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Chapter 8

Nonequilibrium Phenomena
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8.2 Equilibrium, Nonequilibrium and Local Equilibrium

Classical equilibrium statistical mechanics is described by the full N-body distribution,

fo(mlv"'vw]v;plv"'vp]\[): A (81)
5_1 . % eﬂ”Ne_ﬂHN(pzm) GCE .
We assume a Hamiltonian of the form
R p? N
i=1 i=1 i<j

typically with v = 0, i.e. only two-body interactions. The quantity

dl,d%, A%y dy
LR

fo(xlv"'vm]\[;pla"'ap]v) (83)
is the probability, under equilibrium conditions, of finding NV particles in the system, with particle #1
lying within d*, of ; and having momentum within d%; of p,, etc. The temperature 7' and chemical
potential i are constants, independent of position. Note that f({«;}, {p;}) is dimensionless.

Nonequilibrium statistical mechanics seeks to describe thermodynamic systems which are out of equi-
librium, meaning that the distribution function is not given by the Boltzmann distribution above. For a
general nonequilibrium setting, it is hopeless to make progress — we’d have to integrate the equations
of motion for all the constituent particles. However, typically we are concerned with situations where
external forces or constraints are imposed over some macroscopic scale. Examples would include the
imposition of a voltage drop across a metal, or a temperature differential across any thermodynamic
sample. In such cases, scattering at microscopic length and time scales described by the mean free path
¢ and the collision time T work to establish local equilibrium throughout the system. A local equilibrium
is a state described by a space and time varying temperature 7'(r,¢) and chemical potential p(r,t). As
we will see, the Boltzmann distribution with 7' = T'(r,t) and p = p(r,t) will not be a solution to the
evolution equation governing the distribution function. Rather, the distribution for systems slightly out
of equilibrium will be of the form f = 0 + §f, where f° describes a state of local equilibrium.

We will mainly be interested in the one-body distribution

N

f(r,pit) = Z<5(mz(t) —7)8(p;(t) —p) )

=1

al (8.4)
- N/Hddxlddpz f(r7w2,...,.’1}N;p7p2’”'7pN;t) ]
i=2

In this chapter, we will drop the 1/A normalization for phase space integration. Thus, f(r,p,t) has
dimensions of ¢, and f(r, p,t) d* d° is the average number of particles found within d* of » and d%
of p at time ¢.
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In the GCE, we sum the RHS above over N. Assuming v = 0 so that there is no one-body potential to
break translational symmetry, the equilibrium distribution is time-independent and space-independent:

(r,p) = n (2mmik,T) =3/ e 2%/ 2T (8.5)

wheren = N/V or n = n(T, p) is the particle density in the OCE or GCE. From the one-body distribution
we can compute things like the particle current, j, and the energy current, j.:

i) = [ s(r.pin) 2 :6)
jirit) = [db frpit) o) 87)

% )
where ¢(p) = p?/2m. Clearly these currents both vanish in equilibrium, when f = f°, since f°(r, p)
depends only on p* and not on the direction of p. In a steady state nonequilibrium situation, the above
quantities are time-independent.

Thermodynamics says that
dg=Tds=de — udn, (8.8)

where s, €, and n are entropy density, energy density, and particle density, respectively, and dq is the
differential heat density. This relation may be case as one among the corresponding current densities:

Thus, in a system with no particle flow, j = 0 and the heat current j, is the same as the energy current j..

When the individual particles are not point particles, they possess angular momentum as well as linear
momentum. Following Lifshitz and Pitaevskii, we abbreviate I" = (p, L) for these two variables for the
case of diatomic molecules, and I" = (p, L,n - L) in the case of spherical top molecules, where n is the
symmetry axis of the top. We then have, in d = 3 dimensions,

d% point particles
dl' = d% LdLdS$2, diatomic molecules (8.10)
d3 L?dL df2; dcos?¥ symmetric tops ,

where ¥ = cos™1 (7 - L). We will call the set I" the “kinematic variables’. The instantaneous number
density at r is then

n(r,t) = /de(r,F;t) . (8.11)

One might ask why we do not also keep track of the angular orientation of the individual molecules.
There are two reasons. First, the rotations of the molecules are generally extremely rapid, so we are
justified in averaging over these motions. Second, the orientation of, say, a rotor does not enter into
its energy. While the same can be said of the spatial position in the absence of external fields, (i) in
the presence of external fields one must keep track of the position coordinate r since there is physical
transport of particles from one region of space to another, and (iii) the collision process, which as we
shall see enters the dynamics of the distribution function, takes place in real space.
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8.3 Boltzmann Transport Theory

8.3.1 Derivation of the Boltzmann equation

For simplicity of presentation, we assume point particles. Recall that

# of particles with positions within d3r of (8.12)
r and momenta within d% of p at time ¢. '

f(r,p,t)d* d*p = {

We now ask how the distribution functions f(r,p,t) evolves in time. It is clear that in the absence of
collisions, the distribution function must satisfy the continuity equation,

of B
a—#V-(uf)—O. (8.13)

This is just the condition of number conservation for particles. Take care to note that V and wu are
six-dimensional phase space vectors:

u= (2,9, 2%, Pz, Dy, Pz ) (8.14)
v-(2 909 9 9 9
- \90x’ 9y’ 92" dp, Op, Op, )
The continuity equation describes a distribution in which each constituent particle evolves according to
a prescribed dynamics, which for a mechanical system is specified by

(8.15)

dr OH dp OH
ar _ o _ = _ T _F 8.16
dt 8p U(p) ’ dt 6r ext ( )
where F' is an external applied force. Here,
H(pa T) = g(p) + Uext(r) . (817)
For example, if the particles are under the influence of gravity, then Uex (1) = mg-rand F = -V U, =

—mg.

Note that as a consequence of the dynamics, we have V-u = 0, i.e. phase space flow is incompressible,
provided that £(p) is a function of p alone, and not of . Thus, in the absence of collisions, we have
0
—f+u-Vf:0. (8.18)
ot
The differential operator D; = 0; 4+ u -V is sometimes called the ‘convective derivative’, because D, f is
the time derivative of f in a comoving frame of reference.

Next we must consider the effect of collisions, which are not accounted for by the semiclassical dynam-
ics. In a collision process, a particle with momentum p and one with momentum p can instantaneously
convert into a pair with momenta p’ and p/, provided total momentum is conserved: p +p = p’' + p'.
This means that D, f # 0. Rather, we should write

af . of . of [of
ot e or P op <8t>coll ¢4
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where the right side is known as the collision integral. The collision integral is in general a function of r,
p, and t and a functional of the distribution f.

After a trivial rearrangement of terms, we can write the Boltzmann equation as

of _ (91 of
E a ( ot >str * ( ot )coll , (820)

ofN _ . of . of

str

where

is known as the streaming term. Thus, there are two contributions to 0 f/0t: streaming and collisions.

8.3.2 Collisionless Boltzmann equation

In the absence of collisions, the Boltzmann equation is given by

of 90 Of of
ot  Op Or VUex op

0. (8.22)

In order to gain some intuition about how the streaming term affects the evolution of the distribution
f(r,p,t), consider a case where F,, = 0. We then have

%{ Z.gi:o_ (8.23)
Clearly, then, any function of the form
fr,p,t) = ¢(r —v(p)t, p) (8.24)
will be a solution to the collisionless Boltzmann equation, where v(p) = g—;. One possible solution
would be the Boltzmann distribution,
fr,p,t) = et/ kaT emp*2mipT (8.25)

which is time-independent'. Here we have assumed a ballistic dispersion, e(p) = p*/2m.

For a slightly less trivial example, let the initial distribution be (r, p) = A e~""/27"¢=P*/25” 50 that

2
t
Frpt) = Ae—(=5) /207 o—p?/22 (8.26)
Consider the one-dimensional version, and rescale position, momentum, and time so that

flx,p,t) = Ae~3@PD% o—37" (8.27)

'Indeed, any arbitrary function of p alone would be a solution. Ultimately, we require some energy exchanging processes,
such as collisions, in order for any initial nonequilibrium distribution to converge to the Boltzmann distribution.
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2_IIIIIIIIIIIIIIII_ 2_IIIIIIIIIIIIIIII_
LE 1 1F :
ot (©) 1 o (©) -
tE 4 -1F :
_2:IIIIIIIIIIIIIIIIIII: _2:IIIIIIIIIIIIIIIIIII:
-2 -1 0 1 2 -2 -1 0 1 2
2_IIIIIIIIIIIIIIIIIII_ 2_IIIIIIIIIIIIIIIIIII_
LE 1 F .
aoof 1 oF o)y -
-1 f 4 -1F :
_2:IIII|IIII|IIII|IIII: — :IIII|IIII|IIII|IIII:
-2 -1 0 1 2 -2 -1 0 1 2
X X

Figure 8.1: Level sets for a sample f(z,p,1) = Ae 2@ 0?37 for values f = Ae 2% with a in
equally spaced intervals from o = 0.2 (red) to o = 1.2 (blue). The time variable ¢ is taken to be ¢ = 0.0
(upper left), 0.2 (upper right), 0.8 (lower right), and 1.3 (lower left).

Consider the level sets of f, where f(z,p,t) = A ¢=3% The equation for these sets is

T=ptt+/a?—p2. (8.28)

For fixed ¢, these level sets describe the loci in phase space of equal probability densities, with the
probability density decreasing exponentially in the parameter a?. For t = 0, the initial distribution
describes a Gaussian cloud of particles with a Gaussian momentum distribution. As ¢ increases, the
distribution widens in Z but not in p — each particle moves with a constant momentum, so the set of
momentum values never changes. However, the level sets in the (Z, p) plane become elliptical, with a
semimajor axis oriented at an angle § = ctn ~!(¢) with respect to the # axis. For ¢ > 0, he particles at the
outer edges of the cloud are more likely to be moving away from the center. See the sketches in fig. 8.1

Suppose we add in a constant external force F, ;. Then it is easy to show (and left as an exercise to the
reader to prove) that any function of the form

pt F,.t? F .t
f(rapat):A(P<r_m+ QT:L y P — mt> (829)

satisfies the collisionless Boltzmann equation (ballistic dispersion assumed).
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8.3.3 Collisional invariants

Consider a function A(r, p) of position and momentum. Its average value at time ¢ is

A(t) = [ dip Alr.p) Fr.p.1). (8.30)
Taking the time derivative,
dA 0
on /d d* A(r,p) (7{
o . 0 ) 0
= /d?’r d’p A(r, p) {_ar () =gy BN+ (5:) H} (8.31)

I 0A dr 0A dp af
_/drdp{<ar.dt+ap >f+A( )<8t>cou}

Hence, if A is preserved by the dynamics between collisions, then?

dA 0A dr O0A dp

LT .32
dt or dt+8p dt (8:32)

We therefore have that the rate of change of A is determined wholly by the collision integral

/d » A(r, p) (g{) ) (8.33)

Quantities which are then conserved in the collisions satisfy A = 0. Such quantities are called collisional
invariants. Examples of collisional invariants include the particle number (A = 1), the components of
the total momentum (A = p,,) (in the absence of broken translational invariance, due e.g. to the presence
of walls), and the total energy (A = £(p)).

8.3.4 Scattering processes

What sort of processes contribute to the collision integral? There are two broad classes to consider. The
first involves potential scattering, where a particle in state |I”) scatters, in the presence of an external
potential, to a state |I). Recall that I" is an abbreviation for the set of kinematic variables, e.g. I' = (p, L)
in the case of a diatomic molecule. For point particles, I" = (p,,p,,p,) and dI" = d3p.

We now define the function w(I"”|I") such that

rate at which a particle within dI" of (r, I
w(I'|T) f(r, [yt dldI” = 'ap (. 1) (8.34)
scatters to within dI” of (r, I'") at time ¢.
Recall from classical mechanics the definition of the Poisson bracket, { A, B} = g‘: g—g — g—f 3‘4 . Then from Hamilton's
equations 7" = a T andp = — ar , where H(p, T, t) is the Hamiltonian, we have 4 = {A, H}. Invanants have zero Poisson

bracket with the Harmltoman
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I’ I’ I

I I I

Figure 8.2: Left: single particle scattering process |I") — |I"”). Right: two-particle scattering process
|I'Ih) — |I'17Y).

The units of w dI" are therefore 1/7". The differential scattering cross section for particle scattering is then

_ w(I"|I)

n vl

ar’, (8.35)

where v = p/m is the particle’s velocity and n the density.

The second class is that of two-particle scattering processes, i.e. |[I'T}) — |I"'I']). We define the scattering
function w(I"I7 | I'T}) by

rate at which two particles within dI” of (r, I")
w(I'IT |1 fo(r, Ty, Iy t)dldI dI7 AT = < and within dI7) of (r, I') scatter into states within
dI” of (r,I'") and dI'{ of (r,I7]) at time ¢,
(8.36)
where

folrops v/ ) = (D 6(z(t) — 1) 6(p;(t) — p) S (2;(t) — 7') 6(p; (1) — P) ) (8.37)
i

is the nonequilibrium two-particle distribution for point particles. The differential scattering cross sec-
tion is .
rnry|\rr
do = WHITT) dr . (8.38)

v — |

We assume, in both cases, that any scattering occurs locally, i.e. the particles attain their asymptotic
kinematic states on distance scales small compared to the mean interparticle separation. In this case we
can treat each scattering process independently. This assumption is particular to rarefied systems, i.e.
gases, and is not appropriate for dense liquids. The two types of scattering processes are depicted in fig.
8.2.

