189, simply by permuting the wavevector and

spin labels.

4.6.1 Caseland case II probes

The last remaining piece in the derivation is to note that, for virtually all cases of interest,
00'B(—k' —d'| —k —0)=nB(ko|K'd') |, (4.204)

where B(ko | k'c’) is the transition matrix element in the original fermionic (i.e. ‘pre-Bogoliubov’) representation,
from Eqn. 4.184, and where 7 = +1 (case I) or n = —1 (case II). The eigenvalue 7 tells us how the perturbation
Hamiltonian transforms under the combined operations of time reversal and particle-hole transformation. The
action of time reversal is

Tlko)=0| -k —-0) = c;fw—>crcT_k_U (4.205)
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The particle-hole transformation sends c};g — ¢, - Thus, under the combined operation,

Z Z B(ko |K'd") c};a Chrgr = — Z Z oo’ B(-k' —d'| —k — o) c;fw Cperyr + CODSE.

k.o k', o’ k.o k', 0’

— —nz Z B(ko |K'o')c}, c;,,, + const.
k,oc ko’

(4.206)

If we can write B(ko | k'o’) = B, /(§;,, &}, ), then, further assuming that our perturbation corresponds to a definite
7, we have that the power dissipated is

P:

SIS

P 7dw w7d§ /Oodg' B, (£,€; w)’2{ (! =o' )? (f = 1) [6(7% +E—F)+6(hw+E — E)}

-0 —OoQ

+ 2w + )2 (L= f— f) {é(hw —E—-F)-4(hw+E+ E')} } . (4.207)

The coherence factors entering the above expression are

2
! — o) = & \/E+5 E+¢ \/E—s E —¢\ _EE & —nA°
Ss\uu — Nuu = — — =
2 K 2 o V2 W 2E V 2m 2EE
) (4.208)
L unf 4 o)? = - \/E+£ B¢ \/E—s B &\ _ BE - +yA?
2 =g o8 V2 "W eE VoE | T SEE
Integrating over ¢ and ¢’ kills the £¢’ terms, and we define the coherence factors
EE —nA? ~ EE' 4 nA?
/ = @ @ 4 = @@ @ @@ @ @ - —
F(B,E'\A) = =] . F(BEA) = — 1-F . (4.209)

The behavior of F(E, E', A) is summarized in Tab. 4.1. If we approximate B, _,(¢,¢';w) ~ B, _,(0,0;w), and we

define |B(w)|> = Y2,/ |Byor (0,0;w) ", then we have

oo

P= /dw IBw)|* P(w) , (4.210)
where 7
Plw) = w/OOdE OOdE’ . (E) 7y (E) {F(E, ELA)(f - ) [5(7% +E—E)+6(hw+ E — E)] 4.211)
A A
+F(B,E,A)(1—f—f) [5(m—E—E') —5(m+E+E')]} :
with
ny(F) = \/’% O(E? - A?) (4.212)

which is the superconducting density of states from Eqn. 4.76. Note that the coherence factor for quasiparticle
scattering is /', while that for quasiparticle pair creation or annihilation is /' =1 — F.
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case  |hw < 2Ahw > 2A|hw ~ 2Ahw > 2A
Ip=+1)| F~0 | Frl | Fr1 | Fxl
Hnp=-1)| Fr1 | FrL | Fro0 | Fxl

Table 4.1: Frequency dependence of the BCS coherence factors F(E, E + hw, A) and F(E,hw— E,A) for E ~ A.

4.6.2 Electromagnetic absorption

The interaction of light and matter is given in Eqn. 4.186. We have

B(ko |K'o') = ;h

(k+k) Ay 0 (4.213)

me oo’ ’

from which we see
o0’ B(-k' —o¢'| —k —0)=—B(ko |k'0") |, (4.214)

hence we haven = —1,i.e. casell. Let’sset T = 0,so f = f’ = 0. We see from Eqn. 4.211 that P(w) = 0 for w < 2A.

