Chapter 3

Symmetries

A famous theorem of Wigner shows that symmetries in a quantum theory must
correspond to either unitary or anti-unitary operators. It seems fit to start with
a review of what is meant by this. We will then proceed to study continuous
symmetries, all represented by unitary operators. We will then turn our attention
to discrete symmetries. It is then, in presenting time-reversal symmetry, that we
will encounter anti-unitary operators.

3.1 Review of unitary and anti-unitary operators

The bra/ket notation is not quite suitable for anti-linear operators. So for this
section we use the following notation:

e States are denoted by wave-functions: ¥, ...
e c-numbers are lowercase latin letters: a,b, ...
e Operators are uppercase: A, B,..., U, V,...,Q, ...

e Inner product and norm: (¢, x) and [[¢|* = (¢, %)
An operator A is linear if A(at) + by) = aA) + bAx. The hermitian conjugate A
of an operator A, is such that for all y,
(6 ATY) = (Ax, ¥).

This is consistent only if A is linear:

(A(at) + bx), p) = () + by, ATp)
“(1, ATp) + 0" (x, ATp)
“(Avp, p) + 0 (Ax, p)
aAy + bAy, p)

—

I
SIS

—

34
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for any p.
An invertible operator U is unitary if

(U, Ux) = (¢, x)  (and therefore [Uy[| = [|5]]).

Unitary operators are linear. Proof:

U (ay) + bx) — aUy — bUX||* = [[U(ath + bx)||* ~2Re [a(U (at) + bx), Us)]
— 2Re [b(U(ath + bx), Ux)] + |a|* [T +[b]* |Ux]|?
= [l + bx|[* —2Re [a(ay) + bx, ©)]
— 2Re [b(av) + by, X)) + [af* [ +[6] [Ix]*
=0
where we have used unitarity in going form the first to the second line and we have
expanded all terms in going from the second to the third line. Since only zero has

zero norm we have U (a4 bx) —aU® — bU = 0, completing the proof. The inverse
of a unitary operator is its hermitian conjugate:

(W, U 'x) = (U, UU X)) = (U, x) = (4, U'X)

for any v, x.
An invertible operator € is anti-unitary if for all ¢, x

(Q, Qx) = (x, V) (notice inverted order).
An operator i is anti-linear if for all ¥, x
d(ay) + byx) = ™8y + b*dyx

Anti-unitary operators are anti-linear. The proof is the same as in linearity of
unitary operators, ||Q(ah + bx) — a*Qu 4+ b*Qx||* = 0. Example: the complex
conjugation operator, €2.. Clearly

Qc(aw + bX) = Q*ch + b*QCX and (Qc¢7 QCX) = (Xa 1/}) :

You can show that the products UiUs and Q189 of two unitary or two anti-
unitary operators are unitary operators, while the products U2 and QU of a unitary
and an anti-unitary operators are anti-unitary.

Symmetries What properties are required of operator symmetries in QM? If A
is an operator on the Hilbert space, F = {¢}, then it is a symmetry transformation
if it preserves probabilities, (A, Ax)|> = |(¥, x)|?. Wigner showed that the only
two possibilities are A is unitary or anti-unitary.
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Symmetry transformations as action on operators: for unitary operators, the
symmetry transformation ¢ — U1, for all states, gives

(¥, Ax) — (U, AUx) = (¢, UTAU )

So we can transform instead operators, via A — Ut AU. For anti-unitary operators
the hermitian conjugate is not defined, so we do not have “Qf = Q=1 But

(1, Ax) = (), AQx) = (271 AQx, Q') = (¥, (271 AQ)Tx) ,
which is not very useful. For expectation values of observables, AT = A,
(¥, A) — (Q, AQY) = (A, Q) = (¥, Q1 AQY)

and in this limited sense, A — Q=1 AQ.

3.2 Continuous symmetries, Generators

Consider a family of unitary transformations, U(s), where s is a real number in-
dexing the unitary operators. We assume U(0) = 1, the identity operator. Fur-
thermore, assume U(s) is continuous, differentiable. Then expanding about zero,

Ule) = 1+ ieT + O(e?) (3.1)

UE)U@E) =1=1—ieTH(A+ieT) +O(?) = Ti=T (3.2)
o dU(s)

irT=— » (3.3)

The operator 7' is called a symmetry generator.
Now, the product of N transformations is a transformation, so consider

(1 —l—z’%T)N

In the limit N — oo, (l + Z%T) is unitary , and therefore so is (1 + i%T)N. This
is a vulgarized version of the exponential map,

U(s) = lim (1 + i%T)N =T

N—o0

Note that -
U(s)1U(s) = e #TelT =1,

as it should. Also, A — U(s)TAU(s) becomes, for s = ¢ infinitesimal,

A— A+ie[AT] or 0A =ie[A,T].
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A symmetry of the Hamiltonian has
U(s)'HU(s)=H = [H,T]=0.
Since for any operator (in the Heisenberg picture)

dA 8A
dt = [H, 4]+ 815

we have that a symmetry generator 7' is a constant, dT'/dt = 0 (T'(t) has no
explicit time dependence). Conversely a constant hermitian operator 7' defines a
symmetry:

dT/dt =0 = [H,T]=0 =e “THT =H.