In computing the collision integral for the state |, I"), we must take care to sum over contributions
from transitions out of this state, i.e. [I') — |I"'), which reduce f(r,I"), and transitions into this state, i.e.
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|I") — |I'), which increase f(r,I"). Thus, for one-body scattering, we have

D ) of _ / / /. / .
S FIit) = <3t)cou - /dF {w(mr)f(r,r,t) —w(I"|T) f(r, T t)}. (8.39)

For two-body scattering, we have

5 r0= (50),,

/dr1 /dF /dFl w(ITy | T'TY) fo(r, T, s t) (8.40)
—U)(F,F{|FF1> fZ(T’F;rv‘Fl;t)} :

Unlike the one-body scattering case, the kinetic equation for two-body scattering does not close, since
the LHS involves the one-body distribution f = f; and the RHS involves the two-body distribution f;.
To close the equations, we make the approximation

fo(r, I 7, T5t) = f(r, Tst) f(7,T3) . (8.41)

We then have

—f r, I';t) /dFl/dF/dfl (rry | I'ry) f(r, I';t) f(r, I7;t) 602
—w(I'T{| L) f(r, T5) f(r, i)}

8.3.5 Detailed balance
Classical mechanics places some restrictions on the form of the kernel w(I'Iy | I"I7). In particular, if
I'" = (—p, —L) denotes the kinematic variables under time reversal, then
w(I' | IH) =w(IT T | 717 . (8.43)
This is because the time reverse of the process |I'I}) — |["I7)is |[I""I]") — |'"I7).
In equilibrium, we must have
w(I'IY | CLy) D) 1) d'r = w(T Iy | 07T 0T ) d're (8.44)

where
d'I' = drdr, dr'dr , d'r'" = drtdrf dr'tdrT . (8.45)

Since dI" = dI'" etc., we may cancel the differentials above, and after invoking eqn. 8.43 and suppressing
the common 7 label, we find

o) ) = o) T (8.46)

This is the condition of detailed balance. For the Boltzmann distribution, we have

o) = Aee/msT (8.47)
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where A is a constant and where ¢ = £(I') is the kinetic energy, e.¢. £(I') = p?/2m in the case of point
particles. Note that ¢(I'") = ¢(I"). Detailed balance is satisfied because the kinematics of the collision
requires energy conservation:

ete =¢+¢). (8.48)

Since momentum is also kinematically conserved, i.e.
p+p =p +p, (8.49)

any distribution of the form
fUr) = AeEPV)/ksT (8.50)

also satisfies detailed balance, for any velocity parameter V. This distribution is appropriate for gases
which are flowing with average particle V.

In addition to time-reversal, parity is also a symmetry of the microscopic mechanical laws. Under the
parity operation P, we have r — —r and p — —p. Note that a pseudovector suchas L = r x p
is unchanged under P. Thus, I'" = (—p, L). Under the combined operation of C = PT, we have
I'° = (p, —L). If the microscopic Hamiltonian is invariant under C, then we must have

w(F’Fl’ | FFl) = w(FCFf | F’CF{C) . (8.51)
For point particles, invariance under 7" and P then means

w(p',py | p,p1) = w(p,p 1P, P1) (8.52)

and therefore the collision integral takes the simplified form,

Dg(t 5 <8f >coll

(8.53)
/d /d3 ’/dp1 w(p', p |p,p1) {f(p’)f(p’l) - f(p) f(pl)} 7
where we have suppressed both r and ¢ variables.
The most general statement of detailed balance is

fO(F)fO(F1) _w(FF1|F/F{).

Under this condition, the collision term vanishes for f = fY, which is the equilibrium distribution.

8.3.6 Kinematics and cross section

We can rewrite eqn. 8.53 in the form

= [t 210~ 0,1 55 {10 100 - 1) S8} (8.55)
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where 2 50 1s the differential scattering cross section. If we recast the scattering problem in terms of center-
of-mass and relative coordinates, we conclude that the total momentum is conserved by the collision,
and furthermore that the energy in the CM frame is conserved, which means that the magnitude of the
relative momentum is conserved. Thus, we may write p’ — p| = |p — p,| €2, where £2 is a unit vector.
Then p’ and p/ are determined to be

p =
P1

(P+P1+‘P—P1’Q)

. (8.56)
(p+p—lp—p1|02).

1
2
1
2

8.3.7 H-theorem

Let’s consider the Boltzmann equation with two particle collisions. We define the local (i.e. r-dependent)
quantity

p(r,t) = /dF oL f) f(Lyr,t) . (8.57)

At this point, ¢(I, f) is arbitrary. Note that the o(I, f) factor has r and ¢t dependence through its depen-
dence on f, which itself is a function of r, I, and ¢t. We now compute

Ipy aef) _ Aef) of
af‘/dp ot _/dF of ot

—/dFu-V(gof)—/dF ((;jcf) (g{) ) (8.58)

__%dzﬁ-(uwf)—/dpagpf(g{) 1

The first term on the last line follows from the divergence theorem, and vanishes if we assume f = 0 for
infinite values of the kinematic variables, which is the only physical possibility. Thus, the rate of change
of p,, is entirely due to the collision term. Thus,

/dF/dFl/dF/dfl (' | ny) ffiox —w(DL [ T'T) f' 1 x }

(8.59)
= [ar far, far far{ w(r'r | r1) ££ 6000,
where f = f(I), f' = f(I"), fy = f(I1), fi = f(I7), x = x(I), with
oef) _
x=—p; =+ f f (8.60)
We now invoke the symmetry
w(I'I | I =w([{ T |1V T, (8.61)

which allows us to write

0
pgo = /dF/dFl/dF/dfl (' rn) ffi(x+x1— X —x1) - (8.62)
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This shows that p,, is preserved by the collision term if x(I) is a collisional invariant.

Now let us consider ¢(f) = In f. We define h = p‘(p:hl 5 We then have

h
8 oo fa s

where w = w(I"I7 | I'T}) and = = f f,/f’f{. We next invoke the result
/ ar’ / dliw(I'{|I'Ty) = / dr’ / dIf w(I'ry | I'T) (8.64)

which is a statement of unitarity of the scattering matrix®. Multiplying both sides by f(I") f(I}), then
integrating over I" and I'}, and finally changing variables (I, I'}) <+ (I, I7), we find

oz/dr/drl/dr’/drl’w(ffl—f/f{):/dr/drl/dr’/dr{wf'f{ (x—1). (8.65)

Multiplying this result by 1 and adding it to the previous equation for h, we arrive at our final result,

h
‘Zt:_;/dr/drl/dr’/dfl’wf/f{ (xlnz —x+1). (8.66)

Note that w, f’, and f] are all nonnegative. It is then easy to prove that the function g(z) = zlnz — 2z +1
is nonnegative for all positive x values®, which therefore entails the important result
oh(r,t)
ot

<0. (8.67)

Boltzmann's H function is the space integral of the h density: H = [d% h.

Thus, everywhere in space, the function h(r, t) is monotonically decreasing or constant, due to collisions.
In equilibrium, h = 0 everywhere, which requires z = 1, i.e.

S £y = o) oIy (8.68)

or, taking the logarithm,
In fO(0) +In fO(y) = In (1) + In fO(17) . (8.69)

But this means that In f0 is itself a collisional invariant, and if 1, p, and ¢ are the only collisional invari-
ants, then In O must be expressible in terms of them. Thus,

W V-p €

In f = —
=TT R T

(8.70)

where p, V, and T are constants which parameterize the equilibrium distribution f°(p), corresponding
to the chemical potential, flow velocity, and temperature, respectively.

3See Lifshitz and Pitaevskii, Physical Kinetics, §2.

*The function g(z) = xlnz — = + 1 satisfies g’(x) = Inz, hence g'(x) < 0 on the interval z € [0,1) and ¢’(z) > 0 on
x € (1, 00]. Thus, g(z) monotonically decreases from g(0) = 1 to g(1) = 0, and then monotonically increases to g(co) = oo,
never becoming negative.
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8.4 Weakly Inhomogeneous Gas

Consider a gas which is only weakly out of equilibrium. We follow the treatment in Lifshitz and
Pitaevskii, §6. As the gas is only slightly out of equilibrium, we seek a solution to the Boltzmann equa-
tion of the form f = f9 + §f, where f° is describes a local equilibrium. Recall that such a distribution
function is annihilated by the collision term in the Boltzmann equation but not by the streaming term,
hence a correction Jf must be added in order to obtain a solution.

The most general form of local equilibrium is described by the distribution

FO>r, ) = Cexp (“ - 5(2; v p) , (8.71)

where p = p(r,t), T =T(r,t),and V = V (r,t) vary in both space and time. Note that

0
df’ = <d,u+p-dV+(5—u—V'p)?—da> <_8af€>

. (8.72)
1 dT af
where we have assumed V' = 0 on average, and used
dy = <§T> T + @“) dp
p (8.73)

1
=—sdl'+ —dp,
n

where s is the entropy per particle and n is the number density. We have further written h = p + T's,
which is the enthalpy per particle. Here, ¢, is the heat capacity per particle at constant pressure”. Finally,
note that when f9 is the Maxwell-Boltzmann distribution, we have

of _ f°
S ) 74
de  kgT ®.74)
The Boltzmann equation is written
0 P 0 0 8f
——+F — 7
<‘9t T ar >(f o) = <8t >coll (575

The RHS of this equation must be of order Jf because the local equilibrium distribution f° is annihilated
by the collision integral. We therefore wish to evaluate one of the contributions to the LHS of this
equation,

Oe

ov
“"(maﬁan)

ot +m or op ot MY [(U'V)V}

afY p af° of° _( af'\[10p e—hor
ot T T not T o

(8.76)

—h
T U'VT—F-U}.

°In the chapter on thermodynamics, we adopted a slightly different definition of c, as the heat capacity per mole. In this
chapter c,, is the heat capacity per particle.
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To simplify this, first note that Newton’s laws applied to an ideal fluid give pV = —Vp, where p = mn
is the mass density. Corrections to this result, e.g. viscosity and nonlinearity in V/, are of higher order.

Next, continuity for particle number means 7 + V-(nV') = 0. We assume V is zero on average and that
all derivatives are small, hence V-(nV) =V .-Vn+nV.-V = nV.-V. Thus,

Olnn _ dlnp IOInT
o ot ot

where we have invoked the ideal gas law n = p/k,T above.

=-V.V, (8.77)

Next, we invoke conservation of entropy. If s is the entropy per particle, then ns is the entropy per unit
volume, in which case we have the continuity equation
O(ns)
ot

LV (nsV) = (gs +V. Vs) (‘Z” +V- (W)) ~0. (8.78)

The second bracketed term on the RHS vanishes because of particle continuity, leaving us with § + V-
Vs =~ 5= 0(since V = 0 onaverage, and any gradient is first order in smallness). Now thermodynamics

says
0s 0s
= T
is= () o+ (57),

" (8.79)
_ar_ e
T U
since T(a—T)p = ¢, and (g—;)T (%) where v = V/N. Thus,
¢, OInT  Olnp
il _ =0. (8.80)
ky, Ot ot
We now have in eqns. 8.77 and 8.80 two equations in the two unknowns dg;T and 8(1912;0 , yielding
Ot _ka gy (8.81)
ot cy
ohp _ gy, (8.82)
ot cy
Thus eqn. 8.76 becomes
of" p Ofo of° of°\ | e(I') —h
Z 2.2 yp2 (20 -
ot + m Or + op Oe T v VI +mugvs Qag
8.83
h—Tc,—e(I") (5:89)
+ VV_-F v;,,
cy/kg

where
ov, Vg

1 a
Qaﬁ = 5 <8l‘ﬁ + 8.75a> . (884)
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Therefore, the Boltzmann equation takes the form

e(I') —h e(I') = h+Tkc, o a0 _ (of
VT F- = . .
{ TV VT +muyvg Qup — . V.V - W o ot ) (8.85)

Notice we have dropped the terms v - a f and F - a f , since of must already be first order in smallness,

and both the -2 5, operator as well as F add a second order of smallness, which is negligible. Typically % ‘%f

is nonzero if the applied force F'(t) is time-dependent. We use the convention of summing over repeated
indices. Note that 6,5 Q.5 = Qaea = V- V. For ideal gases in which only translational and rotational
degrees of freedom are excited, h = ¢, T.

8.5 Relaxation Time Approximation

8.5.1 Approximation of collision integral

We now consider a very simple model of the collision integral,

(&f) I e A (8.86)
coll

ot T T

This model is known as the relaxation time approximation. Here, f° = f°(r, p,t) is a distribution function
which describes a local equilibrium at each position r and time ¢. The quantity 7 is the relaxation time,
which can in principle be momentum-dependent, but which we shall first consider to be constant. In
the absence of streaming terms, we have

oof _ _of

rale e of (r,p,t) = &f (r,p,0) /7. (8.87)

The distribution f then relaxes to the equilibrium distribution f° on a time scale 7. We note that this
approximation is obviously flawed in that all quantities — even the collisional invariants — relax to their
equilibrium values on the scale 7. In the Appendix, we consider a model for the collision integral in
which the collisional invariants are all preserved, but everything else relaxes to local equilibrium at a
single rate.

8.5.2 Computation of the scattering time

Consider two particles with velocities v and v’. The average of their relative speed is

(lo—2'|) /d3 /d V) v — '], (8.88)

where P(v) is the Maxwell velocity distribution,

m 3/2 muv?
P(v) = <2kaT> exp (_%BT> , (8.89)
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v

T

rel

Figure 8.3: Graphic representation of the equation n o v,y 7 = 1, which yields the scattering time 7 in
terms of the number density n, average particle pair relative velocity v,¢, and two-particle total scatter-
ing cross section 0. The equation says that on average there must be one particle within the tube.

which follows from the Boltzmann form of the equilibrium distribution f°(p). It is left as an exercise for

the student to verify that

i 4 (kTN

Ure15<’”_”/’>—ﬁ<;> . (8.90)
Note that v, = /29, where © is the average particle speed. Let o be the total scattering cross section,

which for hard spheres is ¢ = wd?, where d is the hard sphere diameter. Then the rate at which particles
scatter is

1

— =N0,0. (8.91)
-
The particle mean free path is simply
1
(=01 = ) 8.92
vr \@ no ( )
While the scattering length is not temperature-dependent within this formalism, the scattering time is
T-dependent, with
1 N 1/2
T) = = ) 8.93
() nv,,o  4no <kBT> (8.93)

As T — 0, the collision time diverges as 7 & T~'/2, because the particles on average move more slowly
at lower temperatures. The mean free path, however, is independent of 7, and is given by ¢ = 1/v/2no.

