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Solution Set #1

(1) Consider a system with K possible states | i), with i € {1,..., K}, where the transition
rate IW,; between any two states is the same, with W;; =+ > 0.

(a) Find the matrix I';; governing the master equation PZ =Ty, P.
(b) Find all the eigenvalues and eigenvectors of I'. What is the equilibrium distribution?
(c) Now suppose there are 2K possible states | i), with i € {1,...,2K}, and the transi-
tion rate matrix is N
O
with «, B > 0. Repeat parts (a) and (b) for this system.
Solution :
(a) We have, from Eq. 3.3 of the Lecture Notes,
_{_Wij:—W ifi#j
Wy = (K= 1)y ifi=j.

Le. T is a symmetric K x K matrix with all off-diagonal entries —y and all diagonal entries
(K —1)7.

ij

(b) It is convenient to define the unit vector ¢y = K~'/2(1,1,...,1). Then

=Ky (1= 4)v]) .

We now see that | ) is an eigenvector of I with eigenvalue A\ = 0, and furthermore that
any vector orthogonal to | ¢) is an eigenvector of I" with eigenvalue K. This means that
there is a degenerate (K — 1)-dimensional subspace associated with the eigenvalue K.
The equilibrium distribution is given by | P*1) = K~1/2|¢), ie. Pf4 = L.

(c) Define the unit vectors
T 1
¢E_\/E(O’1’O""’1)
T 1
Vo = K(1,0,1,...,0).
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Note that (9g |15 ) = 0. Furthermore, we may write I as

I = 1K (Ba+A) I+ 3K (a—B) I-Ka (|ve e [+ b0 ) ve |+ ve ) (o |) KB b0 ){ o

where [ is the identity matrix and [, = (—1)"J,,,, is a diagonal matrix with alternating
—1 and +1 entries. Note that J| 1) = —|1) and J|¢g) = +| ¢ ). The key to deriving
the above relation is to notice that

M = Ko (|ve) (el + o) e | + | ve)(vo |) + KB o) (vol
6 a 6 a -+ B «
a o o o a «
0 a [ « 0 «
—|la o a « a o«
B afa- f§a
a o o o o «

Now J has K eigenvalues +1 and K eigenvalues —1. There is therefore a (K —1)-dimensional
degenerate eigenspace of I' with eigenvalue 2K« and a (K — 1)-dimensional degenerate
subspace with eigenvalue K (o + ). These subspaces are mutually orthogonal as well as
being orthogonal to the vectors | g ) and | ). The remaining two-dimensional subspace
spanned by these vectors yields the reduced matrix

_ ((WelTlbe) (eITloo)) _ ( Ka —Ka
L= (VIR E) (Eieive}) = (K o)

The eigenvalues in this subspace are therefore 0 and 2K . Thus, I has the following eigen-
values:

A=0 (nondegenerate)
A=K(a+p0) (degeneracy K — 1)
A=2Ka«a (degeneracy K) .

(2) A six-sided die is loaded so that the probability to throw a six is twice that of throwing
a one. Find the distribution {p,,} consistent with maximum entropy, given this constraint.

Solution :

The constraint may be written as 2p; — pg = 0. Thus, X} = 20,1 — 6,4, and

Ce 2 ifn=1
p,=14C if ne{2,3,4,5}
Cer ifn==6.



We solve for the unknowns C' and A by enforcing the constraints:

Ce ™ +4C+Ce* =1

20e P —Cer=0.
The second equation gives e3* = 2, or A = fIn2. Plugging this in the normalization

condition, we have
1

C= s gas = 016798

We then have

p=Ce 2 =0.10695. ..
Py =p3 =Dy =ps = C = 0.16798...
pg=Ce*=021391... .

(3) Consider a three-state system with the following transition rates:

Wip=0 , Wy=vy , Wy=0 , Wyp=3y , W=y , Wy=r.

(a) Find the matrix I such that P, = =L P;.
(b) Find the equilibrium distribution .

(c) Does this system satisfy detailed balance? Why or why not?

Solution :

(a) Following the prescription in Eq. 3.3 of the Lecture Notes, we have

2 0 -1
I'=s~{-1 3 0
-1 -3 1

(b) Note that summing on the row index yields > _; I';; = 0 for any j, hence (1,1,1) is a left
eigenvector of I' with eigenvalue zero. It is quite simple to find the corresponding right
eigenvector. Writing 1/7 * = (a,b,c), we obtain the equations ¢ = 2a, a = 3b,and a + 3b = ¢,
the solution of which, with a + b + ¢ = 1 for normalization, is a = %, b= 1—10, and ¢ =
Thus,

gle

0.3
P =10.1
0.6
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(c) The equilibrium distribution does not satisfy detailed balance. Consider for example
the ratio P}/ Py4 = 3. According to detailed balance, this should be the same as W,,/W,,,
which is zero for the given set of transition rates.