We then have
hw—A

E(hw — E) — A?
P(w) = 2 g*(n) / dE ( ) (4.215)
1 (B =82 (- B)? - A2)
If we set A = 0, we obtain P, (w) = $w?. The ratio between superconducting and normal values is
() e E(hw — B) — A?
N1s\@) _ Pelw) 1 /dE (o B) (4.216)
GI,N(W) PN (w) w

A (B2 82) (- B)? - A2)

where o, (w) is the real (dissipative) part of the conductivity. The result can be obtained in closed form in terms of
elliptic integrals'®, and is

ns@) (1 D g(lo) D2 (o) (4.217)
oy (W) x 1+ x 1+
where 2 = hw/2A. The imaginary part o, ;(w) may then be obtained by Kramers-Kronig transform, and is
oys(w) 1 1 2/ 1 1 2,/
alyN(w)_2<1+:zr)E(1+x> 2(1 x) K(l—i—:z: ' (4.218)
The conductivity sum rule,
7 2
e

0

is satisfied in translation-invariant systems'®. In a superconductor, when the gap opens, the spectral weight in the
region w € (0,2A) for case I probes shifts to the w > 2A region. One finds lim,, o5+ Ps(w)/P(w) = 3. Case II
probes, however, lose spectral weight in the w > 2A region in addition to developing a spectral gap. The missing
spectral weight emerges as a delta function peak at zero frequency. The London equation j = —(c/47),) A gives

02

—iwo(w) Bw) = —iwjw) = -5

Ew) |, (4.220)

15See D. C. Mattis and J. Bardeen, Phys. Rev. 111, 412 (1958).
16Neglecting interband transitions, the conductivity sum rule is satisfied under replacement of the electron mass m by the band mass m*.
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Figure 4.15: Left: real (0,) and imaginary (o3) parts of the conductivity of a superconductor, normalized by the
metallic value of o7 just above T... From J. R. Schrieffer, Theory of Superconductivity. Right: ratio of Ps(w)/Py(w)
for case I (blue) and case II (red) probes.

which says
0 (C") 02 : Q 5((“‘) (4 221)
4m AE w ’ '

where @ is as yet unknown!”. We can determine the value of ) via Kramers-Kronig, viz.

oy(w) = — P / LG (4.222)
TV—w
where P denotes principal part. Thus,
c? Tdv I(v) Q c?
- = . == = , 4.22
eI Q/wz/—w - 7 YT (4.223)

Thus, the full London o(w) = 04 (w) + i0,(w) may be written as

o(w) = lim G {5(w) + L} . (4.224)

=0+ A\, € —imw 4\, W

Note that the London form for ¢, (w) includes only the delta-function and none of the structure due to thermally
excited quasiparticles (w < 2A) or pair-breaking (w > 2A). Nota bene: while the real part of the conductivity
0, (w) includes a §(w) piece which is finite below 2A, because it lies at zero frequency, it does not result in any
energy dissipation. It is also important to note that the electrodynamic response in London theory is purely local.
The actual electromagnetic response kernel K, (¢, w) computed using BCS theory is g-dependent, even at w = 0.
This says that a magnetic field B(x) will induce screening currents at positions =’ which are not too distant from
x. The relevant length scale here turns out to be the coherence length &, = hv, /7 (at zero temperature).

At finite temperature, o, (w,T') exhibits a Hebel-Slichter peak, also known as the coherence peak. Examples from
two presumably non-s-wave superconductors are shown in Fig. 4.16.

7Note that w §(w) = 0 when multiplied by any nonsingular function in an integrand.
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Figure 4.16: Real part of the conductivity oq(w,T’) in CeColn; (left; T, = 2.25K) and in YBayCusOg.g93 (right;
T. = 89K), each showing a coherence peak versus temperature over a range of low frequencies. Inset at right
shows predictions for s-wave BCS superconductors. Both these materials are believed to involve a more exotic
pairing structure. From C. J. S. Truncik et al., Nature Comm. 4, 2477 (2013).