8.5.3 Thermal conductivity

We consider a system with a temperature gradient V1" and seek a steady state (i.e. time-independent)
solution to the Boltzmann equation. We assume F;, = Q5 = 0. Appealing to eqn. 8.85, and using the
relaxation time approximation for the collision integral, we have

T(e—cpT)

3 (v-VT) fY. (8.94)

5f = —

We are now ready to compute the energy and particle currents. In order to compute the local density of
any quantity A(r,p), we multiply by the distribution f(r, p) and integrate over momentum:

p, () = /dBpAw,p) fr.py), (8.95)
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For the energy (thermal) current, welet A = € v, = £ p,/m, in which case p, = j,. Note that fd3pp =0
since f* is isotropic in p even when x and T depend on 7. Thus, only Jf enters into the calculation of
the various currents. Thus, the energy (thermal) current is

o) = [dbevsy
=T <vav55(5—c T)>a—T 820
k17 P 9zh’

where the repeated index 3 is summed over, and where momentum averages are defined relative to the

equilibrium distribution, i.e.

(60)) = [dho(0) 1) | [ 1) = [ Plo) olomo). 5.97)
In this context, it is useful to point out the identity
d* fO(p) = nd% P(v), (8.98)
where
m \*? 2
P(o) <27rkBT> o m(v=V)2 /2T (8.99)

is the Maxwell velocity distribution.
Note that if ¢ = ¢(¢) is a function of the energy, and if V' = 0, then
% fO(p) = nd® P(v) = n P(e) de (8.100)

where

P(e) = F (k)P e/l (8.101)

oo ~

is the Maxwellian distribution of single particle energies. This distribution is normalized with [de P(¢) =
0

1. Averages with respect to this distribution are given by

((e)) = / de §(e) P(e) = 2 (k,T) ¥/ / de £1/2 g(e) e=</knT (8.102)
0 0

If ¢(¢) is homogeneous, then for any o we have

() = ED(a+3) (kD). (8.103)

Due to spatial isotropy, it is clear that we can replace
2e
a 1,.,2 —
(Y ’UB — g'U 50{5 = 3777'[/ 504[‘3 (8.104)
in eqn. 8.96. We then have j. = —x VT, with
B sSnTk2T

(e? (e—¢c,T)) = o gnlvc, (8.105)

_ 2nT1
 3mk, T2

K

where we have used ¢, = Sk, and % = 8:%. The quantity « is called the thermal conductivity. Note that
Ko T2,
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v_v | = | —>
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Figure 8.4: Gedankenexperiment to measure shear viscosity 7 in a fluid. The lower plate is fixed. The
viscous drag force per unit area on the upper plate is Fy;ag/A = —nV/d. This must be balanced by an
applied force F'.

8.5.4 Viscosity

Consider the situation depicted in fig. 8.4. A fluid filling the space between two large flat plates at z = 0
and z = d is set in motion by a force F' = F'z applied to the upper plate; the lower plate is fixed. It
is assumed that the fluid’s velocity locally matches that of the plates. Fluid particles at the top have
an average z-component of their momentum (p,) = mV. As these particles move downward toward
lower z values, they bring their z-momenta with them. Therefore there is a downward (—2-directed)
flow of (p,). Since z-momentum is constantly being drawn away from z = d plane, this means that
there is a —ax-directed viscous drag on the upper plate. The viscous drag force per unit area is given
by Fye/A = —nV/d, where V/d = 0V, /0z is the velocity gradient and 7 is the shear viscosity. In
steady state, the applied force balances the drag force, i.e. F' + Fyy,, = 0. Clearly in the steady state the
net momentum density of the fluid does not change, and is given by 3pV &, where p is the fluid mass
density. The momentum per unit time injected into the fluid by the upper plate at z = d is then extracted
by the lower plate at z = 0. The momentum flux density II,, = n (p, v, ) is the drag force on the upper

\%

surface per unit area: I, = —n 68;. The units of viscosity are [n] = M/LT.

We now provide some formal definitions of viscosity. As we shall see presently, there is in fact a second
type of viscosity, called second viscosity or bulk viscosity, which is measurable although not by the type
of experiment depicted in fig. 8.4.

The momentum flux tensor II 5 = n (po v 5 ) is defined to be the current of momentum component p,, in
the direction of increasing 5. For a gas in motion with average velocity V, we have

M, =nm{(V, + v/a)(VB + v%))
=nmV, Vs + nm (v, v]

g < §> (8.106)

=nmV, Vs + tnm (v’ ) Sap

= pVoVs+D0as

where v’ is the particle velocity in a frame moving with velocity V, and where we have invoked the
ideal gas law p = nk,T. The mass density is p = nm.
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When V is spatially varying,

where G, 5 is the viscosity stress tensor. Any symmetric tensor, such as 7,4, can be decomposed into a
sum of (i) a traceless component, and (ii) a component proportional to the identity matrix. Since 7,4
should be, to first order, linear in the spatial derivatives of the components of the velocity field V, there
is a unique two-parameter decomposition:

oV,
Gap = <8V + L gv-v(saﬁ> +(V-Vi,
Ozg ~ Ozg (8.108)

=2n (QaB — %TI’(Q) 6&5) + C Tr(Q) 504,3 :

The coefficient of the traceless component is 7, known as the shear viscosity. The coefficient of the com-
ponent proportional to the identity is ¢, known as the bulk viscosity. The full stress tensor o, ; contains a
contribution from the pressure:

0o = POzt Tup - (8.109)

The differential force dF, that a fluid exerts on on a surface element nn dA is

[0}

dF, = —0,5nzdA, (8.110)

where we are using the Einstein summation convention and summing over the repeated index 5. We
will now compute the shear viscosity 7 using the Boltzmann equation in the relaxation time approxima-
tion.

Appealing again to eqn. 8.85, with F' = 0 and h = ¢, T, we find

of =" v, 0,4+ 2L v gyl 8.111)
T kT a”h Zaf T ey ks ‘ '

We assume V1" = V-V = (0, and we compute the momentum flux:

I, = / D pyU, Of

TLTTLQT

__kBiT Qa5<%vz%%> 511
T 8Vm+8VZ< 2 ) (8.112)
N 0z oz ) Ve T
ov, oV,
= —nTkBT< o + g ) .
Thus, if V,, = V,(z), we have
ov,
I, = —ntk,T P (8.113)

from which we read off the viscosity,

n =nkyTT = Znmlv . (8.114)
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Figure 8.5: Left: thermal conductivity (A in figure) of Ar between 7" = 800K and 7" = 2600 K. The best
fit to a single power law \ = aT" results in b = 0.651. Source: G. S. Springer and E. W. Wingeier, J. Chem
Phys. 59, 1747 (1972). Right: log-log plot of shear viscosity (¢ in figure) of He between 7' ~ 15K and
T ~ 1000 K. The red line has slope % The slope of the data is approximately 0.633. Source: J. Kestin and
W. Leidenfrost, Physica 25, 537 (1959).

Note that 7(T") oc T'/2.

How well do these predictions hold up? In fig. 8.5, we plot data for the thermal conductivity of argon
and the shear viscosity of helium. Both show a clear sublinear behavior as a function of temperature,
but the slope dInr/dT is approximately 0.65 and dInn/dT" is approximately 0.63. Clearly the simple
model is not even getting the functional dependence on T right, let alone its coefficient. Still, our crude
theory is at least qualitatively correct.

Why do both x(T") as well as n(T") decrease at low temperatures? The reason is that the heat current
which flows in response to VT as well as the momentum current which flows in response to 9V, /0z
are due to the presence of collisions, which result in momentum and energy transfer between particles.
This is true even when total energy and momentum are conserved, which they are not in the relaxation
time approximation. Intuitively, we might think that the viscosity should increase as the temperature
is lowered, since common experience tells us that fluids ‘gum up” as they get colder — think of honey
as an extreme example. But of course honey is nothing like an ideal gas, and the physics behind the
crystallization or glass transition which occurs in real fluids when they get sufficiently cold is completely
absent from our approach. In our calculation, viscosity results from collisions, and with no collisions
there is no momentum transfer and hence no viscosity. If, for example, the gas particles were to simply
pass through each other, as though they were ghosts, then there would be no opposition to maintaining
an arbitrary velocity gradient.

8.5.5 Oscillating external force

Suppose a uniform oscillating external force F,(t) = Fe ! is applied. For a system of charged
particles, this force would arise from an external electric field F,, = ¢E e, where ¢ is the charge of
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each particle. We'll assume V71" = 0. The Boltzmann equation is then written

g B g —iwt g _ f_fO
5 Tt Fe = (8.115)

We again write f = f0 + Jf, and we assume Jf is spatially constant. Thus,
0of

i of° of
G periwt 9 = Y .
5 + Fe v 9% = (8.116)
If we assume &f (t) = Jf (w) e~™" then the above differential equation is converted to an algebraic equa-

tion, with solution

T efiwt o fO
of (t) = — —-— 8.117
f(t) 1 —iwr Oe ( )
We now compute the particle current:
alrt) = [dpo s
T e—iwt FB
- . d3p 19
1—iwr kBT/ P £ (P)va vy
(8.118)
Te Wt nF
= o 33y P 2
T —iwr 3P
- E Fa e—iwt
m 1 —iwr
If the particles are electrons, with charge ¢ = —e, then the electrical current is (—e) times the particle

current. We then obtain ) »
- (elec ne-T E eilw —1
]‘(3‘1 )(t) B m 106_ WT = Gaﬂ(w) EB e ! ’ (8.119)

where

ner 1

oap(w) = 0, (8.120)

m 1 —iwr 8

is the frequency-dependent electrical conductivity tensor. Of course for fermions such as electrons,
we should be using the Fermi distribution in place of the Maxwell-Boltzmann distribution for f°(p).
This affects the relation between n and y only, and the final result for the conductivity tensor o, 4(w) is
unchanged.

8.5.6 Quick and Dirty Treatment of Transport

Suppose we have some averaged intensive quantity ¢ which is spatially dependent through 7'(r) or
p(r) or V(r). For simplicity we will write ¢ = ¢(z). We wish to compute the current of ¢ across some
surface whose equation is dz = 0. If the mean free path is ¢, then the value of ¢ for particles crossing
this surface in the +2 direction is ¢(z — £cos @), where 6 is the angle the particle’s velocity makes with
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respect to 2, i.e. cos § = v, /v. We perform the same analysis for particles moving in the —2 direction, for
which ¢ = ¢(z + ¢ cos §). The current of ¢ through this surface is then

Jo = nz/d3u P(v)v, ¢(z — Lcosh) + né/d% P(v)v, ¢(z + £ cosb)

v,>0 v, <0 (8.121)
2
S, %2 4% P(v) % = — Lot gf 2,
where v = égiimT is the average particle speed. If the z-dependence of ¢ comes through the dependence

of ¢ on the local temperature 7', then we have

99

Jo=—3nlv o7 VI =—KVT, (8.122)
where 96
K = inlv 3T (8.123)

is the transport coefficient. If ¢ = (¢), then % = ¢p, where ¢, is the heat capacity per particle at constant
pressure. We then find j. = —x VT with thermal conductivity

K= %n&’) Cp - (8.124)
Our Boltzmann equation calculation yielded the same result, but with a prefactor of % instead of 3.

We can make a similar argument for the viscosity. In this case ¢ = (p,) is spatially varying through its
dependence on the flow velocity V(7). Clearly 0¢/0V, = m, hence

av,
= —%nm@ a—; , (8.125)
from which we identify the viscosity, n = nmfv. Once again, this agrees in its functional dependences
with the Boltzmann equation calculation in the relaxation time approximation. Only the coefficients
differ. The ratio of the coefficients is K p./Kppr = 5= = 0.849 in both cases®.

Ip, =11

Tz

8.5.7 Thermal diffusivity, kinematic viscosity, and Prandtl number

Suppose, under conditions of constant pressure, we add heat ¢ per unit volume to an ideal gas. We
know from thermodynamics that its temperature will then increase by an amount AT' = g/nc,,. If a heat
current j, flows, then the continuity equation for energy flow requires

T
ne, T +V.-j5,=0. (8.126)

In a system where there is no net particle current, the heat current j, is the same as the energy current

J., and since j, = —x VT, we obtain a diffusion equation for temperature,
oT
A VA (8.127)
ot ne,

Here we abbreviate QDC for ‘quick and dirty calculation’ and BRT for ‘Boltzmann equation in the relaxation time approximation’.
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H Gas ‘ n (uPa - s) ‘ Kk (MW /m - K) ‘ cp/ kg ‘ Pr H

He 19.5 149 2.50 | 0.682
Ar 22.3 17.4 2.50 | 0.666
Xe 22.7 5.46 2.50 | 0.659
H, 8.67 179 3.47 | 0.693
N, 17.6 25.5 3.53 | 0.721
O, 20.3 26.0 3.50 | 0.711
CH, 11.2 33.5 4.29 | 0.74
CO, 14.8 18.1 4.47 | 0.71
NH, 10.1 24.6 4.50 | 0.90

Table 8.1: Viscosities, thermal conductivities, and Prandtl numbers for some common gases at 7' = 293 K
and p = 1 atm. (Source: Table 1.1 of Smith and Jensen, with data for triatomic gases added.)

The combination .

a=— (8.128)

ne,
is known as the thermal diffusivity. Our Boltzmann equation calculation in the relaxation time approxi-
mation yielded the result x = nk,T'rc,/m. Thus, we find a = k;T'7/m via this method. Note that the

dimensions of a are the same as for any diffusion constant D, namely [a] = L?/T.

Another quantity with dimensions of L?/T is the kinematic viscosity, v = n/p, where p = nm is the mass
density. We found 7 = nk,T'7 from the relaxation time approximation calculation, hence v = k;T'7/m.
The ratio v/a, called the Prandtl number, Pr = ne, /mk, is dimensionless. According to our calculations,

Pr = 1. According to table 8.1, most monatomic gases have Pr ~ 2.

8.6 Diffusion and the Lorentz model

8.6.1 Failure of the relaxation time approximation

As we remarked above, the relaxation time approximation fails to conserve any of the collisional invari-
ants. It is therefore unsuitable for describing hydrodynamic phenomena such as diffusion. To see this,
let f(r,v,t) be the distribution function, here written in terms of position, velocity, and time rather than
position, momentum, and time as befor’. In the absence of external forces, the Boltzmann equation in
the relaxation time approximation is

of . 0f _ f-1"

. S 12
o Y or . (8.129)
The density of particles in velocity space is given by
(v, t) = /d?’r f(r,v,t). (8.130)

"The difference is trivial, since p = mw.
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In equilibrium, this is the Maxwell distribution times the total number of particles: ny(v) = NP, (v).
The number of particles as a function of time, N(t) = [d%1i(v, t), should be a constant.

