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Physics 200A Homework 2.2

Mark Derdzinski

October 15, 2013

Problem 2 Solution

Part (a)
We begin with the Lagrangian density:
h? (dU*\ [dV
=—— — | -9 (U - E)V. 1
€ 2m<d$><dx> (U ) (1)
The Euler-Lagrange Equation corresponding to ¥* is given by
4 05 9%
dx 6% oU*
d h? d¥
— - (YU -F)) =
dw( 2mdx> (-e(U ) =0
h? >V

Thus we recover the SE for ¥. [

Part (b)
Consider the probability P = U*W. It is invariant under the following symmetry:

20
U s ernVU
—10
AN e

Such a complex phase rotation preserves the Lagrangian, so we can apply Noether’s Theorem. In
the infitesimal limit where 8 — 6,

N %qf(ae) = U+ (30)Qu

VA %\y*(ae) — U + (66)Qy-

Where we identify the generators of our coordinates,
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Q\yzﬁ\lf

? *
Q\y* = _ﬁ\:[]

By Noether’s Theorem, the quantity

0L 0L
1= 2aw | Qu— | 55 | Que
(8653,;“) (5‘%)

h d¥* b dY

2m dx 2m dx
h [ A d\Il*\Il]

P
d:n+dm

2mae

which we identify as the probability current, is conserved (i.e. gg]c =0).
We now return to the time derivative of probability:

aP (V)
ot ot
o L0V
= at‘“‘l’ﬁ (4)

Using the explicit expression for £ = zh% in the SE, we can rearrange Eqn. 2 to solve for %—%’:
dt b | 2m da?
If U € R, plugging this and the conjugate equation into Eqn. 4 yields the continuity equation:

2 J2
d@_l[ hd@+Uq )

orP 1 [h? d*V* h? d*v
— = | V-V — ——— U Uy
ot ik [2171 dz? omda® - ]

k[0 __W*dQW

2 | da? dz?

h d [dU* av dy
= - ° g | =Y
2ma dx [ dz dac] dx (6)

Thus the time derivative of probability is equal to the divergence of the probability current,
which, by Noether’s theorem, is zero. [J
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Consider a system with Lagrangian in Cartesian coordinates which is given
by:

1 .9 .9 .9
= §Zma (xa+ya—|—za) -U
a
Now, if this is more conveniently expressed in terms of generalized coordi-

nates (q1, g2, - - -, ¢s), use the transformations:

x=f(q1, q2, .-+, qs)
X =
Z@C

(a) What is the most general form of L in terms of the ¢’s?
T is given in general by

Zm«z@b> M

where the sums a and b are over the number of particles and generalized
coordinates respectively. U(x) simply becomes U (f).

(b) Specify the form of the kinetic energy as fully as possible.
If f does not depend on time explicitly, the expression for T' in generalized
coordinates will have the form

1 .
T =3 M. (2)
gk
A comparison between (1) and (2) shows that
of, of,
=> Mg —. 3
‘ Za: 9q;  Oqk )

Note also that M is symmetric in its indicies.
(c) Derive the Lagrangian EOMs

oL of, U
D4, ~ 2 dg, o5, = Om
oL .
oy, ~ Mo

4oL _ AV

dt 9y, L Aml T g



where dMj,,/dt is can be obtained using the chain rule. The EOM is then

Mim o — Qo (4)

Mjmdj + dt
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