Let’s connect this to symmetries of a Lagrangian density (or, more precisely, of
the action integral).

3.3 Noether’s Theorem

Consider a Lagrangian L(t) = [ 3z L(¢?, 0,¢"), where the Lagrangian density is
a function of N real ﬁelds (ba a=1,...,N. We investigate the effect of a putative
symmetry transformation

O — ¢ = ¢% + 09", where §¢* = eD® b,

with € an infinitesimal parameter and (D¢)* = D%’ is a linear operator on the
collection of fields (and may contain derivatives). Consider then L(¢'*,d,¢'*).
Suppose that by explicit computation we find

0L = L(¢') — L($) = €0, F"

that is, that the variation of the Lagrangian density vanishes up to a derivative, the
divergence of a four-vector. We do not require that the variation of £ vanishes since
we want invariance of the action integral, to which total derivatives contribute only
vanishing surface terms. For any variation d¢, not necessarily of the form displayed
above,
oL
5 a 5¢a a

(% d(0up) "
If ¢* are solutions to the equations of motion, the first term can be rewritten and
the two terms combined,

Y o . or .
oL :a“<< <z>a>)‘5¢ 80,00 00" = <a<au¢a>‘5¢>'

E_9,56°.
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Using the variation that by assumption vanishes up to a total derivative we have

oL
o, F* =9, [ ———D® b>
W= 0 <a<au¢>a> i
so that
JH = iD“%b — F*  satisfies 9,J* =0.
0(0,0%) "

This is Noether’s theorem. Note that this can be written in terms of a generalized
momentum conjugate, J, = ﬂZD“%b — Fu. Since J# is a conserved current, the
spatial integral of the time component is a conserved “charge,”

dT

T:/d?’xJO has — =0.

dt
The conserved charge is nothing but the generator of a continuous symmetry. We
can show from its definition that it commutes with the Hamiltonian.

Let’s look at some examples:

Translations The transformation is induced by z# — x* + ea*. Clearly
0L =ed'O L = Fl=ad'L.
But £ = L(xz), is a function of z* only through its dependence on ¢%(z), so

¢ = ea'0,0" = J‘g =71"a"0,¢% — "L = a, (7O — ' L) .

(a)

Since a” is arbitrary, we can choose it to be alternatively along the direction of
any of the four independent directions of space-time, and we then have in fact four
independently conserved currents:

THY _ ﬂ_a,ual/gi)a N n,uz/["

This is the energy and momentum tensor, also known as the stress-energy tensor.
The first index refers to the conserved current and the second labels which of the
four currents.

The conserved “charges” are

Pt = /deTO".

They are associated with the transformation * — = + a and hence they are mo-
menta. For example,

PO = /d%(wwa—z) = /d%’H:H
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as expected.
Example: In our Klein-Gordon field theory

L=10.0)%— im*¢? (3.4)
oL

o = 500,9) ) (3.5)

= TH = h¢pd" ¢ — n'’ L (3.6)

We can verify this is conserved, by using equations of motion,

DT = 00" § + 0" 90" 0 — 0" (5(0u0)° — §m*¢?)
= —m?¢0" )+ 0"60" 9 — 0" 0" 06 + m*$0" ¢
=0

Compute now the conserved 4-momentum operator in terms of creation and anni-
hilation operators. For the temporal component, P® = H, the computation was
done in the previous chapter. For the spatial components we have

so that

P' = / 3z 8,09' ¢
/d3 / (dk")(dk) | —iby )( e~k _a%/éik’.x)][(_iki)(agefik-:p _ al’%eik-x)]
/ (dk")(dk) (—iEg, ) (—ik") [((27@35( (k' + E)aglalge—i(E,;/-i-EE)t —I-h.c.)

,aEe —UBg—Ep)t 4 h.c.)}

- ((27r)3(5(3)(k Fag

_ 1 i 2Bt | ot o2Ept 4 ot i
= 2/(dk)k: [aEa_Ee Pt azal e +azag +akaﬁ}

In the last line the first two terms are odd under k — —Fk so they vanish upon
integration and we finally have

It follows that

— -

[P,al] = kol sothat  PM[k) = kM[k).
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Lorentz Transformations The transformation of states was introduced earlier,
U(A)|p) = |Ap). Assuming the vacuum state is invariant under Lorentz trans-
formations we then may take U(A)a;U(A)T = O‘j\ﬁ and U(A)azU(A)T = app.
Therefore

UM)g(@)U(A) = 6(Az) or UM)'o(x)UN) = (A 2)

Let A*, = 6%, + ewt, with € infinitesimal. Then w*” = —w"", and therefore
has 4 x 3/2 = 6 independent components, three for rotations (w*) and three for
boosts (w%). We assume £ = L(¢,9,¢) is Lorentz invariant. What does this
mean? For scalar fields ¢(x) — ¢'(z) = ¢(A~'x) = ¢(2) and by the chain rule
(') = 9,20\ p(z') = (A=), 05 (') = A, 0L p(a'), which gives

L(9,8u0) = L = L(¢(2), 8,9 (2)) = L((a"), ud(a')) = L(6(a"), A Oyo(2")) -

Invariance means £’ has the same functional dependence as £ but in terms of 2/,
that is, £ is a scalar, L(x) — L'(x) = L(2'). This gives

L(p(2'), M A (2") = L(p(2"), 0),6(2')) .