Integrating the Boltzmann equation one has

8n_ n—ng

e 131
ot T (8.131)

Thus, with én(v,t) = n(v,t) — ny(v), we have
6i(v,t) = 6i(v,0) e/ . (8.132)

Thus, 7(v,t) decays exponentially to zero with time constant 7, from which it follows that the total
particle number exponentially relaxes to IVy. This is physically incorrect; local density perturbations
can’t just vanish. Rather, they diffuse.

8.6.2 Modified Boltzmann equation and its solution

To remedy this unphysical aspect, consider the modified Boltzmann equation,

(tht+v.gizi[_f+/ﬁf}zi(ﬂ”—l)f, (8.133)

where P is a projector onto a space of isotropic functions of v: PF = [ % F(v) for any function F(v).
Note that P F' is a function of the speed v = |v|. For this modified equation, known as the Lorentz model,
one finds 9,7 = 0.

The model in eqn. 8.133 is known as the Lorentz model®. To solve it, we consider the Laplace transform,

o0

fk,v,s) = /dt e~ st / ¥ e7FT f(r vt) . (8.134)

0

Taking the Laplace transform of eqn. 8.133, we find
(s+iv-k+71) f(k,v,5) =7 'Pf(k,v,s) + f(k,v,t =0). (8.135)

We now solve for P f(k, v, s):

p 7t ; f(k,v,t=0)
— ]P) b ) X
f(k,v,5) s+iv-k+771 f(k’v’8)+s+iv‘k+7_1 ’ (8.136)
which entails
. 4o 7 . do  f(k,v,t = 0)
P f(k = — P f(k — k. . 8.137
1k, v,5) [/471 s+iv-k+7_1] ut 711"9)+/47T s+iv-k+771 ( )

8See the excellent discussion in the book by Krapivsky, Redner, and Ben-Naim, cited in §8.1.
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Now we have

1
dv /
At s +iv - k+7 s—i—wkx—i—T
-1
1
k

(8.138)
o vkt
1475/
Thus,
1 vkt \| [do f(k,v,t=0)
P f(k =|1- —tan"! — L2 . 1
f(k, v, ) [ vkr 8 <1+Ts> A s+iv-k+7171 (8.139)
We now have the solution to Lorentz’s modified Boltzmann equation:
R = 1 k C[do f(k,v,t=0
flk,v,s) = : Tk — |1— k tan_1<1vT > 4£ f<"v’k_ 21
s+w-kK+T71 vkT + 78 Ts+w-kK+T1 (8.140)
f(k,v,t=0)
s+iv-k+771
Let us assume an initial distribution which is perfectly localized in both r and v:
f(r,v,t=0)=0d(v—v) . (8.141)
For these initial conditions, we find
dv f(k,v,t=0) 1 d(v —vy)
— = . . 8.142
dr s+iv-k+71  s+ivy-k+70 dmod ( )
We further have that
1 _1( vkt 2
1— —tan = ST+ 3 L2032 .. (8.143)
vkT 1+7s
and therefore
R -1 -1 1 o(v —
fk,v,5) = s+iv7jk+7'—1 . s—i-ivT-k—i-T_l s+ L2k2r 4+ . (Zm);}O)
0 370 B 0 (8.144)
d(v — vy)

s+ivy-k+7717

We are interested in the long time limit ¢ > 7 for f(r, v, t). This is dominated by s ~ ¢!, and we assume
that 7! is dominant over s and iv - k. We then have

1 d(v — )

F(k ~ : 8.145
f(k,v,9) s+3v3k?T  dmug ( )
Performing the inverse Laplace and Fourier transforms, we obtain
—3/2 —r2/4Dt (v — vp)
f(r,v,t) = (47 Dt) e C— (8.146)

2
dmug
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where the diffusion constant is
D= Uo T. (8.147)

The units are [D] = L?/T. Integrating over velocities, we have the density
n(r,t) = /d?’v f(r,v,t) = (4xDt)=3/? e "?/ADt (8.148)

Note that

/ drn(r,t) =1 (8.149)

for all time. Total particle number is conserved!

8.7 Linearized Boltzmann Equation

8.7.1 Linearizing the collision integral

We now return to the classical Boltzmann equation and consider a more formal treatment of the collision
term in the linear approximation. We will assume time-reversal symmetry, in which case

(%) = [ [abh o't poo) {109 550) - f0) S0} @150)
coll
The collision integral is nonlinear in the distribution f. We linearize by writing

fp) =)+ fp)v(p) , (8.151)

where we assume v(p) is small. We then have, to first order in v,

(%) =rwivsow?, 8.152)
coll

where the action of the linearized collision operator is given by
Ly = /d /d3 ’/d w(p',pi |p,p1) £7(p1) {w(p’) +9(ph) — ¥(p) - 1/}(1)1)}
(8.153)
= [t fag o vl 57 ) {66) + 08~ vlp) - vip0)}

where we have invoked eqn. 8.55 to write the RHS in terms of the differential scattering cross section.
In deriving the above result, we have made use of the detailed balance relation,

) o) =) P . (8.154)

We have also suppressed the r dependence in writing f(p), f°(p), and ¢ (p).
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From eqn. 8.85, we then have the linearized equation

- 0
L— — =Y, 8.155
(L-5)e=7, 8.159)
where, for point particles,
1 —c,T k
Y — e(p) — ¢, v-VT—I—mvavﬁQaﬁ—L(mV-V—F-v . (8.156)
kT T Cy

Eqn. 8.155 is an inhomogeneous linear equation, which can be solved by inverting the operator L — %.

8.7.2 Linear algebraic properties of

Although L is an integral operator, it shares many properties with other linear operators with which
you are familiar, such as matrices and differential operators. We can define an inner product’,

(1 |9y} = / d 1°(p) 1 (p) () - (8.157)

Note that this is not the usual Hilbert space inner product from quantum mechanics, since the factor
f°(p) is included in the metric. This is necessary in order that L be self-adjoint:

(P | Ly ) = (Lapy | by) - (8.158)

We can now define the spectrum of normalized eigenfunctions of L, which we write as ¢,,(p). The eigen-
functions satisfy the eigenvalue equation,

Loy ==X - (8159)
and may be chosen to be orthonormal,

(| B0 ) = Oy - (8.160)
Of course, in order to obtain the eigenfunctions ¢,, we must have detailed knowledge of the function
w(p’, Py | p.py)-

Recall that there are five collisional invariants, which are the particle number, the three components of
the total particle momentum, and the particle energy. To each collisional invariant, there is an associated
eigenfunction ¢,, with eigenvalue \,, = 0. One can check that these normalized eigenfunctions are

1
b, (p) = 7 (8.161)
_ Do
_ ]2 (e 3
b.(p) = i ( WT 2) : (8.163)

°The requirements of an inner product (f|g) are symmetry, linearity, and non-negative definiteness.
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If there are no temperature, chemical potential, or bulk velocity gradients, and there are no external
forces, then Y = 0 and the only changes to the distribution are from collisions. The linearized Boltzmann
equation becomes

N
5 =L (8.164)

We can therefore write the most general solution in the form
/
vP) =3 Codu@)e ™, (8.165)

where the prime on the sum reminds us that collisional invariants are to be excluded. All the eigenvalues
A, aside from the five zero eigenvalues for the collisional invariants, must be positive. Any negative
eigenvalue would cause ¢(p, t) to increase without bound, and an initial nonequilibrium distribution
would not relax to the equilibrium f°(p), which we regard as unphysical. Henceforth we will drop the
prime on the sum but remember that C,, = 0 for the five collisional invariants.

Recall also the particle, energy, and thermal (heat) currents,

j—/d3pvf(p)—/d?’pfo(p)vw(p)—<v!w>
j. = /d3pvsf(p) — /d3p @) ved(p) = (vel o) (8.166)
jqz/d?’pv(a—ﬂ)f(p)=/d3pf0(p)v(€—u)w(p)=<v(€—u)|¢>-

Note 3, = g, — uJ-

8.7.3 Steady state solution to the linearized Boltzmann equation

Under steady state conditions, there is no time dependence, and the linearized Boltzmann equation
takes the form

Ly=Y. (8.167)

We may expand 1 in the eigenfunctions ¢,, and write ) = 3 C,, ¢,,. Applying L and taking the inner
product with ¢, we have

1
J
Thus, the formal solution to the linearized Boltzmann equation is

Vp) =~ 35 (6,17 6(p) (8.169)

This solution is applicable provided |Y") is orthogonal to the five collisional invariants.
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Thermal conductivity

For the thermal conductivity, we take V71" = 0,T ¢, and

1 0T

= — 8.170
kT2 0x ~ "7 ( )
where X, = (¢ —¢,T') v,. Under the conditions of no particle flow (j = 0), we have j, = —x 9,T &. Then
we have o7
X =—K . 8.171
(X 4) = —r o 3171)
Viscosity
For the viscosity, we take
m AV,
Y = L. X 8.172
k‘BT 8y n Y ( )
with X, = v, v,. We then
ov,
I, = (mv,v,[¢) =—n oy (8.173)
Thus,
n v,
X =—— 8.174
(X,19) = -2 5 (3174)
8.7.4 Variational approach
Following the treatment in chapter 1 of Smith and Jensen, define H = —L. We have that H is a positive

semidefinite operator, whose only zero eigenvalues correspond to the collisional invariants. We then
have the Schwarz inequality,

(G H|$)- (0| H o) > (o H|$), (8.175)

for any two Hilbert space vectors |¢) and |¢). Consider now the above calculation of the thermal
conductivity. We have

8 1 or

H+y = THTE 9 e (8.176)

and therefore ,

kBT2 ] 1 < ¢ ’ X >

k=B (| H|¢) > LV (8.177)

wrjone Y2 B i o)

Similarly, for the viscosity, we have

fyp— " WVe x (8.178)
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from which we derive
B kT
1 @V, /oy)?

m2 2
(Y| H|p) > (91 X,)

- . 8.179
5T (91 0)0) (5179)

In order to get a good lower bound, we want ¢ in each case to have a good overlap with X, ,. One
approach then is to take ¢ = X, ,, which guarantees that the overlap will be finite (and not zero due to
symmetry, for example). We illustrate this method with the viscosity calculation. We have

n m? <1}ny | Uy Uy >2
- kBT <vxvy ‘ H ’ Ux”y)

(8.180)

Now the linearized collision operator L acts as

. 0o
(G1L 1) = [dh"®)op) [dy [42 57 0 = 01| £2e) {0(p) + v(p1) ~ 018~ wlh)} . (18D
Here the kinematics of the collision guarantee total energy and momentum conservation, so p’ and p}

are determined as in eqn. 8.56.

Now we have
df? =sinydxdyp, (8.182)

where x is the scattering angle depicted in Fig. 8.6 and ¢ is the azimuthal angle of the scattering. The
differential scattering cross section is obtained by elementary mechanics and is known to be

do  |d(b?/2)
00 ‘ dsiny |’ (8.153)
where b is the impact parameter. The scattering angle is
x(b,u) =m — 27dr b (8.184)
4 o

where m = %m is the reduced mass, and r, is the relative coordinate separation at periapsis, i.e. the
distance of closest approach, which occurs when 7 = 0, i.e.

62
~ 2 o
mu” = D2 +U(rp) (8.185)

N[

where ¢ = mub is the relative coordinate angular momentum.

We work in center-of-mass coordinates, so the velocities are

v:V—i—%u v =

U1:V—%u v =

+ v/ (8.186)
— L , (8.187)
with |u| = |u/| and @ - 4’ = cos x. Then if ¥(p) = v,v,, we have

Ty’

A() = P(p) +(py) — ¥(P) — ¥(P1) = 5 (upu, — upuy) - (8.188)
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b+ db

31

Figure 8.6: Scattering in the CM frame. O is the force center and P is the point of periapsis. The impact
parameter is b, and y is the scattering angle. ¢ is the angle through which the relative coordinate moves

between periapsis and infinity.

We may write

u =u (sinxcosg@ €, + sin x sin ¢ é, + cos x é3> ,
where é; = u. With this parameterization, we have

27

i s = i) = —msint (420, S5)
0

Note that we have used here the relation
€10 €15 T €20 €25 + €30, €35 = O
which holds since the LHS is a projector 7| [&;)(¢é;].

It is convenient to define the following integral:

o0

R(u) = /db b sin®x (b, u) .
0

Since the Jacobian

‘ det (Ov, 0vy)

=1
(OV,0u) ’

we have

3
(v, | L] v,v,) = n? (27:: T) / a3V / du eV kT gmmu AT gy 38y 4 - R(u) - 0,0
B

This yields R
(v0 | Llvgv,) = 15 n? <u5 R(u)) ,

y

(8.189)

(8.190)

(8.191)

(8.192)

(8.193)

(8.194)

(8.195)
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where

(F(u)) = /du u? e~ (kT F(u)/ /du u2 e~/ AkpT (8.196)
0 0

It is easy to compute the term in the numerator of eqn. 8.180:

m N2 3, o—mv?/2kgT 2, 2 kBTQ
(V0 |v,0,) =n <27T/<:BT> /d > Uy —n< - > . (8.197)

Putting it all together, we find
40 (ksT)
sz /< R(u (8.198)

The computation for  is a bit more tedious. One has ¢(p) = (¢ — ¢,T) v,, in which case

A = %m[(V ) u, — (V) u;} . (8.199)
Ultimately, one obtains the lower bound
o 150y (kT 3
> 100k, (1) n{ﬁ ) / (" R(u)) . (8.200)

Thus, independent of the potential, this variational calculation yields a Prandtl number of

C
pr:Z:M

_ (8.201)
a mekK

win

which is very close to what is observed in dilute monatomic gases (see Tab. 8.1).

