PHYSICS 140A : STATISTICAL PHYSICS
HW ASSIGNMENT #3 SOLUTIONS

(1) Consider a system described by the Hamiltonian
A N N
H = —HZai—l—AZ(l—U?),
i=1 i=1
where each o, € {—1,0,+1}.
(a) Compute the ordinary canonical partition function Z (7, N, H, A) and the free energy

F(T,N,H,A).
(b) Find the magnetization M (T, N, H, A).

(c) Show that %—J‘A/[ = —%, where N, = sz\il 501.70'
Solution :
(a) We have

N
Z(T,V,N,A) = (eﬁH e PA 4 e BH )

F(T,V,N,A) = —NkBT1n<2 cosh(BH) + e—ﬁA)

(b) The thermodynamic magnetization is given by

M——<8—F> B N sinh(8H)
B OH )y A cosh(BH) + e FA~

(c) The Hamiltonian can be written H = —HM + AN, since 00 = 1 — 0? when o €
{—=1,0,+1}. Thus,

Ny =+ or = - =
07 T \0A Jy OHOA ~ 0N~ OH

PF _OM 9N,

(2) Consider a three-dimensional gas of N identical particles of mass m, each of which
has a magnetic dipole moment m = pyn, where n is a three-dimensional unit vector. The

Hamiltonian is
2

N



(a) What is the grand potential (7, V, u, H)?
(b) Express M in terms of 7', V, N, and H, where N is the average number of particles.

(c) Find M(T,V,N, H) to lowest order in the external field.

Solution :

(a) The contribution from the orientational (1) degrees of freedom to the single particle
partition function is

1
dn 7 sinh(BuyH)
P _ BMOHTL = l d /BMOHI g 70
Sn /471' e 2/1 €re /BNOH )

where the integral is done by choosing the 2-axis to lie along H, then integrating out over

the azimuthal angle ¢ (yielding 27), and finally over 2 = H - 72 = cos 6. Then
ST H) = VA&, (T, H)

and so Z(T,V,u, H) = ¢V/N! is the canonical partition function. The grand potential,
following the discussion in the Lecture Notes, is then

h(NOH / kBT)

toH kT

T, V,p, H) = —Vi, TAzt et/ksT . 20

(b) Let o = pyH/k,T, and define £(a) = o~ ! sinh a. We have
of?

— _ v\—d p/kgT 2
M =-om =V er/kp -#oﬂfl(a)\a:uoH/kBT-

The particle number is

on

N = O Vapter/ kel ¢(a)
hence ,
M = NyuyH - % = NuoH - (ctnha - oz_l) .

Note that we have here used

OH - H

oH ——  H’

where H = |H|.
(c) We expand ctnh o = é + % + (’)(a3) in a Laurent series. To lowest order in H, then,

Nu H
M = :
3k, T