For example, 7" 9,00,¢ — n* A, M\, 70,006 = 1 04¢0.¢ works, but not so
at0,¢ for constant vector a* since a* does not transform (it is a fixed constant).
We assume L is Lorentz invariant and compute:

dp = Pp(at — ewt ,2") — Pp(at) = —ewt 2" Oy = —ew" x,0,,¢
0L = —ew2,0,L = — [0y (e x, L) — ew! ' L] = =0y (ew 'z, L)

and then the conserved currents are

J(‘ZJ) = — W 2,00 + Wz, L

= —w)‘g(ﬂ'“ng))\qb — H\xo L)
or, since w"” is arbitrary, we have six conserved currents,

MMA = (W“:p”a)‘ — n“A:CVE) — V& A
= gVTH — AT
This has
MI/)\ — /d3$ MOV)\

as generator of rotations (M%) and boosts (M%).
Comments:
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(i)

(i)

The expression for MM is specific for scalar fields since we have used
UN(A)p(x)U(A) = ¢(A~x). This defines scalar fields. We expect, for ex-
ample, that a vector field, A*(x) will transform like 0" ¢(x),

UN(A)AL(2)U(A) = A ANATZ) or UN)TAM(2)U(A) = A¥yANA )
Then

SAF = (6", + ewh ) A(z? — ewpx”) — AP (x)
= —e[w)‘c,x"(%\A“ — wh, A" ]
—_———— N———
as before new term

This then gives a new term in J& ) of the form %(w‘”’&,) leading to an
additional term in MY,

oL oL
AMHPY = e AV — e AP
(9,A,) 0(9,AL)
oL
= ———A7(6F6Y — 5P 6% 3.7
a(aﬂA)\) ( Ao o /\) ( )

There is a generalization of the matrices (ZP¥)y, = 6505 — 0565 to the case of
fields other than vectors, that is, fields that have other Lorentz transforma-
tions, like sping fields. The generalization has (Z")x, — (Z)ap, Where pv
labels the matrices and ab give the specific matrix elements with a, b running
over the number of components of the new type of field. The matrices ZF"
satisfy the same commutation relations as M. We will explore this in more
detail later. For now, the important point is that physically we have a clear
interpretation:
MWI = g IR g AMMI
—_——— N

orbital ang mom €“kL*  intrinsic ang mom (spin) €*/*S¥

The conserved quantities M% are angular momentum. What are M%? To
get some understanding consider a classical “field” for point particles, with

70 _ Zp:‘l(;(i%) (£ — Zp(t)) sothat P'= ZPZ
n n
Then we can compute

M = / Pz (T — ' TY) = " (@hph — alpy) = 9* Y L
n

n
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as expected. Turning to the mysterious components,

MY = /d3x (207 — 2790 = 20" — /d?’a: T

We can now see what conservation of M%, namely dj‘dj—tm = 0, gives:
i d 3. ,.iqr00
0=P —— [ d°z2'T
dt

The quantity [ d3x 2T is a relativistic generalization of center of mass,
say, a “center of energy.” This can be seen from 7% being an energy density,
so that when all particles are at rest it corresponds to the mass density. So
conservation of MY means that the center of energy motion is given by the
total momentum. This is the relativistic analogue of P = MV where P is
the total momentum of the system, M its total mass and V' the velocity of
the center of mass. In the relativistic case we have that

Pl 4 [ g3y 00

ﬁ = VelOCity of “C.M.” = dtfPO
That the “C.M.” moves with a constant speed is a relativistic conservation
law.

3.4 Internal Symmetries

We have discussed symmetries that have to be present in any of the models we
will care about: invariance under translations and under Lorentz transformations,
or Poincare invariance. These symmetries transform fields at one space-time point
to fields at other space-time points. In this sense they are geometrical. But there
may be, in addition, symmetries that transform fields at the same space-time point.
These are not generic, they are specific to each model. They are called internal
symmetries. The name comes from the associated conserved quantities giving
“internal” characteristics fo the particles. For example, baryon number or isotopic
spin are symmetries and they are associated with the baryon number or the isotopic
spin of particles.
Let’s study a simple example. Consider a model with two real scalar fields,

2 2
L= 50"6n0udn - V(D o)
n=1

n=1

This satisfies £(¢,) = L(¢n) where

¢y (z) = cos 01 (x) — sin ()
Ph(x) = sin ¢ (x) + cos O (z)
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or more concisely