While the variational expressions for 1 and « are complicated functions of the potential, for hard sphere
scattering the calculation is simple, because b = d sin ¢, = d COS(%X), where d is the hard sphere diameter.
Thus, the impact parameter b is independent of the relative speed u, and one finds R(u) = 3d°. Then

128 [ k. T\/?
(v’ R(u)) = $d*(u’) = ﬁ( - ) d? (8.202)
and one finds ) 1o
5 (mk,T)'/? 75 ky, kBT
> = 7 K > .
=T 6r a2 ’ = 6an/7 &2 (8:203)

8.8 The Equations of Hydrodynamics

We now derive the equations governing fluid flow. The equations of mass and momentum balance are

dp
E +V-(pV)=0 (8.204)

a(p Va) aHa/B _
ot T owp O

(8.205)
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where N
T8
v, Vs
Haﬁ:pVaVﬁ +p50é6_ 67+a—*v V(Sozﬂ +CVV6ocﬂ . (8206)
Substituting the continuity equation into the momentum balance equation, one arrives at
ov 9 1
pE—Fp(V-V)V:—Vp%—nV V+(+3nV(V-V), (8.207)

which, together with continuity, are known as the Navier-Stokes equations. These equations are supple-
mented by an equation describing the conservation of energy,

Os ov,

Ta—T—i—TV (sV) =0,5 928

Note that the LHS of eqn. 8.207 is p DV /Dt, where D /Dt is the convective derivative. Multiplying by
a differential volume, this gives the mass times the acceleration of a differential local fluid element. The
RHS, multiplied by the same differential volume, gives the differential force on this fluid element in a

frame instantaneously moving with constant velocity V. Thus, this is Newton’s Second Law for the
fluid.

+V-(kVT). (8.208)

8.9 Nonequilibrium Quantum Transport

8.9.1 Boltzmann equation for quantum systems

Almost everything we have derived thus far can be applied, mutatis mutandis, to quantum systems.
The main difference is that the distribution f° corresponding to local equilibrium is no longer of the
Maxwell-Boltzmann form, but rather of the Bose-Einstein or Fermi-Dirac form,

-1
fO>r k,t) = {exp <W> T 1} , (8.209)

where the top sign applies to bosons and the bottom sign to fermions. Here we shift to the more common
notation for quantum systems in which we write the distribution in terms of the wavevector k = p/h
rather than the momentum p. The quantum distributions satisfy detailed balance with respect to the
quantum collision integral

of Bk, [ [ A%, . / /
<8t>con - /(zw)la/(zw)s/(%)lg w {f AAENAxf)-FAAE) A fl)} (8.210)

where w = w(k,k, |k, k), f = f(k), f; = f(ky), f' = f(K'), and f| = f(k}), and where we have
assumed time-reversal and parity symmetry. Detailed balance requires

1£f 1+£f, 1+f 1+/f
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where f = fU is the equilibrium distribution. One can check that

_ 1 f _ Bu—g)
I=Genz1 — 1£7°°¢ (8.212)

which is the Boltzmann distribution, which we have already shown to satisfy detailed balance. For the
streaming term, we have

ar’ = k Taf0d< “>

0 kT
afl dp (e —p)dT"  de
T _ A 8.213
P Oe { k,T k,T? + k,T ( )

a0 e—poT Oe
e {67" dr+ T or driaik dk}

from which we read off

87]‘0_ 8f0{ +€—MOT}
or

or Oe T Or (8.214)
010, 0f
ok Oc

The most important application is to the theory of electron transport in metals and semiconductors,
in which case f° is the Fermi distribution. In this case, the quantum collision integral also receives a
contribution from one-body scattering in the presence of an external potential U(r), which is given by
Fermi’s Golden Rule:

(%@) = 2% DK U R (f(K) = f(k)) 5(e(k) — (k)

coll ke
3k o ) / (8.215)
m/ (2r)® Uk — K] (f(K") = f(k))6(e(k) —e(K)) .

Q

The wavevectors are now restricted to the first Brillouin zone, and the dispersion (k) is no longer the
ballistic form e = h?k?/2m but rather the dispersion for electrons in a particular energy band (typically
the valence band) of a solid"’. Note that f = f° satisfies detailed balance with respect to one-body
collisions as well'!,

In the presence of a weak electric field E and a (not necessarily weak) magnetic field B, we have, within
the relaxation time approximation, f = ¥ + Jf with

@—i B%—v [8

= (8.216)

ot hc ok Oz T

af"  of
VT

"We neglect interband scattering here, which can be important in practical applications, but which is beyond the scope of
these notes.

"The transition rate from |k’) to | k) is proportional to the matrix element and to the product f'(1 — f). The reverse process
is proportional to f(1 — f’). Subtracting these factors, one obtains f' — f, and therefore the nonlinear terms felicitously cancel
in eqn. 8.215.
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where €= —V (¢ — p/e) = E — e 'V is the gradient of the ‘electrochemical potential’ ¢ — e~!p. In
deriving the above equatlon we have worked to lowest order in small quantities. This entails dropping
terms like v - 85f (higher order in spatial derivatives) and E - 85f (both E and df are assumed small).
Typically 7 is energy—dependent ie.T=7(c(k)).

We can use eqn. 8.216 to compute the electrical current j and the thermal current j,,

j=—2 / (jjgg v of (8.217)
)
3
g, =2 / (57:;3 (e — p)véf . (8.218)
Q

Here the factor of 2 is from spin degeneracy of the electrons (we neglect Zeeman splitting).

In the presence of a time-independent temperature gradient and electric field, linearized Boltzmann
equation in the relaxation time approximation has the solution

E— U af°
of = — | eE+ ——VT 8.219
r =)o (ee+ T vr) (0] 8219)
We now consider both the electrical current'? j as well as the thermal current density j,. One readily
obtains

. d%k
Jj=—2e vof =L &E— L1 VT (8.220)

(2m)3

Q2
. d%k
Jg=2 ) (e—p)vdéf =Loy E— Lo VT (8.221)
Q2

where the transport coefficients L'! etc. are matrices:

2 0 a,B
ag € B of / v* v
L = ey de 7(e) < e ) dsS. o] (8.222)
08 _pros_ __© (o / v ol
Ly =TL}, = yp=r /ds T(e) (e — p) ( 9% ds. o] (8.223)
ag _ _1 (9 / v of
L5y = T3RT /de T(e) (e — p) < o dS. ol (8.224)
If we define the hierarchy of integral expressions
N 1 " afO v B
T = sy, [deT(e) (e~ m) ( o ) /dS ol (8.225)
then we may write
Oé o (87 « 1 (87
6 = 627 ) L21 = TLIQﬁ = 1 ’ ) Lzzﬁ =T Ja 7. (8.226)

T

In this section we use J to denote electrical current, rather than particle number current as before.
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T=T

V = (QB*QA)(T1*T0)
Figure 8.7: A thermocouple is a junction formed of two dissimilar metals. With no electrical current
passing, an electric field is generated in the presence of a temperature gradient, resulting in a voltage
V =Vx—-Vg.

The linear relations in eqn. (8.221) may be recast in the following form:

E=pj+QVT

) ] (8.227)
Jg=M3—xVT,
where the matrices p, @), M, and & are given by
p= Ly Q=L Ly (8.228)
M= Ly Ly} k= Loy — Loy L] Lyy (8.229)
or, in terms of the 7,
pr=23% Q=——7%T T (8.230)
1 1
n=—7%" = (JQ — T Tt jl) , (8.231)

These equations describe a wealth of transport phenomena:

e Electrical resistance (VT = B = 0)
An electrical current j will generate an electric field £ = pj, where p is the electrical resistivity.

e Peltier effect (VT = B =0)
An electrical current j will generate an heat current j, = j, where ' is the Peltier coefficient.

e Thermal conduction (j = B = 0)
A temperature gradient V7' gives rise to a heat current j, = —xVT, where & is the thermal con-
ductivity.
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i, e - e e .t o 1 .. ' s .

I, = (My-11,)1

Figure 8.8: A sketch of a Peltier effect refrigerator. An electrical current [ is passed through a junction
between two dissimilar metals. If the dotted line represents the boundary of a thermally well-insulated
body, then the body cools when Mg > My, in order to maintain a heat current balance at the junction.

e Seebeck effect (j = B = 0)
A temperature gradient VT gives rise to an electric field £ = QVT, where Q) is the Seebeck coeffi-
cient.

One practical way to measure the thermopower is to form a junction between two dissimilar metals, A
and B. The junction is held at temperature 77 and the other ends of the metals are held at temperature
To. One then measures a voltage difference between the free ends of the metals — this is known as the
Seebeck effect. Integrating the electric field from the free end of A to the free end of B gives

B
Va—Vg=— /8' dl = (@B — Qa)(T1 —Tp) . (8.232)
A

What one measures here is really the difference in thermopowers of the two metals. For an absolute
measurement of )4, replace B by a superconductor (Q = 0 for a superconductor). A device which
converts a temperature gradient into an emf is known as a thermocouple.

The Peltier effect has practical applications in refrigeration technology. Suppose an electrical current 1
is passed through a junction between two dissimilar metals, A and B. Due to the difference in Peltier
coefficients, there will be a net heat current into the junction of W = (Ma — Mg) I. Note that this is
proportional to I, rather than the familiar 72 result from Joule heating. The sign of W depends on the
direction of the current. If a second junction is added, to make an ABA configuration, then heat absorbed
at the first junction will be liberated at the second. '*

BTo create a refrigerator, stick the cold junction inside a thermally insulated box and the hot junction outside the box.
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8.9.2 The Heat Equation

We begin with the continuity equations for charge density p and energy density e:

ap .

V- -7=0 8.233
5 TV I (8.233)
Z‘i_i_v.ja:j.E’ (8.234)

where E is the electric field'*. Now we invoke local thermodynamic equilibrium and write

0= _ D om0 OT
ot  On Ot  OT Ot

-£ g';’ +oy aaf , (8.235)
where n is the electron number density (n = —p/e) and ¢,, is the specific heat. We may now write
O _0e ndp
Vot ot e Ot
=j-E-V.j.—LV.j
=j-E-V-3,. (8.236)

Invoking j, = Mj — kV T, we see that if there is no electrical current (j = 0), we obtain the heat equation

or T
Vot = "8 gropaB
This results in a time scale 7., for temperature diffusion 7, = C LQCV /k, where L is a typical length scale

and C is a numerical constant. For a cube of size L subjected to a sudden external temperature change,
L is the side length and C = 1/37? (solve by separation of variables).

(8.237)

8.9.3 Calculation of Transport Coefficients

We will henceforth assume that sufficient crystalline symmetry exists (e.g. cubic symmetry) to render
all the transport coefficients multiples of the identity matrix. Under such conditions, we may write

TP = T bap with
1 N of°
T, = 535 /de T(e) (e — ) e /dSE lv| . (8.238)

The low-temperature behavior is extracted using the Sommerfeld expansion,

1= 7d5 H(e) (—aafo> = mDcsc(nD) H(e) (8.239)

€

e=p
—0oQ

= H(p) + i(kBT)Q H' () + ... (8.240)

“Note that itis E - J and not €- J which is the source term in the energy continuity equation.
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where D = kT % is a dimensionless differential operator.'®

Let us now perform some explicit calculations in the case of a parabolic band with an energy-independent
scattering time 7. In this case, one readily finds

I = g p 32 rDescaDe? (e — )"

, (8.241)
where o, = ne?r/m*. Thus,

j():i 1+7

8
2 2
g = QT ke T)7 (8.242)

Ty =200 (g 1)+ ..

KT, (8.243)

and of course M = T'Q). The predicted universal ratio

K

2
= % (ks/€)? = 2.45 x 108 V2K 2, (8.244)

is known as the Wiedemann-Franz law. Note also that our result for the thermopower is unambiguously

negative. In actuality, several nearly free electron metals have positive low-temperature thermopowers
(Cs and Li, for example). What went wrong? We have neglected electron-phonon scattering!

8.9.4 Onsager Relations

Transport phenomena are described in general by a set of linear relations,
Ji = Ly, Fy, , (8.245)

where the {F}} are generalized forces and the {J;} are generalized currents. Moreover, to each force F;
corresponds a unique conjugate current J;, such that the rate of internal entropy production is

: a8
S—;Fiji — F,-:aj. (8.246)

> Remember that physically the fixed quantities are temperature and total carrier number density (or charge density, in the
case of electron and hole bands), and not temperature and chemical potential. An equation of state relating n, i1, and T is then
inverted to obtain i (n, T'), so that all results ultimately may be expressed in terms of n and 7T'.
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The Onsager relations (also known as Onsager reciprocity) state that
Lix(B) = n; i Ly (—B) , (8.247)
where 7; describes the parity of J; under time reversal:
JE = J; (8.248)

where J! is the time reverse of .J;. To justify the Onsager relations requires a microscopic description of
our nonequilibrium system.

The Onsager relations have some remarkable consequences. For example, they require, for B = 0,
that the thermal conductivity tensor «;; of any crystal must be symmetric, independent of the crystal
structure. In general,this result does not follow from considerations of crystalline symmetry. It also
requires that for every ‘off-diagonal” transport phenomenon, e.g. the Seebeck effect, there exists a distinct
corresponding phenomenon, e.g. the Peltier effect.

For the transport coefficients studied, Onsager reciprocity means that in the presence of an external
magnetic field,

Pop(B) = pg,(—B) (8.249)
o5 (B) = ti5,(—B) (8.250)
Mas(B) =T Qs,(—B) . (8.251)

Let’s consider an isotropic system in a weak magnetic field, and expand the transport coefficients to first
order in B:

Pop(B) = pd,5+veqs, BY (8.252)
Kop(B) =K0,5+ @eqg, BT (8.253)
Qup(B) = Q6,5+ Ceqpy B’ (8.254)
M,s(B) =05+ 0¢€,3,B7. (8.255)

Onsager reciprocity requires M = 7' Q) and § = T (. We can now write

E=pj+vixB+QVT+(VTxB (8.256)
j,=MNj+0jxB-kVT-wVTxB. (8.257)

There are several new phenomena lurking;:
e Hall effect (5% = 9% = j, = 0)

An electrical current j = j, @ and a field B = B, 2 yield an electric field £ The Hall coefficient is
Ry =&y/jz B. = —v.

e Ettingshausen effect (g—g = jy = jgy = 0)

An electrical current j = j, @ and a field B = B, 2 yield a temperature gradient %—Z. The Etting-

shausen coefficient is P = % /je B: = —0/k.
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e Nernst effect (j» = j, = %—5 =0)

A temperature gradient VT = g—g Z and a field B = B; z yield an electric field £ The Nernst
coefficientis A = &,/ ?TZ; B. = —C(.

e Righi-Leduc effect (j, = j, = &, = 0)
A temperature gradient VT = 2L 3 and a field B = B, # yield an orthogonal temperature gradi-
ent g—ig. The Righi-Leduc coefficient is £ = %—Z / %BZ =(/Q.