(4) The cumulative grade distributions of six ‘old school’ (no + or - distinctions) professors
from various fields are given in the table below. For each case, compute the entropy of the
grade distribution.

Solution :

We compute the probabilities p,, for n € {A, B, C,D,F} and then the statistical entropy of
the distribution, S = — ", p,, log, p,, in units of bits. The results are shown in the amended
table below. The maximum possible entropy is S = log, 5 ~ 2.3219.

Professor A B C D F N
PA PB pc PD DF S
Landau 1149 2192 1545 718 121 5725
0.2007 | 0.3829 | 0.2699 | 0.1254 | 0.0211 | 1.999
Vermeer 8310 1141 231 56 7 9745
0.8527 | 0.1171 | 0.0237 | 0.0057 | 0.0007 | 0.7365
Keynes 3310 4141 3446 1032 642 12571
0.2633 | 0.3294 | 0.2741 | 0.0821 | 0.0511 | 2.062
Noether 1263 1874 988 355 290 4770
0.2648 | 0.3929 | 0.2071 | 0.0744 | 0.0608 | 2.032

Borges 4002 2121 745 109 57 7034
0.5690 | 0.3015 | 0.1059 | 0.0155 | 0.0081 | 1.477
Salk 3318 3875 2921 1011 404 11529
0.2878 | 0.3361 | 0.2534 | 0.0877 | 0.0350 | 2.025
Turing 2800 3199 2977 1209 562 10747

0.2605 | 0.2977 | 0.2770 | 0.1125 | 0.0523 | 2.116

(5) A generalized two-dimensional cat map can be defined by
M
/
()= ') () s
Y g rg+1) \y

where p and ¢ are integers. Here z,y € [0, 1] are two real numbers on the unit interval, so
(z,y) € T? lives on a two-dimensional torus. The inverse map is

M-l (pq+1 —p> _
-4 q

Note that det M = 1.



(a) Consider the action of this map on a pixelated image of size (IK) x (IK), where
l ~4—10and K ~ 20 — 100. Starting with an initial state in which all the pixels in
the left half of the array are “on” and the others are all "oft”, iterate the image with
the generalized cat map, and compute at each state the entropy S = — > p,Inp,,
where the sum is over the K? different | x [ subblocks, and p, is the probability to
find an “on” pixel in subblock . (Take p = ¢ = 1 for convenience, though you might
want to explore other values).

Now consider a three-dimensional generalization (Chen et al., Chaos, Solitons, and Fractals
21, 749 (2004)), with

/

x x
v | =M|y| modZ?,
2 z

which is a discrete automorphism of T3, the three-dimensional torus. Again, we require
that both M and M ~! have integer coefficients. This can be guaranteed by writing

1 0 0 1 0 Dy 1 D, 0
M,=10 1 Py ) My =101 0 » M,=14q¢. p.q.+1 0
0 Ay DPzly +1 qy 0 pyqy +1 0 0 1

and taking M = M, M, M,, reminiscent of how we build a general O(3) rotation from a
product of three O(2) rotations about different axes.

(b) Find M and M~! whenp, =q, =p, =q,=p, =q, = L.

z

(c) Repeat part (a) for this three-dimensional generalized cat map, computing the en-
tropy by summing over the K* different [ x [ x [ subblocks.

(d) 100 quatloos extra credit if you find a way to show how a three dimensional object (a

ball, say) evolves under this map. Is it Poincaré recurrent?

Solution :

(a) See Figs. 7.3 and 7.2.

(b) We have
100 1 0 0
M,=(0 1 1 . Mt 0 2 -1
01 2 0 -1 1
101 2 0 -1
My(O 10 : Myl(O 1 0
10 2 -10 1
110 2 —1 0
MZ<1 2 0 : le<1 1 0
00 1 0 0 1
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Figure 1: Two-dimensional cat map on a 12 x 12 square array with [ = 4 and K = 3 shown.
Left: initial conditions at ¢ = 0. Right: possible conditions at some later time ¢ > 0. Within
each [ x [ cell r, the occupation probability p, is computed. The entropy —p, log, p, is then
averaged over the K2 cells.

Thus,
1
M =M,M,M, = |2
3
M~ =M7TMIM = | -2

Note that det M = 1.