Impurities and translational invariance

Observant students may notice that our derivation of o(w) makes no sense. The reason is that B(ko | k'c’)
(k+k')-A,; ., whichis not of the form B, ., (¢, ). For an electromagnetic field of frequency w, the wavevector
¢ = w/c may be taken to be ¢ — 0, since the wavelength of light in the relevant range (optical frequencies and
below) is enormous on the scale of the Fermi wavelength of electrons in the metallic phase. We then have that
k = K’ + q, in which case the coherence factor u,v,, — v, u,, vanishes as ¢ — 0 and o, (w) vanishes as well! This
is because in the absence of translational symmetry breaking due to impurities, the current operator j commutes
with the Hamiltonian, hence matrix elements of the perturbation j - A cannot cause any electronic transitions,
and therefore there can be no dissipation. But this is not quite right, because the crystalline potential itself breaks
translational invariance. What is true is this: with no disorder, the dissipative conductivity o (w) vanishes on frequency
scales below those corresponding to interband transitions. Of course, this is also true in the metallic phase as well.

As shown by Mattis and Bardeen, if we relax the condition of momentum conservation, which is appropriate in
the presence of impurities which break translational invariance, then we basically arrive back at the condition
B(ko |k'0") = B, (&, &) One might well wonder whether we should be classifying perturbation operators
by the 7 parity in the presence of impurities, but provided A7 <« &, the Mattis-Bardeen result, which we have
derived above, is correct.

4.7 Electromagnetic Response of Superconductors

Here we follow chapter 8 of Schrieffer, Theory of Superconductivity. In chapter 2 the lecture notes, we derived
the linear response result,

(Ju(x, 1)) = ——/d3 ’/dt’ (x,t x' t') A" (z',t) | (4.225)
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where j(z, t) is the electrical current density, which is a sum of paramagnetic and diamagnetic contributions, viz.

(4R ( /d3 ’/dt’ (z,1), j0(x',t)]) O —t') A (2', 1)
(4.226)
<33<w t>> = (i@ ) A (@) (1= b0)
with j5(x) = ce n(z). We then conclude'®
4T , )
K, (xt;z't') = = <[j£(m,f),]§(w',t')} > ot —t)
(4.227)
dre .
ST (B, 1) 8 — @) 8(t — ) B (1= 5y0)
In Fourier space, we may write
K, (a.t) Kj, (q:t)
47 - - 4drne?
Ko (@:1) == ([78(a,0,75(=4,0)] ) O(1) + —g- (1) 8,0, (1 = b,) (4.228)
where the paramagnetic current operator is
. eh
3@ == (k+39) 6y g - (4.229)
k.o

The calculation of the electromagnetic response kernel K, (q,w) is tedious, but it yields all we need to know
about the electromagnetic response of superconductors. For example, if we work in a gauge where A” = 0, we
have E(w) = iwA(w)/c and hence the conductivity tensor is

202

0ij(q,w) = —Kij(q,w) (4.230)

W

where i and j are spatial indices. Using the results of §4.6, the diamagnetic response kernel at w = 0 is

mhe? 3
K%<qaw=0>=—ﬂ/(dk (ki + 30) (k; +30)) Lk, @), (4.231)

me? 2m)3

where

L(kv(I) =

<EkEk+q = &8krg AkAk+q> (1 — f(Ey) — f(Ek+q)>

2B, Byt q By + By, + e

N <EkEk+q T &lhrg T AkAkJrq) <f(Ek+q) - f(Ek)>
2B,y By — Bypq + i€

(4.232)

AtT =0, we have f(E,) = f(Ek+q) = 0, and only the first term contributes. As g — 0, we have L(k,q — 0) =0
because the coherence factor vanishes while the energy denominator remains finite. Thus, only the diamagnetic
response remains, and at 7' = 0 we therefore have

5.

lim 70,5(a,0) = 35 (4.233)
L

18We use a Minkowski metric g"¥ = 9uv = diag(—, 4+, +, +) to raise and lower indices.
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This should be purely transverse, but it is not — a defect of our mean field calculation. This can be repaired, but
for our purposes it suffices to take the transverse part, i.e.