3= n3, where = (910) anan=(Gnf W) ey

so that invariance is just the statement that the length of a two dimensional vector
is invariant under rotations, (R7) - (RF) = 7 - . Note that RTR = 1. The set
of symmetry transformations form a group, O(2); the rotations given explicitly in
(3.8) have determinant +1 and tehy form the group SO(2). For this discussion we
focus on transformations that can be reached from 1 continuously, so we restrict
our attention to SO(2). Setting # = € infinitesimal in (3.8),

0

R:1—|—e<1

—01> =1+€eD and 5¢n = €Dnm¢m

Under this transformation §C'L = 0. By Noether’s theorem

— VN
JH = TH Dby = mhp1 — o = $10" P — ¢1 0 Fpa = ¢p1 0 Fpo

is a conserved current.
To check that the current is conserved we need equations of motion,

pn +2V'¢, =0

Then
T, = 10%¢2 — (0%¢1) 2 = ¢1(2V 2) — (2V'h1)p2 = 0

The conserved charge is

Q= [ @ (ndion - 62061) = [ s (0rms — oam) (39)
For the QFT at a fixed time, say ¢t = 0, we have (equal-time) commutation relations
i[7n(Z), pm (@)] = Sumo S (@ — &)
and the others (¢-¢ and 7-m) vanish. It follows that
Q@) = [ 5 (0@ )mald) — 6ol (@), (7)) = i62(2)

and similarly
[Q, ¢2(F)] = —id1(Z).
Together

Q60(@)] = Db () = —i2060(F)  or  660(7) = il Q. 6u(F)].
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Since @ is time independent (commutes with H), §¢n, (7, 1) = i€[Q, pn(Z, 1)].
This is in fact a very general result: if d¢, = Dy, is a symmetry of £ then
the Noether charge Q associated with it has, in the QFT, d¢, (%, t) = i[Q, ¢n(Z, t)].
In order to better understand the physical content of this conserved charge,
let’s solve the eigensystem for D:

(0 o)ere = x5l

Therefore we define the field

1 — i
TR
We do not define a separate field for L\/g’b since this is just 1! (classically this

would be 1*, but recall we are dealing with operators in the quantum theory).
Then,

Q. 9] = J5(ig2 —i(—igr)) = —¢  and [Q.91] = J5(i92 +i(~ig1)) = ¢

So 1 has charge —1 while ¢ has charge 41. This is better seen from the rotation
by a finite amount,

= % [(cosOp1 — sinbepa) — i (sinfpy1 + cos Oea)]
7 V2

Y — ey and P — eyl (3.10)

displaying again that 1 (¢T) has charge +1(—1). The set of transformations by
unitary n x n matrices form a group, U(n). The transformations in (3.10) are by
1 x 1 unitary matrices (the phases e'f). So the symmetry group is U(1). Since we
already knew the symmetry group is SO(2) we see that these groups are really the
same ( isomorphic). In terms of ¢ the classical Lagrangian density is

L=0,070" = V(™)

exhibiting the symmetry under (3.10) quite explicitly.

We can get some further insights by inspecting the action of @) on states. For
this we need to expand the fields in terms of creation and annihilation operators
but we do not know how to do that for interacting theories (that is, for general
“potential” V'), nor do we know how to do that for complex fields 1. So let’s take
V = sm?%(¢? + ¢3) and analyze in terms of real fields. We have

or simply

dn () = / (dk) (e*ik'xaﬁ o+ ek’”a;in>

)
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Plugging this in (3.9) and computing we get
_ f t
Q=1 [ (dk) (aE,2aE,1 o aE,laE,z)

If we label the particles by an “internal” quantum number, |k,1) = aTE 1\0> and

ooy — o f
|k,2) = aE72\0>, then

Qk, 1) =ilk,2), Qlk,2)=ilk,1)

just like the transformation of the fields. This gives relations between probability
amplitudes. For this it is important that [Q, H] = 0 (which we know holds, but
you can verify explicitly for @ and H in terms of creation/annihilation operators).
The relation obtained by an infinitesimal transformation is of the form

(Wrle™™ Q) = ((1hr|Q) e |ahi)

relating the amplitude for Q|1);) to evolve into [1¢) in time ¢, to the amplitude for
|1h;) to evolve into Q|y) in the same time. The finite rotation version of this is

(Wrle ;) = (1hylee PR 9 ;) = (hs|e 0L R yy;) = (| [1)])

where [') = €"9Q|4).
Going back to complex fields we have

Pt

o~ — 10 oL — o

w(m):/(dk) k,1\/§ F2 | ke k,1\/§ 2| ke

# h.c. of the first term

- / (dk) (b
wl(e) = [ (@) (cpem + ple)

Notice that

e*lk-x + C%ék-x)

e

obb]=le, el ] = 2B 2m)% 6 (k' k) [b,be] = [ep e ] =0

So these are also creation and annihilation operators, but the one particle states
they create are not |k, 1) or |k,2), but rather superpositions,

1 1

[, +) = bLj0) = —=(|E, 1) +i[k,2)), and |k,—) = ck|0) = —=(|k,1) —i[k,2)),

S
S

2 2
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It is straightforward to get ) in terms of these operators,
abay —alay = LT + ) (b +¢) = (=2) (=0t + Db+ ¢) = —i(bTb - cfe)

so that
T i
Q= /(dkz) (bEbE CECE) =N, —N_

where N4 (N_) counts the number of particles of charge +(—), so that the total
charge ) = Ny — N_ is conserved.