8.10 Stochastic Processes

A stochastic process is one which is partially random, i.e. it is not wholly deterministic. Typically the
randomness is due to phenomena at the microscale, such as the effect of fluid molecules on a small
particle, such as a piece of dust in the air. The resulting motion (called Brownian motion in the case of
particles moving in a fluid) can be described only in a statistical sense. That is, the full motion of the
system is a functional of one or more independent random variables. The motion is then described by its
averages with respect to the various random distributions.

8.10.1 Langevin equation and Brownian motion

Consider a particle of mass M subjected to dissipative and random forcing. We’ll examine this system
in one dimension to gain an understanding of the essential physics. We write

p+ap=F+nt). (8.258)

Here, v is the damping rate due to friction, F is a constant external force, and 7(t) is a stochastic random
force. This equation, known as the Langevin equation, describes a ballistic particle being buffeted by
random forcing events. Think of a particle of dust as it moves in the atmosphere; F' would then represent
the external force due to gravity and 7)(t) the random forcing due to interaction with the air molecules.
For a sphere of radius a moving with velocity v in a fluid, the Stokes drag is given by Fy, ., = —6mnav,
where a is the radius. Thus,

6mna
’YStokes = M (8259)

where M is the mass of the particle. It is illustrative to compute + in some setting. Consider a micron
sized droplet (a = 10~ cm) of some liquid of density p ~ 1.0g/cm® moving in air at 7 = 20° C. The
viscosity of airis 7 = 1.8 x 10~*g/cm - s at this temperature'. If the droplet density is constant, then
v = 9n/2pa® = 8.1 x 10*s~!, hence the time scale for viscous relaxation of the particle is 7 = y~! = 12 us.
We should stress that the viscous damping on the particle is of course due to the fluid molecules, in
some average ‘coarse-grained’ sense. The random component to the force 7(¢) would then represent the
fluctuations with respect to this average.

!“The cgs unit of viscosity is the Poise (P). 1P = 1 g/cm-s.
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We can easily integrate this equation:

d
pn (pe?) = Fe' +n(t) e

/ (8.260)
p(t) = p(0)e " + ],j (1-e)+ 0/ ds n(s) e’

Note that p(t) is indeed a functional of the random function 7(t). We can therefore only compute aver-
ages in order to describe the motion of the system.

The first average we will compute is that of p itself. In so doing, we assume that 7(¢) has zero mean:
(n(t)) = 0. Then

(p(t)) = p(0)e™ " + i (L—e"). (8.261)

On the time scale 71, the initial conditions p(0) are effectively forgotten, and asymptotically for ¢ > !

we have (p(t)) — F/~, which is the terminal momentum.

Next, consider
t t
B(0) = () + [dsy [dsy 6170 0 (s () (3:262)
0 0

We now need to know the two-time correlator (7(s;)7(s,)). We assume that the correlator is a function
only of the time difference As = s; — s,, so that the random force 7(s) satisfies

(n(s)) =0 (8.263)
<77(51) 77(52)> = P(s1 — 89) - (8.264)

The function ¢(s) is the autocorrelation function of the random force. A macroscopic object moving in
a fluid is constantly buffeted by fluid particles over its entire perimeter. These different fluid particles
are almost completely uncorrelated, hence ¢(s) is basically nonzero except on a very small time scale
74 which is the time a single fluid particle spends interacting with the object. We can take 7, — 0 and
approximate

o(s) = I'd(s) . (8.265)
We shall determine the value of I" from equilibrium thermodynamic considerations below.

With this form for ¢(s), we can easily calculate the equal time momentum autocorrelation:

<P2(t)> = <10(t)>2 + F/d o27(s—1)
r
a5

(8.266)

s
(1 — 6_2%) .

= (p(t)y’
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Consider the case where F' = 0 and the limit ¢ > y~!. We demand that the object thermalize at temper-
ature 7. Thus, we impose the condition

p(t) 1
nr) = Sk T — I =2yMk,T (8.267)

where M is the particle’s mass. This determines the value of I'.

We can now compute the general momentum autocorrelator:

(091 ~ (b)) (b)) = O/ ds O/ds/ 10 10 ((5) () 8268
= Mk,T et (t,t' — oo, |t — | finite) .

The full expressions for this and subsequent expressions, including subleading terms, are contained in
an appendix, §8.14.

Let’s now compute the position z(¢). We find

1
z(t) = (z(t)) + — [ds [ds; n(s;) e517s) (8.269)
where , ,
t 1 o

Note that for vt < 1 we have (z(t)) = z(0) + v(0) t + $M ' Ft? + O(t3), as is appropriate for ballistic
particles moving under the influence of a constant force. This long time limit of course agrees with our
earlier evaluation for the terminal velocity, v,, = (p(c0))/M = F/vM. We next compute the position
autocorrelation:

(2 2()) — () (#()) = 173 /ds /ds’ e /dsl /ds’l e1e1t52) ((s,) m(sy)
0 0 0 0
2%k, T .,

In particular, the equal time autocorrelator is

2k, Tt
(22(t)) — (x(t)Y = ar =20t (8.271)
at long times, up to terms of order unity. Here,
D = Fo T (8.272)
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is the diffusion constant. For a liquid droplet of radius a = 1 pm moving in air at 7" = 293 K, for which
n=1.8x10"*P, we have

kT (1.38 x 10 1% erg/K) (293 K)
6rna 67 (1.8 x 107*P) (10~%cm)
This result presumes that the droplet is large enough compared to the intermolecular distance in the

fluid that one can adopt a continuum approach and use the Navier-Stokes equations, and then assuming
a laminar flow.

D= =1.19%x 10 " cm?/s . (8.273)

If we consider molecular diffusion, the situation is quite a bit different. As we shall derive below in
§8.10.3, the molecular diffusion constantis D = ¢? /27, where / is the mean free path and 7 is the collision
time. As we found in eqn. 8.91, the mean free path ¢, collision time 7, number density n, and total
scattering cross section o are related by

1
\/ﬁna’

where v = /8k;T/mm is the average particle speed. Approximating the particles as hard spheres, we
have o = 47a?, where a is the hard sphere radius. At7T = 293K, and p = 1 atm, we have n = p/k,T =
2.51 x 101? ecm™3. Since air is predominantly composed of N, molecules, we take a = 1.90 x 10~% cm and
m = 28.0amu = 4.65 x 10723 g, which are appropriate for N,. We find an average speed of v = 471 m/s
and a mean free path of £ = 6.21 x 10~ cm. Thus, D = $¢v = 0.146 cm?/s. Though much larger than the
diffusion constant for large droplets, this is still too small to explain common experiences. Suppose we
set the characteristic distance scale at d = 10 cm and we ask how much time a point source would take
to diffuse out to this radius. The answer is At = d?/2D = 343, which is between five and six minutes.
Yet if someone in the next seat emits a foul odor, your sense the offending emission in on the order of
a second. What this tells us is that diffusion isn’t the only transport process involved in these and like
phenomena. More important are convection currents which distribute the scent much more rapidly.

=0T =

(8.274)

8.10.2 Langevin equation for a particle in a harmonic well

Consider next the equation

MX +yMX + MwiX = Fy+n(t), (8.275)
where Fj is a constant force. We write X = 1\523 + x and measure z relative to the potential minimum,
yielding

Pt yd 4wl = %n(t). (8.276)

At this point there are several ways to proceed.

Perhaps the most straightforward is by use of the Laplace transform. Recall:
#(v) = [dte " n(v) (8.277)
0
d

2(t) = 2—; OO (8.278)
C
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where the contour C proceeds from a — 0o to a + ico such that all poles of the integrand lie to the left of
C. We then have

1 o0 o0
/dte”t M/te”(:c—i—’ym—i—wox)
0 0
=—(+7)2(0) —2(0) + (* + w +wj) £(v) . (8.279)
Thus, we have
o0
. (v+7)xz(0)+4(0) 1 1 / _ut
= — 5 [dte "' n(t). 2
0
Now we may write
V+wtrwi=w—v)(v-v), (8.281)

where

vy =—3v+4/372 —uwi. (8.282)

Note that Re (v,.) < 0 and that v + v, = —v_.

Performing the inverse Laplace transform, we obtain
x(t) = z(0) <V+ vt g €u+t) I ﬂ(g”ﬁ _ey_t)
Vy -V vy —V_
T (8.283)
+ /dsK(t— s)n(s),

0

where o )
t—s
K(t — R S ( v (t—s) _ V_(tfs)> 284
(t—s) M (v, —v) e e (8.284)
is the response kernel and O(t — s) is the step function which is unity for ¢ > s and zero otherwise. The
response is causal, i.e. z(t) depends on 7)(s) for all previous times s < t, but not for future times s > t.
Note that K (7) decays exponentially for 7 — oo, if Re(v,.) < 0. The marginal case where w, = 0 and
v, = 0 corresponds to the diffusion calculation we performed in the previous section.

8.10.3 Discrete random walk

Consider an object moving on a one-dimensional lattice in such a way that every time step it moves
either one unit to the right or left, at random. If the lattice spacing is ¢, then after n time steps the
position will be

z, =0> 0, (8.285)
j=1

where

(8.286)

+1 if motion is one unit to right at time step j
O‘ p—
/ —1 if motion is one unit to left at time step j .
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Clearly (0;) = 0, so (z,,) = 0. Now let us compute

<:L‘fl> =/? Z Z(ajcrj/> =nl

j=1j'=1
where we invoke

If the length of each time step is 7, then we have, with ¢t = nr,

<932(75)> = ?t )

and we identify the diffusion constant
Y2

D=—.
2T

2, (8.287)

(8.288)

(8.289)

(8.290)

Suppose, however, the random walk is biased, so that the probability for each independent step is given

by
P(U) = p50,1 + q(SU,—l )

where p + ¢ = 1. Then
(0;)=p—q=2p—1

and

(ajaj,> =(p—q)? (1 — (5jj/) + 050
=(2p—1)*+4p(1—p)

Then

(z,) = (2p— 1) n

(22) — <£L'n>2 =4p(1—p)n.

8.10.4 Fokker-Planck equation

Suppose z(t) is a stochastic variable. We define the quantity
dz(t) = x(t + ot) — z(t) ,

and we assume

6],], .

(8.291)

(8.292)

(8.293)

(8.294)
(8.295)

(8.296)

(8.297)
(8.298)
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Lo

“«— I —

Figure 8.9: Interpretive sketch of the mathematics behind the Chapman-Kolmogorov equation.

but ([5z(t)]") = O((6t)?) for n > 2. The n = 1 term is due to drift and the n = 2 term is due to diffusion.
Now consider the conditional probability density, P(z,t |z, t,), defined to be the probability distribu-
tion for z = z(t) given that z(t,) = z,. The conditional probability density satisfies the composition
rule,

P(xy,ty | mg, 1) = /dxl P(zg,ty [y, 1) Pz, |20, 20) 5 (8.299)

—0o0

for any value of ¢,. This is also known as the Chapman-Kolmogorov equation. In words, what it says is that
the probability density for a particle being at x, at time t,, given that it was at z, at time ¢, is given by
the product of the probability density for being at z, at time ¢, given that it was at z; at ¢, multiplied by
that for being at z; at ¢; given it was at x at ¢, integrated over x,. This should be intuitively obvious,
since if we pick any time ¢; € [t,,1,], then the particle had to be somewhere at that time. Indeed, one
wonders how Chapman and Kolmogorov got their names attached to a result that is so obvious. At any
rate, a picture is worth a thousand words: see fig. 8.9.

Proceeding, we may write

Plat + 6t | 20, t) = /d:r’ Pla,t + 0t |2 8) P(2/, t | 20, o) - (8.300)

— 00
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Now

P(z,t+0t| 2’ t) = (6(x — 6z (t) — ')

2
:{ + (5a(t) d,+;<[5x(t)]2>dcgi/2+...}5(x—x’) (8.301)
= 6§z —a')+ Fy(z ')Wat+;p2< )M(SHO((&)?),

where the average is over the random variables. We now insert this result into eqn. 8.300, integrate by
parts, divide by ¢6t, and then take the limit ¢ — 0. The result is the Fokker-Planck equation,

oP 0 1 02

= = —a—x[Fl(az)P(:c,t)] +35 9.2 [Fa(z) P(z,1)] . (8.302)

8.10.5 Brownian motion redux

Let’s apply our Fokker-Planck equation to a description of Brownian motion. From our earlier results,

we have
F

M

A formal proof of these results is left as an exercise for the reader. The Fokker-Planck equation is then

F(z) = Fy(z) =2D. (8.303)

oP aP 9P
priial +D R (8.304)

where u = F'/yM is the average terminal velocity. If we make a Galilean transformation and define
y=x—ut ) s=t (8.305)
then our Fokker-Planck equation takes the form

oP o*rP

This is known as the diffusion equation. Eqn. 8.304 is also a diffusion equation, rendered in a moving
frame.

While the Galilean transformation is illuminating, we can easily solve eqn. 8.304 without it. Let’s take a
look at this equation after Fourier transforming from z to ¢:

o

da . .