8. —G.d.
. _ 1] 11y
Thus, as long as A, is finite, the w — 0 conductivity diverges.
At finite temperature, we have
i Lk, = —2L| =L pm - f(B)] (4.235)
- ’ OE|p_p, kT k kI '
hence
2 3 Ey/kpT
élﬂ%Kfj(q,w: )__TSLZST/(;I; i Ee/k TB 2
» C ) (4.236)
47ne? ng(T)
 mch {1_ n }6” ’
where n = k2 /372 is the total electron number density, and
25 7 BE,
n() BB [ e —c = =i () (4.237)
n mig (@5 1 1) n
0
where -
h? of
T) = dk k* (- =% 4.2
(1) = g fari ( aE)E_E (4238)
0 k
is the normal fluid density. Expanding about k = k., where — % is sharply peaked at low temperatures, we find
h2 & L[ Of
Wﬂ—%ﬂ/wkaaﬁ
(4.239)

B2 T ( 0f\ . [ of
—mmwﬁﬂjﬂﬂﬁﬂﬁﬂ,
0 0

which agrees precisely with what we found in Eqn. 3.136. Note that when the gap vanishes at T, the integral
yields 3, and thus n, (T..) = n, as expected.

There is a slick argument, due to Landau, which yields this result. Suppose a superflow is established at some
velocity v. In steady state, any normal current will be damped out, and the electrical current will be j = —engv.
Now hop on a frame moving with the supercurrent. The superflow in the moving frame is stationary, so the
current is due to normal electrons (quasiparticles), and j' = —en,(—v) = +en,v. That is, the normal particles
which were at rest in the lab frame move with velocity —v in the frame of the superflow, which we denote with a
prime. The quasiparticle distribution in this primed frame is

1
[
fka - eB(Ek+hv'k) 1 ) (4240)
since, for a Galilean-invariant system, which we are assuming, the energy is
E' =E+v-P+iMv’

= Z (Ek + hk - 'U) Ny + %M'UQ ) (4.241)
k,o
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Expanding now in v,

i eh of(E
Zf,w :——VZ { (Ey,) + hk - v ];(E)EE +}
k,o "k

dkk4< 3f> = en,v ,
OF ) p_g

(4.242)

| 2k2 d3l<: 2 (_0f
~ 3m ) (2n) 0E 37T2m

0
yielding the exact same expression for n,, (7). So we conclude that \? = mc?/4mn (T)e*, with n, (T = 0) = n and
ng(T > T,) = 0. The difference n (0) — n (7T') is exponentially small in A /k,T for small T

Microwave absorption measurements usually focus on the quantity A (T) — A, (0). A piece of superconductor
effectively changes the volume — and hence the resonant frequency — of the cavity in which it is placed. Measuring
the cavity resonance frequency shift Aw, ., as a function of temperature allows for a determination of the difference
AN (T) X Aw,os(T).

res (

Note that anything but an exponential dependence of Aln A\, on 1/T indicates that there are low-lying quasipar-
ticle excitations. The superconducting density of states is then replaced by

o [ 2
47 ~ A2(k

where the gap A(k) depends on direction in k-space. If g(E) o< E* as E — 0, then

— A%(k)) (4.243)

n,(T) / dE g4(E) (— g—g) T (4.244)
0

in contrast to the exponential exp(—A/k,T) dependence for the s-wave (full gap) case. For example, if
A(lzz) = A, sin"0e™ o< Ay Y, (0,0) (4.245)

then we find g,(E) o E?/". For n = 2 we would then predict a linear dependence of Aln A, (T) on T at low

temperatures. Of course it is also possible to have line nodes of the gap function, e.g. A(k) = A, (3cos?6 — 1)
Ay Yoo (0, @)

EXERCISE: Compute the energy dependence of g,(E) when the gap function has line nodes.