While complex fields can always be recast in terms of pairs of real fields, they
can be very usefull So let’s discuss briefly the formulation of a field theory directly
in terms of ¢ and . Given L(v, 9%, Outp, 0utp™) (say, as above), how do we obtain
the equations of motion? We can do this by varying ¢; and ¢2 independently,
but how do we make a variation with respect to a complex field? The seemingly
dumbest thing to do is to forget that 1* is not independent and vary with respect
to both ¢ and ¥* (as if tehy were independent). Surprisingly this works. The
general argument is this. Suppose you want to find the extremum of a real function
F(Z, Z*)7

OF = foz+ f*oz",

for some f. If we naively treat 0z and dz* as independent we obtain the conditions
f=0= f*. To do this correctly we write z = x +iy. For fixed y, 6z* = §z so that
f+ f*=0; for fixed =, 6z = —dz so that f — f* = 0. Combining these conditions
we obtain f = f* = 0. This is true for any number, even a continuum, of complex
variables. So the equations of motion read

oL oL oL oL

0)p—————=0=0 —
o(0.w) oY Ho(0uv*) oy
Example:
L = 9uap*Otah — m*p*yp
We have o o
— T = 9, = —m?
000 0V e ™Y
so that
(0% +m*)p=0.

This is in accord with the above expansion in terms of plane waves. The real and
imaginary parts of 1 satisfy the Klein-Gordon equation. For the Poisson brackets
we need the momentum conjugate to 1,

oL
O(0p)

— 0~ .

m =
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Then the equal-time commutation relation in the QFT is
ifn(@),w(@)] = 0%@@ -7 = i (@), v(@)] = 09T — 7).

The commutation relation for ¢t and its conjugate momentum is just the hermitian
conjugate of this relation.

Internal symmetries: a non-abelian symmetry example Take now a gen-
eralization of the previous example, with N real scalar fields, ¢,(x), with n =
1,...,N, and assume L(¢') = L(¢) where ¢, = Rum¢m with Ry, real and
RyRym = Onm, or, in matrix notation, ¢’ = R¢ with RTR = RRT = 1. For
example,
L= 58u600"¢n = V(dntn) = 50,07 0"¢ — V(47 9)

where in the second step we have rewritten the first expression in matrix form. Note
that the set of matrices R that are continuously connected to 1 form the group of
special orthogonal transformations, SO(N). With R =1 + €T, € infinitesimal, the
condition RTR = 1 gives TT + T = 0. That is T is a real antisymmetric and real:
there are %N (N — 1) independent such matrices. For example, for N = 2, there is

0 -1
=0 )
as in our first example. For NV = 3 there are three independent matrices which we
can take to be

only one such matrix,

0 10 00 —1 0 0 0
T2?2=(-10 0], =00 0], T™2=(0 0 1
0 00 1 0 0 0 -1 0

Here “12” is a label for the matrix T2, etc. We could as well label the matrices
T with a = 1,2, 3, with (T%);n = €amn- In the general case take

(TY)q = 6,6] — 8,9}
Then J* = ()T D¢ is a set of N (N — 1) conserved currents

T = 8, 0TT™"$ = 8ui (T Vit = Opbmbn — Db dm = On O

The matrices T™" don’t all commute with each other, so we cannot find simulta-
neous eigenstates to all of them. We will have more to say about this later and in
homework.

Notice the similarity between J#™* and AM**. In both cases we have the
derivative of a field times the field. Notice also the similarity between the numerical
coefficients, the matrices (T"")x; and (Z*")), encountered in (3.7). This is not an
accident. The currents J*¥™" generate SO(N) rotations among the fields ¢,, while
AMM generate SO(1,3) “rotations” among the fields AH.
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Figure 3.1: Disconnected components of a group of symmetry transformations

3.5 Discrete Symmetries

Not every symmetry transformation is continuously connected to the identity. Ex-
ample,

L= %(8”5)2 — V(¢2) is invariant under ¢(x) — (ZSI(JJ) = —¢(z) (3.11)

More genrally we can have both transformations that are continuously con-
nected to the identity and transformations that are not. The situation is depicted
in Fig. 3.1. The three regions shown form together this example of a group G.
One of the disconnected components contains a transformation, Ky that cannot
be reached from 1 by a continuous transformation. By definition the connected
component of 1 contains transformations U (s) that are continuous functions of s
and satisfy U(0) = 1. We can get to all the elements of G that are in the connected
component of Ky by U(s)K, (stated without proof). Likewise, the other discon-
nected component contains a reference element Jy and all elements are obtained
by taking U((s)Jp. Since we already understand the physical content of U(s) it
suffices to look at a discrete set of symmetry transformations, one per disconnected
component, in order to understand this type of group of transformations. These
are the discrete symmetries we consider now.