P(x,t) = / Y iz p(g, t) (8.307)
2

P(q,t) = / dz e P(z,t) . (8.308)

—0o0
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Then as should be well known to you by now, we can replace the operator % with multiplication by ig,
resulting in
o P(a:t) = =(De® +iqu) P(q, 1), (8.309)
with solution R .
P(q,t) = e Prt e P(q,0) . (8.310)
We now apply the inverse transform to get back to z-space:

[e.e] o0

da . . .,
P(x,t) = /2q 19z o= D4t e_zq“t/dac' e " P2, 0)
T
/ / dgq —Dq?*t iq(x—ut—z")
= [dz' P(2,0) 2. € e (8.311)
= /da?’ K(x —a',t) P(2',0),
where )
K(z,t) = N7EST ¢~ (@—ut)?/4Dt (8.312)

is the diffusion kernel. We now have a recipe for obtaining P(z,t) given the initial conditions P(z,0). If
P(z,0) = 6(x), describing a particle confined to an infinitesimal region about the origin, then P(x,t) =
K(x,t) is the probability distribution for finding the particle at x at time ¢. There are two aspects to
K (z,t) which merit comment. The first is that the center of the distribution moves with velocity w.
This is due to the presence of the external force. The second is that the standard deviation o = V2Dt
is increasing in time, so the distribution is not only shifting its center but it is also getting broader as
time evolves. This movement of the center and broadening are what we have called drift and diffusion,
respectively.

8.10.6 Master Equation

Another way to model stochastic processes is via the master equation, which was discussed in chapter 3.
Recall that if P;(t) is the probability for a system to be in state | i) at time ¢ and W;; is the transition rate
from state | j ) to state | i ), then

P,
=2 (WP = WyP) . (8.313)

J

Consider a birth-death process in which the states |n) are labeled by nonnegative integers. Let «,
denote the rate of transitions from |n) — |n + 1) and let /3,, denote the rate of transitions from |n) —
|n — 1). The master equation then takes the form'”

ar,
dt

7We further demand 8,,_, = 0 and P_, (t) = 0 at all times.

- anflpnfl + BnJranJrl - (an + Bn)Pn . (8314)
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Let us assume we can write o, = Ka(n/K) and 8, = Kj3(n/K), where K > 1. We assume the
distribution P, (¢) has a time-dependent maximum at n = K¢(t) and a width proportional to v K. We
expand relative to this maximum, writing n = K¢(t) + VK ¢ and we define P, (t) = I1(&,t). We now
rewrite the master equation in eqn. 8.314 in terms of I7(¢,t). Since n is an independent variable, we set

dn=Kédt+ VK deé = d¢| =—-VEKadt. (8.315)
Therefore ip o o
W:—@¢a—£+§. (8.316)

Next, we write, for any function f,,,

_ —-1/2
f” Kf(¢+K12§)/ 1 ¢£2 1 (8'317)
=Kf(¢)+K2ef(¢)+ 1 f"(¢) +... .

Similarly,

for1 = Kf(p+ K Y2+ K™

(8.318)
=Kf(¢)+ K2 ()£ (@) + 3 (9)+... .

Dividing both sides of eqn. 8.314 by VK, we have

_ 87]7 1/2 Y24 on 2 on -1/2) (pt 87]7 1 o1 2l =/ }
§¢ + K~ 5 =(B— )85 +K {([3 a)§a§+ (a@+8) o ae2 + (B =a)Il ¢ +... . (8.319)
Equating terms of order K° yields the equation
¢ = f(0) = a(e) — (o). (8.320)

Equating terms of order K ~!/? yields the Fokker-Planck equation,

ol 0 0*®

i —f'(o(1)) € (E1T) + 59(e(1)) o2 (8.321)

where g(¢) = a(¢) + B(¢). If in the limit t — oo, eqn. 8.320 evolves to a stable fixed point ¢*, then the
stationary solution of the Fokker-Planck eqn. 8.321, I, (&) = II(§,t = oo) must satisfy

/ 0 1 aQJqu 1 _£2/242
— 10 g (€1eq) +39(87) gt =0 = ) = =7 (8.322)
where .
52 = _2?<,<(Z5¢2 3 (8.323)

Now both a and 3 are rates, hence both are positive and thus g(¢) > 0. We see that the condition 0 > 0,
which is necessary for a normalizable equilibrium distribution, requires f’(¢*) < 0, which is saying that
the fixed point in eqn. 8.320 is stable.
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8.11 AppendixI: Boltzmann Equation and Collisional Invariants

Problem : The linearized Boltzmann operator L is a complicated functional. Suppose we replace L by

L, where
m V2 3 mu?
L = (o, ”(mg) [t e (— %BT)

kT 3\2k, T 2)\35T 2 R

Show that £ shares all the important properties of L. What is the meaning of v? Expand ¢ (v,?) in
spherical harmonics and Sonine polynomials,

(8.324)

Vw.t) =D arem(t) S 1 (x) 2" ¥y (), (8.325)

with z = mv?/2k,T, and thus express the action of the linearized Boltzmann operator algebraically on
the expansion coefficients a, ¢, (t).

The Sonine polynomials S7(z) are a complete, orthogonal set which are convenient to use in the calcu-
lation of transport coefficients. They are defined as

n

n Ma+n+1)(—z)"
Sa@) =2 T(a (+ m+1) (7)1(— nz)!m! ’ (8.326)

m=0
and satisfy the generalized orthogonality relation

/dac e T SN a) SV (1) = ——— 2§ . (8.327)
0

Solution : The ‘important properties” of L are that it annihilate the five collisional invariants, i.e. 1, v,
and v?, and that all other eigenvalues are negative. That this is true for £ can be verified by an explicit
calculation.

Plugging the conveniently parameterized form of ¢(v, t) into £, we have

r A ’y 1/2 —X
£ =~ i) 57,1 (1) 22 YER) + 50 armlt) /dxlxl/ e
rém rém 0 (8328)

o« fai [+ 20020 g+ 3o = 8) (o= D] 5,y () o VA

where we’ve used

U=/ ——mx , du = dxy . (8.329)
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Now recall Y¢(72) = —— and
Yi(n) = — 3 Gingeie Yq(R) = 1/3 cos @ Yi(R) = ﬂ/i sinf e
! T 0 i -1 8T
S1/2( z)=1 S:?/Q(x) =1 511/2(3}) = % -,

which allows us to write

1 =4 Y (R) YY" (1) (8.330)
Ry = 4;[%( )Y (R) + Y (R) Vi () + Y () Y () | (8.331)

We can do the integrals by appealing to the orthogonality relations for the spherical harmonics and
Sonine polynomials:

/ dn YL (R) YL (R) = 6 Sy (8.332)
/ dz e~ 2% §7(2) S (x) = W S - (8.333)

0

Integrating first over the direction vector n4,

=7 Z arem (1 (z) @ 42 Ynl;(ﬁ)

rém

L S ) 7 e [an, [ () Yy (1) 2)0(x) 89 ()

v 0 (8.334)
2207/ Z YL (m)vL( )Sg/g( )53(,)/2(961)
m/=—1
. . ¢ .
3P Y (1) SLola) Sa(o)| 87, 1 (1) 7 Vi)
we obtain the intermediate result
LY = —'yz g () S;+l(x) 27" (n)
rém 2
2y T _
+ 2L St /dxl {2 e Y00 i 890) 82(2)
rém (8.335)

212, 1/2 Z YL/ (R) 011 Gy 3/2(9”)55]/2(%)

+ %}/Oo(ﬁ) 5[0 (smo S%/2<I') 511/2(:61)] Sg+%($1) x}/Q
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Appealing now to the orthogonality of the Sonine polynomials, and recalling that
rhy=ve ., TM)=1 , T(+1)==:T(z), (8.336)

we integrate over x;. For the first term in brackets, we invoke the orthogonality relation with n =0
and a = 1, giving I'(2) = 1,/7. For the second bracketed term, we have n = 0 but a = 2, and we
= 3T'(3), while the third bracketed term involves leads ton = 1 and o = 3, also yielding

5
3) =
I'(3) = 3I'(3). Thus, we obtain the simple and pleasing result

Lo =7 yom(t 1) 22 Y(n) (8.337)

rém 2

where the prime on the sum indicates that the set
cr={(0,0,0), (1,0,0), (0,1,1), (0,1,0), (0,1,~1)} (8.338)

are to be excluded from the sum. But these are just the functions which correspond to the five collisional
invariants! Thus, we learn that

wrém(v) = Nrﬂm S" (1') ij/Q erl('ﬁ/), (8.339)

s

is an eigenfunction of £ with eigenvalue —v if (r, ¢, m) does not correspond to one of the five collisional
invariants. In the latter case, the eigenvalue is zero. Thus, the algebraic action of £ on the coefficients
Qrim is

(L) = —7 G, if (r,€,m) ¢ CI (8.340)
o =0 if (r,4,m) € CI ’

The quantity 7 = v~ ! is the relaxation time.

It is pretty obvious that L is self-adjoint, since
(61L0) = [d% 1°(v) d(o) Ll (o)

:‘””<2ZT)3/2/MXP( o) )
(%k T) /ds/duexp< o T) (_;;:D (8.341)

X $(v) ; ( ) (;Z'"; ;)] Y (u)

= < Lo ‘ (0 > )
where n is the bulk number density and f°(v) is the Maxwellian velocity distribution.
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8.12 Appendix II : Distributions and Functionals

Let x € R be a random variable, and P(x) a probability distribution for z. The average of any function
¢(z) is then

($(x)) = / dz P(x) 6(x) / / dz P(x) . (8342)

Let (t) be a random function of t, with n(t) € R, and let P [n(t)] be the probability distribution functional
for n(t). Then if ®[n(t)] is a functional of 7(t), the average of @ is given by

/DnP[n(t)]@[n(t)] / Dy P[n(t)] (8.343)

The expression [Dn P[n] ®[n] is a functional integral. A functional integral is a continuum limit of a
multivariable integral. Suppose 7(t) were defined on a set of ¢ values ¢, = n7. A functional of 7(t)
becomes a multivariable function of the values 7,, = 7(t,,). The metric then becomes

Dy — [[dn, - (8.344)

In fact, for our purposes we will not need to know any details about the functional measure D; we will
finesse this delicate issue'®. Consider the generating functional,

Z[J()] = / D P[n] exp ( / dt J(t)n(t)> . (8.345)
It is clear that
1 8"Z|J] B
2001 576078 |, (n(t2) - n(t,)) - (8.346)

The function J(t) is an arbitrary source function. We differentiate with respect to it in order to find the
n-field correlators.

Let’s compute the generating function for a class of distributions of the Gaussian form,

o0

P[n] = exp (— % / dt (7% + 772)> (8.347)
1 Td )
= exp(— 2F/2C7: (14 w?r?) }n(w)‘z) . (8.348)

18 A discussion of measure for functional integrals is found in R. P. Feynman and A. R. Hibbs, Quantum Mechanics and Path
Integrals.
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Figure 8.10: Discretization of a continuous function 7(¢). Upon discretization, a functional & [n(t)]
becomes an ordinary multivariable function @({n;}).

Then Fourier transforming the source function J(t), it is easy to see that

Z[J] = z[0] eXp(i/Zb; %) . (8.349)

—00

Note that with n(t) € R and J(¢) € R we have n*(w) = n(—w) and J*(w) = J(—w). Transforming back
to real time, we have

21J] = Z[0] - exp (; / dt / dt’ J(6) Gt —t') J(t’)) , (8.350)
where
G(s) = % T G = 1+]<; - (8.351)

is the Green’s function, in real and Fourier space. Note that

/ ds G(s) = G(0) =T, (8.352)

We can now compute
(n(ty) n(ty)) = G(t; —ty) (8.353)
(n(ty) n(ty) n(ts) n(ty)) = Gty — ty) Gty — ty) + G(t; — t3) Gty — ty) (8.354)

+ Gty —ty) Gty — t3) .
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The generalization is now easy to prove, and is known as Wick’s theorem:
y

(n(ty)---nlty)) = D Gty —t)-Glty,  —t; ), (8.355)

contractions

where the sum is over all distinct contractions of the sequence 1-2---2n into products of pairs. How
many terms are there? Some simple combinatorics answers this question. Choose the index 1. There
are (2n — 1) other time indices with which it can be contracted. Now choose another index. There are
(2n — 3) indices with which that index can be contracted. And so on. We thus obtain

# of contractions

(2n)!
of 123 - -9 =(2n—-1)(2n—-3)---3-1

T onpl”

C(n) = (8.356)

8.13 Appendix III : General Linear Autonomous Inhomogeneous ODEs

We can also solve general autonomous linear inhomogeneous ODEs of the form

d"x d"lz x
%—&-an_lw—i—...—i-ala—l-aox—f(t). (8357)
We can write this as
Loa(t) = £(t) (8.358)
where L, is the n** order differential operator
dr dn1 d
Et:%—i—a”—lw—i_"'_‘_al%_‘_ao' (8359)

The general solution to the inhomogeneous equation is given by

o0

z(t) =z, (t) + / dt' G(t,t) (), (8.360)

—00

where G(t,t') is the Green’s function. Note that £, 2, (t) = 0. Thus, in order for eqns. 8.358 and 8.360 to

be true, we must have
this vanishes

—— 7
Lox(t)= Ly, (t) + / dt' L, G(t, 1) () = £(t) (8.361)
which means that
L,G(t,t)=6(t—1t), (8.362)

where 6(t — t') is the Dirac J-function.

If the differential equation £, z(t) = £(t) is defined over some finite or semi-infinite ¢ interval with
prescribed boundary conditions on z(t) at the endpoints, then G(t,t") will depend on ¢t and ¢’ separately.
For the case we are now considering, let the interval be the entire real line ¢ € (—o0, o). Then G(t,t') =
G(t —t') is a function of the single variable ¢ —¢'.
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Note that £, = E(%) may be considered a function of the differential operator %. If we now Fourier
transform the equation £, z(t) = £(¢), we obtain

oo [e.o]

W W d" dn_l d
/dte Le(t) = /dte t{dt" t et +a0}x(t)
- - (8.363)
— /dt et {(—iw)” +a, ; (i) +ay (—iw) + ao} z(t) .