Going back to the example in 3.11, we can introduce a unitary operator K such
that KT¢(z)K = —¢(v), KK = KKT = 1. Note that

K(K'¢(z)K)K =¢(z) = K’=1=K =K' =K
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R(0) R(OK
-1 1 -K K
=) 0 =0) =) (0 =0)

Figure 3.2: Disconnected components of SO(2) ~ U(1)

that is K is hermitian. Strictly speaking we did not show that K? = 1, since
we could as well have K2 = €' but we are free to choose the transformation
and we make the most convenient choice. Clearly K TaEK = —ag, K Ta]TgK =

—al., so assuming the vacuum is symmetric, K|0) = |0), we have K|p1,...,pn) =

(=1)™|p1,...,Pn). Since n is just the number of particles in the state we can write
a representation of K in terms of the number operator, K = (—1)". Note that we
may not have an explicit representation of NV in terms of creation and annihilation
operators, as in N = [(dk) a;%alz, because the potential V' (¢?) generically produces
non-linearities (“interactions”) in the equation of motion (the case V(¢?) = %m2¢2
is special). Still, it is still true that K = (—1)%, but the number of particles is not
conserved. Since KTHK = H, K is conserved, number of particles, N, is conserved
mod 2. That means that evolution can change particle number by even numbers;
for example, if we call the particle the “chion”, x, then we can have a reaction
X+X = x+x+x+xbut not x+x = x+ x+ x Likewise 2y — 84x and
3x — 11y are allowed, but not 7y — 16y. The transformations K and K? = 1
form a group, G = {1, K'}, isomorphic to Z,.

3.5.1 Charge Conjugation (C)

Above we saw the example of a Lagrangian with two real fields,

2

2
L= 10"6,0ubn — V(O 62) = 8,00y — V(v*)

n=1 n=1

which is invariant under ¢,(x) — —¢@p,(z). But this is not new, it is an SO(2)
transformation, a rotation by angle :

o1(x) N cosf) —sinf p1(z)y (-1 0 ¢1(z)

bo () sin  cosf )|,_ \¢a2(x))  \ 0 —1)\¢a(z)
In terms of the complex field 1 — e™) = —1p. The more general form of a
transformation by a matrix R that preserves the form of the Lagrangian requires
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only that R be a real orthogonal matrix, that is, that it satisfies RTR = RRT =
1. This implies det(R) = +1; the matrices R(6) with det(R(f)) = +1 are the
rotations, elements of SO(2). For each of them R(0)K with K = (1) _01 is
matrix with negative determinant, an element of O(2) that is not in SO(2). This
is shown in Fig. 3.2, where the left disconnected component is SO(2) and the two
components together form O(2).

So let’s study K. It is just like above, with K = (—1)¥2, and for the linear

Klein-Gordon theory Ny = f(dk:)a;% 07 In terms of the complex field, K(¢; —

io) K = ¢ + icha, so that 1) — 1T, that is, K acts as hermitian conjugation.
Since 1) carries charge, v — 1! conjugates charge. Hence the name,

a

K'QK = -Q charge conjugation

Recall also that b = (a1 — iaz)/v2 and ¢ = (a; + ias)/+/2; hence KTbEK = c;
and KTCEK = b;. Since bl (cT) creates particles with charge +1(—1) the action
of K is to exchange one particle states of charge +1 with one particle states of
charge —1. We refer to the Q = +1 states as particles and to the ) = —1 states
as anti-particles, and what we have is that charge conjugation exchanges particles
with antiparticles.

In the generic case charge conjugation C' has C|particle) = |antiparticle) and
one still has C2 =1 and C~!' = CT = C.

3.5.2 Parity (P)

A familiar discrete symmetry in particle mechanics is space inversion,
X — -7
It’s QFT version is called parity. This is different than the above in that it acts
on xz*. It is part of the Lorentz group, an orthochronous Lorentz transformation
(A% > 0) with det A = —1. As we saw earlier, there are four disconnected compo-
nents of the Lorentz group. And we want representatives from each component:
(i) A = diag(1,1,1,1), A% > 0,det A = +1 Identity
(ii) A =diag(—1,1,1,1), A% < 0,det A = —1 Time Reversal (T, t — —t)
(iii) A = diag(1,—1,-1,-1), A% > 0,det A = —1 Parity (P, ¥ — —%)

(iv) A = diag(—1,-1,-1,-1), A% < 0,det A = +1 PT (z# — —aM)
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We’ll consider T in the next section.

Consider again the Lagrangian in (3.11). Notice that it satisfies £L(¢') = L(¢)
with ¢'(Z,t) = ¢(—=,t). But we could just as well take ¢/(Z,t) = —¢(—2,t). If
L has an internal symmetry under ¢ — U foU and under a parity transformation
¢ — U;,(ﬁUp, then Up = UUp (and also UpU) defines an equally good parity
symmetry transformation, ¢ — ﬁ};qﬁfj p.

Terminology: if ¢(Z,t) — ¢(—Z,t) is a symmetry we say that ¢ is a scalar
field, as opposed to if ¢(Z,t) — —¢(—Z,t) a symmetry, in which case we say it is
a pseudo-scalar field. If both are symmetries the distinction is immaterial .

The action of parity on states easily understood in terms of creation and anni-
hilation operators (applicable to Klein-Gordon theory, but the result applies more
generally):

Ubo(z,0)Up = ¢(—7,0) = /(dk) (U;aEUpeiE'f +h.c.) - /(dk) <aEe—i5'f +h.c.)
= U}T;.a;%Up = aiE = Uplk1,....kn)=|—Fk1,...,—kn)
More generally, £ is symmetric under parity if it is invariant under a transfor-
mation of the form

on(T,t) = &L (Z,1) = Rymdm(—Z,t) n,m=1,....N

for some real matrix R.
Examples:

(i) £=3(0,0)? — V(¢?) is P and Z, invariant.

1

2

(il) £ = 3(9,0)% —im?¢* — g¢* is P invariant with ¢ a scalar (but not a pseudo-
scalar).

(iii) Pions are known to be pseudo-scalars. Here is an example related to 70 — 7.
It involves the 4-vector potential A* for the electro-magnetic field (E =
—00A —VAy, B=V x A):

£ =5(0u0)" — gm*¢? + 9o 0, 4,02 4,

where €923 = +1 is the totally antisymmetric 4-index symbol. You may

recall that under parity A(Z,t) — —A(—&,t) and Ao(Z,t) — Ag(—Z,t). If
you do not recall you can either look at Maxwell’s equations or you can take a
shortcut: from minimal substitution, V — V—eA one must have A transform
as ﬁ, and by Lorentz invariance also Ag as Jg. Then the interaction term
contributes one of 9y or Ay and thee of 0; or A;, so e‘””\"auAV&\AU is odd
under P. Hence £ is P symmetric only if ¢ is a pseudo-scalar, ¢(&,t) —
¢(—#,t). Note that the conclusion is unchanged if A* is a pseudo-vector,
that is, if A(Z,t) — A(—&,t) and Ag(Z,t) — —Ao(—7,t) under P.
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(iv) Add he¢? to the previous example. Now there is no possibility of defining
parity that leaves £ invariant.

(v) Consider
L= (3(0ubn)* — §m°}) + ge" 0, A, 02 Ay (67 — 03) + h($12 — d163) .
1,2

This is symmetric under the parity transformation

(ﬁl(fat) — _¢2(_f7t)
¢2(fvt) — qbl(_'fvt)

In this example (U};)Q@L(f,t)UI% = —¢,(%,t). It is not true that U3 =1 in
general (although for common applications it is).

Remark: in the examples above you may feel cheated by the introduction of
4-vector fields, since we have not discussed them in any length. You may instead
replace e“”AU(?uAVB)\AU — eﬂvkaamlayqﬁgawgaam, for which you need four ad-
ditional fields. By itself this term in the Lagrangian does not give rise to any
dynamics since it is a total derivative. But when multiplied by a function of yet
another field it is no longer a total derivative and gives a non-trivial contribution
to equations of motion. So consider

L= 3(0ubn) — 9567 0410562023305 64 -
n=1
Under P, ¢,(Z,t) — (—1)™¢,(—2Z,t) and the interaction term transforms by a
factor of —(—1)2n .

3.5.3 Time Reversal (7)

In classical mechanics t — —t is not a symmetry. If L = L(t) only though its
dependence on ¢ = ¢(t) and ¢ = ¢(t), then while L(¢t) — L(—t) is form invariant, so
that g(—t) is a solution of equations of motion, the boundary conditions ¢(t1) = ¢;
and ¢(t2) = g2 break the symmetry. This simply means that if L has no explicit
time dependence and the motion of ¢(t) from ¢; to to with ¢(t1) = ¢1 and ¢(t2) = ¢2
is allowed, then so is ¢(—t) from q(—t2) to q(—t1):

q q
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We'd like to aim for something analogous in QM: an operator that takes a
solution of the equation of motion to another,

_ ?
Ur'a(t)Ur = q(~t)
However, if Ur is a unitary operator we encounter contradictions:

(i) Since we want Uy '¢(t)Ur = —G(—t), then U; 'p(t)Ur = —p(—t). Then

_ 2 U iU =i if commutator is computed first
Uz Ha(t), p(H))Ur = { ’

[q(—t), —p(—t)] = —i if Up applied to operators first

(ii) For any operator, A(t) = e?HtA(0)e~ 1t = ¢l Ae=H! implies
A(—t) 2 UTAUr = U e UpUz A0 U Uy e HiUy = (U7 e iUr) A (U e PiUy)
but this is also ' ‘
A(—t) — e—thAeth .

Since this is to hold for any A, we must have,
UT—lethUT 2 o iHt

For t = e, infinitesimal, we expand to get U;l(l + ieH)Ur L1 eH or

UleUT ~ _H. This means the spectrum of H is the same of —H. If H
is not bounded from above then it is not bounded from below. This does
not seem right, that time reflection symmetry requires a negative energy
catastrophe!