Thus, if we define

Lw) = ay(—iw)*, (8.364)
k=0
then we have
L(w)d(w) = E(w), (8.365)

where a,, = 1. According to the Fundamental Theorem of Algebra, the n** degree polynomial £(w) may
be uniquely factored over the complex w plane into a product over n roots:

L(w) = (=) (w—w)(w —ws) - (w—wy) . (8.366)

If the {a,} are all real, then [ﬁ(w)] " = L(—w"), hence if £ is a root then so is —£2*. Thus, the roots
appear in pairs which are symmetric about the imaginary axis. Le. if {2 = a + b is a root, then so is
—(* = —a + b

The general solution to the homogeneous equation is
r(t) = Aje (8.367)
o=1

which involves n arbitrary complex constants A;. The susceptibility, or Green’s function in Fourier

space, G(w) is then

A 1 ik
G = 5 o —w) o) (5:368)

Note that [G’ (w)] " = G(—w), which is equivalent to the statement that G(t — #') is a real function of its
argument. The general solution to the inhomogeneous equation is then

2(t) = @, (1) + /dt’ Glt— ) e(t)) | (8.369)



58 CHAPTER 8. NONEQUILIBRIUM PHENOMENA

where z, (t) is the solution to the homogeneous equation, i.e. with zero forcing, and where

G(t . t/) _ /;iw e—iw(t—tl) G’(w)
T
7 —iw(t—t)

_n / dw ¢ (8.370)

21 (w—w1)(w —wa) -+ (w—wp)
N i (=)
=N eu-t),
= i L (wo)

where we assume that Imw, < 0 for all 0. This guarantees causality — the response x(t) to the influence
&(t') is nonzero only for ¢ > ¢'.

As an example, consider the familiar case

~

L(w) = —w? —iyw+ w?
=—(w-—wy)(w—-w_), (8.371)
withw, = —%y+ 3, and 8 = /w2 — 142 This yields
L(wy) = Flwy —w ) = T28. (8.372)

Then according to equation 8.370,

G _ e—iw+s e—iwis @
(®) {iﬁ’(w+) i iﬁ’(w_)} (#)
6775/2 efiﬁs 6*75/2 eiﬂs (8373)
- { T R T: }@(8)
= B e™/2 sin(Bs) O(s) .

Now let us evaluate the two-point correlation function (z(¢) z(t')), assuming the noise is correlated
according to (£(s) £(s')) = ¢(s — s'). We assume ¢, ' — oo so the transient contribution z, is negligible.
We then have

(z(t)z(t)) = /ds /ds' G(t—s)G(t' — §') (&(s)&(5))

—00 —00

= [S2 0 |G et
2

—00

(8.374)
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Higher order ODEs

Note that any n** order ODE, of the general form

d"x dz d"lz
dtn:F<x,dt7,dtn_l> s (8.375)
may be represented by the first order system ¢ = V(). To see this, define ¢, = d*~lz/dt"~!, with
k=1,...,n. Thus, for k < n we have Op = Pt and ¢, = F. In other words,
@ V()
1 2
d :
o = : . (8.376)
¥n—1 ¥n
©Pn F(‘Pp'--,‘Pp)

An inhomogeneous linear n'"* order ODE,

d"x A" dx
%—i_an—lw—i—"'—i_ala—’—aong(lﬁ) (8377)

may be written in matrix form, as

Q 3
—

v, 0 1 0o - 0 N 0

d | ¢ o0 1T 0 ¥ 0
— = . 8.378
dt | : I z SR (8.378)

¥n Gy —ap Ty o —ap g ¥n f(t)
Thus,

¢=Qp+&, (8.379)

and if the coefficients c, are time-independent, i.e. the ODE is autonomous.

For the homogeneous case where {(t) = 0, the solution is obtained by exponentiating the constant matrix
Qt:

p(t) = exp(Qt) p(0) ; (8.380)
the exponential of a matrix may be given meaning by its Taylor series expansion. If the ODE is not au-
tonomous, then @) = Q(¢) is time-dependent, and the solution is given by the path-ordered exponential,

t

(1) = Pexp { / at Q(t’)} 0 (0) (8.381)

0

where P is the path ordering operator which places earlier times to the right. As defined, the equation
¢ = V(¢) is autonomous, since the t-advance mapping g, depends only on ¢ and on no other time
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variable. However, by extending the phase space M > ¢ from M — M x R, which is of dimension n + 1,
one can describe arbitrary time-dependent ODEs.

In general, path ordered exponentials are difficult to compute analytically. We will henceforth consider
the autonomous case where () is a constant matrix in time. We will assume the matrix @ is real, but other
than that it has no helpful symmetries. We can however decompose it into left and right eigenvectors:

Q'L] — Z VO' RU,Z’ LO',j . (8.382)
o=1

Or, in bra-ket notation, @ = > v, |Rs)(Ls|. The normalization condition we use is

(Ly|Ry ) =6 (8.383)

oo’

where {v, } are the eigenvalues of Q. The eigenvalues may be real or imaginary. Since the characteristic
polynomial P(v) = det (vI — Q) has real coefficients, we know that the eigenvalues of () are either real
or come in complex conjugate pairs.

Consider, for example, the n = 2 system we studied earlier. Then

Q:<02 1), (8.384)

R
The eigenvalues are as before: v, = —3~ + /142 — w2, The left and right eigenvectors are
& + 2 1 0 & &

=y Ri—<1>. (8.385)

Vy

The utility of working in a left-right eigenbasis is apparent once we reflect upon the result

f(Q) = Zn: f(v,) | R ) (Lo | (8.386)
o=1
for any function f. Thus, the solution to the general autonomous homogeneous case is
| p(t) > = zn:l evot } R, > <L(7 ‘ »(0) > (8.387)
;(t) = i:l evot R,; z”: Ly 9;(0). (8.388)
o= j=1

If Re (v,) < 0 for all o, then the initial conditions ¢(0) are forgotten on time scales 7,, = v, .. Physicality
demands that this is the case.

Now let’s consider the inhomogeneous case where {(t) # 0. We begin by recasting eqn. 8.379 in the

form
d

T (eth go) = £(t) . (8.389)
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We can integrate this directly:

t
o(t) = 9 o(0) + /ds Q=9 g(s) . (8.390)
0
In component notation,
n n ¢
pi(t) =D €' R, (L, |9(0))+ Y R, / ds e ") (L, | &(s)). (8.391)
o=1 o=1

0

Note that the first term on the RHS is the solution to the homogeneous equation, as must be the case
when £(s) = 0.

The solution in eqn. 8.391 holds for general () and £(s). For the particular form of () and £(s) in eqn.
8.378, we can proceed further. For starters, (L,|£(s)) = L, ,, {(s). We can further exploit a special feature
of the ) matrix to analytically determine all its left and right eigenvectors. Applying @ to the right
eigenvector |R,), we obtain

R,;=v,R,;-y (1>1). (8.392)

We are free to choose R, = 1 for all o and defer the issue of normalization to the derivation of the left
eigenvectors. Thus, we obtain the pleasingly simple result,

Ry=vit. (8.393)

Applying Q@ to the left eigenvector (L, |, we obtain

_ao LO',TL - VO' LO',l (8.394)
Lyj1—aj1Lyp,=v,L,; (j>1). (8.395)
From these equations we may derive
= . . .
Lyp=— :n Z% ikl = % Z%‘ pi—k=1 (8.396)
7 j=0 o =k

The equality in the above equation is derived using the result P(v,) = > 7 a; v3 = 0. Recall also that
a, = 1. We now impose the normalization condition,

> LyyRy=1. (8.397)
k=1

This condition determines our last remaining unknown quantity (for a given o), L, ,, :

(Lo |Ry) = Loy Y kayvs ™ =Pv,) Ly, (8.398)
k=1
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where P'(v) is the first derivative of the characteristic polynomial. Thus, we obtain another neat result,

Lyn= P’(lyg) . (8.399)
Now let us evaluate the general two-point correlation function,
Cip (") = (;(t) w0 (t1)) — (p;(1)) (@ () - (8.400)
We write -
() 66) = ol = o) = [ 52 ) e =) (8.401)

—00

When ¢(w) is constant, we have (&(s)€(s) = ¢(t) 6(s—s'). This is the case of so-called white noise, when
all frequencies contribute equally. The more general case when ¢(w) is frequency-dependent is known
as colored noise. Appealing to eqn. 8.391, we have

S f
C..(t,t) = ‘o Yo' /ds e”ﬂ(t_s)/ds’ e ('=5) o(s—s 8.402
¥ ( ) ;‘:/ P,(VU) P,<VU/) , / ( ) ( )
—1 /dw (ﬁ(w) (e—iwt el’at)(ei“’t euo,,t/) . (8.403)
(V ) - (w— iy, )(w+iv,)

In the limit #,# — oo, assuming Re (1,) < 0 for all o (i.e. no diffusion), the exponentials ¢“¢ and e%’"
may be neglected, and we then have

P T Tdw dw) et
Catr)y=S" o [0 . 8.404
27 (t’ ) Z P/( ) P/( ) 4271- (w - iVU)(w + iVU,) ( )

8.14 Appendix IV : Correlations in the Langevin formalism

As shown above, integrating the Langevin equation p + yp = F + n(t) yields

t
p(t) = p(0) e " + i (1—e) + / dsn(s) e’ (8.405)
0

. Thus, the momentum autocorrelator is

{p(t)p(t')) — (p(t) /ds/ds e t)e"’(s_t)<77 s'))

(8.406)

tmin
— Fe_'Y(t+t') /ds 6275 — Mk'BT (e_,y‘t_t/‘ . e_’Y(t‘f't/)) ’
0
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t/
s <s'
/
B . s> s
//‘5
S
0
0 S t

Figure 8.11: Regions for some of the double integrals encountered in the text.

where
t ift<t

8.407
t ittt <t ( )

i = min(t, ') = {

is the lesser of t and t'. Here we have used the result
! t . t

min min

¢
/ds/ds' ) §(s— §) = /ds /ds’ ) (s — §)
0

0 to 0 (8.408)

= /ds 218 = 1 <627tmin — 1) )
2y
0

One way to intuitively understand this result is as follows. The double integral over s and s’ is over a
rectangle of dimensions ¢ x . Since the J-function can only be satisfied when s = ¢/, there can be no
contribution to the integral from regions where s > ¢’ or s’ > t. Thus, the only contributions can arise
from integration over the square of dimensions ¢, x t . . Note also

t+t —2min(t,t') = |t —t/]. (8.409)

Let’s now compute the position z(¢). We have

ds/d51 n(s,)e’s179) (8.410)
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with v = p/M. Since (5(t)) = 0, we have

0 (8.411)
Ft 1 F
— (0 ++<vO ) 1o
O+ 42 (w0 - ) g
Note that for vt < 1 we have (z(t)) = z(0) + v(0) t + 1M1 Ft> + O(t3), as is appropriate for ballistic

particles moving under the influence of a constant force This long time limit of course agrees with our
earlier evaluation for the terminal velocity, v, = (p(c0))/M = F/yM.

We next compute the position autocorrelation:

/ SI

<x(t) ac(t')> — <x(t)><x( /ds/tds' e Y 8+8/)/8 /ds'l ¢V (51152) <17(31) 77(82)>

0 0
t ¢

r ,
—Als—s'| _ g=y(s+s")
=5 Z/ds/ e e ) (8.412)
0

We have to be careful in computing the double integral of the first term in brackets on the RHS. We can
assume, without loss of generality, that ¢ > t'. Then

t/ t/ t t s’

¢
/ds/ds' e s=s'l — /ds' e”sl/ds e 78 +/ds’e_75//ds e’s
/ (8.413)

0 0 s 0 0
=2y 442 (e + e 1 - e_V(t_t/)) .

We then find, for ¢t > ¢/,

(e(t) 2(t)) — (2()) () = 24“;}’ - j;j; (2077 4 2 — 2 ) Lo HY (8414

In particular, the equal time autocorrelator is

(2(1) - (e(t)} = 25; - f;;j; (47 — 3 — ) | (8.415)
We see that for long times
(2*(t)) — (z(t))* ~ 2Dt , (8.416)

where D = k,T/~vM is the diffusion constant.
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8.15 Appendix V : Kramers-Kronig Relations

Suppose ¥(w) = G(w) is analytic in the UHP'?. Then for all v, we must have

o0

/dV X g (8.417)

2m v —w + e
—00
where ¢ is a positive infinitesimal. The reason is simple: just close the contour in the UHP, assuming
X (w) vanishes sufficiently rapidly that Jordan’s lemma can be applied. Clearly this is an extremely weak
restriction on Y (w), given the fact that the denominator already causes the integrand to vanish as |w| 1.

Let us examine the function

1 V—uw 1€
= — . 41
v—w+tie (vY—w)?+e  (v—w)?+e (8.418)

which we have separated into real and imaginary parts. Under an integral sign, the first term, in the
limit € — 0, is equivalent to taking a principal part of the integral. That is, for any function F'(v) which is
regular at v = w,

) Tdv vV—w Tdv F(v)
1 ——————F)=p | —
50 /| 2r (v —w)? + € W)=p

— 00 —00

. (8.419)
2m v —w

The principal part symbol p means that the singularity at v = w is elided, either by smoothing out the
function 1/(v — €) as above, or by simply cutting out a region of integration of width € on either side of
V=uw.

The imaginary part is more interesting. Let us write

€

== (8.420)

h(u)

For |u| > ¢, h(u) =~ ¢/u?, which vanishes as ¢ — 0. For u = 0, h(0) = 1/e which diverges as ¢ — 0. Thus,
h(u) has a huge peak at u = 0 and rapidly decays to 0 as one moves off the peak in either direction a
distance greater that e. Finally, note that

[e.e]

/du h(u) =, (8.421)

—00
a result which itself is easy to show using contour integration. Putting it all together, this tells us that

€

Thus, for positive infinitesimal e,
1 O .
=¥ 42
e Timo(u), (8.423)

In this section, we use the notation ¥(w) for the susceptibility, rather than G/(w)
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a most useful result.

We now return to our initial result 8.417, and we separate x(w) into real and imaginary parts:
X(w) = X'(w) +ix"(w) . (8.424)

(In this equation, the primes do not indicate differentiation with respect to argument.) We therefore
have, for every real value of w,

o0

0= /;ZZ [X/<V) + ix”(u)] [V fw —imd(v — w)} . (8.425)

—00

Taking the real and imaginary parts of this equation, we derive the Kramers-Kronig relations:

[e.e]

X'(w) = +p / i—y f_(ybz (8.426)
X'(w) = —p/cj: m . (8.427)

—00
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