The solution to these difficulties is to replace an anti-unitary transformation Qp
for the unitary Ur. Then in (i) and (ii) above Q5.'iQp = —i, and problem solved!
While the problem with (ii) above is resolved, it still leads to the requirement

O HQr =H T-invariance
When this is satisfied

(wf7e—iHAtw ) 'LHAtQ wz) (At _ tf _ tl)
QrQ “““QTw“QTwﬂ
éHA%hwuﬂT¢ﬁ

(Vf
= (
= (
= (s, e TR Qpapy)
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so the amplitude for 1; at ¢ = t; to evolve to ¢y at t = £y is the same as the
amplitude for Q7 at t = —t; to evolve to Qr1); at t = —t;.
For a single free scalar field,

Qo(&,1)Qr = nré(T, —t),

where nr = +1 (same ambiguity by Zy as in case of P). Then, if ¢ satisfies

the Klein-Gordon equation we can expand in terms of creation and annihilation
operators and

OloQr=a_; O WQT = ozTﬁ, = Qplki,. kn) = )" —F1, ..., k).
Notice that this is much like P. We can define a PT anti-unitary operator 2 PTqZ)(:L‘“)Q PT =
nprd(—a*), which is simpler in that it leaves the states |k1,...,ky,) unchanged

(save for a factor of (npr)™ = (npnr)™).

3.5.4 CPT Theorem (baby version)

Since Q2pr does not seem to do much, maybe any theory is invariant under PT?
Answer: no. Example, a complex scalar field with

L =0, pToMp — (hp® + By + gyt + g*pT™).

Then Q5 (h?(x) + gv* (2))Qpr = h*?(—x) + g*¢*(—2) and the interaction part
of the Hamiltonian, Hin, = [ d3x (h)® + RT3+ gt + g*t) has Q;;HthPT =
[ &z (hy3 + h'3 + g*p* + gop™) which is invariant only if h* = h and ¢g* = g.
(Actually the condition is only (h*/h)* = (g*/g)3, because one can redefine 1) —
e'®yp and choose to make g or h real, and when (h*/h) (g*/9)? both can be made
simultaneously real). But note that since Us'9(2)Uc = 9f(2), if we combine C
with PT we obtain

QE}DTHQCPT =H.

For this to work it was crucial that HT = H, as well as that £ is Lorentz invariant.
More generally, if we have Lorentz invariance but not hermiticity of the Hamilto-
nian, we would have QE}JTHQCPT = H'. For example, if Hipe = i d3x (g¢4+h1ﬂ4)
then Qg pp HintQopr = [ dPx (R*p* + g*pT) .

Notice that we took Qp1t)(x)Qpr = 1(—x), which is natural for a complex
field: it leaves bz and c; unchanged, as was the case of aj for real fields. The
operation that takes w( ) into ¢f(—x) is CPT. If QC}Dngbn( Qopr = On(—1x),

then
Qoby <¢1($) \/§Z¢2(l‘)> Qpr — ¢1(—) :;g@(x)

= yi(~2).



3.5. DISCRETE SYMMETRIES 55

To obtain a PT transformation ¢(z) — 1 (—z) from the transformation of the real
fields one must have Qph1(2)Qpr = ¢1(—x) and Qprda(2)Qpr = —¢a(—x). Of
course we are free to define anti-unitary operations from the product of a putative
Qr and any unitary ones, say, Uc or Up, and investigate then which of these may
be a symmetry of the system under consideration. But we want Q7 to stand for
what we physically interpret as time-reversal, which does not involve exchanging
anti-particles for particles.

More generally we arrive at the following CPT theorem. Consider £ to be
a Lorentz invariant function of real scalar fields ¢, (z) and complex scalar fields
Yi(z). If HT = H then Qa}gTHQCPT = H. The proof should be obvious by now.

Roughly, H = H(g, ¢n, Vs, 0] ); HY = H implies H = H(g*, ¢, 9], 15i), and

Qe prH (g, dns Ui, WNQepr = H (L1900 pT, Qo by dnQepr, Qobr Qo rr, Qobr i Qopr)
= H(g", $n, ¥, %)

There is an implicit analysis of the monomials that sum up to H, that shows that
Lorentz invariance is sufficient to make the change x# — —z* a formal invari-
ance. Note that for this it is important that the combination PT is a Lorentz
transformation with det A = +1.

The CPT theorem is a surprising consequence of relativistic invariance in consis-
tent (hermitian Hamiltonian) quantum field theory. It implies, for example, that if
a theory is C'P invariant (which involves unitary transformations) it automatically
is T invariant (an anti-unitary transformation). It also gives equality of properties,
like mass, of particles and anti-particles. The latter may seem trivial, but it is not
once you consider particles that are complex bound states due to srong forces (like
the proton, which by CPT has the same mass, magnitude of charge and magnetic
moment, as the anti-proton).