100

80
60
40

20

power spectrum

C
_

LJL.J )

0 200 400 600 800
frequency bin

©
o
=

0.4 [
0.3 HI
0.2 :i

|

entropy

0.1 f

0 200 400 600 800
iteration

Figure 2: Coarse-grained entropy per unit volume for the iterated two-dimensional cat
map (p = ¢ = 1) on a 200 x 200 pixelated torus, with [ = 4 and K = 50. Bottom panel:
coarse-grained entropy per unit volume versus iteration number. Top panel: power spec-
trum of entropy versus frequency bin. A total of 2'4 = 16384 iterations were used.
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Figure 3: Coarse-grained entropy per unit volume for the iterated two-dimensional cat
map (p = ¢ = 1) on a 200 x 200 pixelated torus, with I = 10 and K = 20. Bottom
panel: coarse-grained entropy per unit volume versus iteration number. Top panel: power
spectrum of entropy versus frequency bin. A total of 2!* = 16384 iterations were used.
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Figure 4: Coarse-grained entropy per unit volume for the iterated three-dimensional cat
map (py = ¢z = Py = @y = P> = ¢- = 1) on a 40 x 40 x 40 pixelated three-dimensional
torus, with [ = 4 and K = 10. Bottom panel: coarse-grained entropy per unit volume
versus iteration number. Top panel: power spectrum of entropy versus frequency bin. A
total of 214 = 16384 iterations were used.
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Solution Set #2

(1) Compute the density of states D(E, V, N) for a three-dimensional gas of particles with
Hamiltonian H = -~ | A|p;|!, where A is a constant. Find the entropy S(E,V, N), the
Helmbholtz free energy F(7',V, N), and the chemical potential ;(T, p).

Solution :

Let’s solve the problem for a general dispersion (p) = A|p|®. The density of states is

VN rdip dp N “
D(E,V,N):ﬁ/ hdl"'/ thé(E—Apl—...—ApN).

The Laplace transform is

~ VN ordlp Y
D(@V,N):ﬁ</ﬁe 6Ap>

vy Q, b d—1 _—BAp™ N
=m<m/dpp ‘

0

_ VN r9,r(d/a) Nﬂ—Nd/a
NI\ aqhdAd/a ’

Now we inverse transform, recalling

We then conclude

D(E,V,N) =

VN (Q,T(d/a)\¥ B!
N!'\ ahdAd/a ) T(Nd/a)

and
S(E,V,N) =kz;InD(E,V,N)

\% d E
:Nk‘Bln<N> +aNkB 1H<N> +NkBaO7

11
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where g, is a constant, and we take the thermodynamic limit N — oo with V/N and E/N

fixed. From this we obtain the differential relation
Nk, d Nk,

dVv + —
+04E

P 1 W
==dV + =dF — =dN
Td +Td Td '

s =

dE + s dN

where s, is a constant. From the coefficients of dV and dE, we conclude

pV = Nk, T
d

E=SNkT.
(6%

Note that we have replaced £ = £ Nk,T in order to express F' in terms of its ‘natural
variables” T, V,and N.

The Helmholtz free energy is
F=FE-TS=F— Nl{:BTln(%) - gNk:BTln<%> — NkyTaq

d d d 1%
=~ Nk, T~ aNkBTln<a kBT> - NkBTln<N> — Nk,Tay .

The chemical potential is

F d d d
w=T <2—N> =0 kBTln<a k;BT) + o kT — kBTln<%> + (1 —ag) kT
TV

d d d ke, T
= —ak‘BTln<a kBT> +EkBT—kBT1n< ]; )—l—(l—ao)kBT.

Suppose we wanted the heat capacities 'y, and C,,. Setting dN = 0, we have
dQ = dE +pdV

d
=~ Nk, dT +pdV

NEk.T
:ﬁNdeT—l—pd< s >
«
Thus,
_dQ d aQ| d
CV d_TV aNk’B 5 Cp d—Tp—<1+a>Nk’B

(2) Consider a gas of classical spin-2 particles, with Hamiltonian

LY



13

where S7 € { — %, —%, +%, +%} and H is the external magnetic field. Find the Helmholtz

free energy F'(T,V, H, N ), the entropy S(T, V, H, N), and the magnetic susceptibility X(T', H, n),
where n = N/V is the number density.
Solution :
The partition function is
—ﬁ/k T 1 VN N
Z=Tre B= W <2 cosh(ugH /2k;T) + 2cosh(3,u0H/2k:BT)) ,

SO

;
F= —NkBT1n<N—)\d> ~ Nk,T — Nk,Tln (2 cosh(pg H 2k, T) + 2 cosh(3,u0H/2kBT)> :
T

where A\ = \/27h? /mk,T is the thermal wavelength. The entropy is

T
_ poH  sinh(ugH/2k,T) + 3sinh(3u H/2k,T)
2T cosh(pyH/2k,T) + cosh(3ugH/2k,T)

F v
s—_ (% = Nkyln( —— ) + (4d+ 1)Nky + NIn (2 cosh (g H 2k, T) + 2cosh(3u0H/2kBT))
T Jyn.u N\

The magnetization is

M= OF 1y sinh(pgH /2k,T') + 3sinh(3pgH/2k,T')
" T\OH Jryy 21 cosh(ugH 2k, T) + cosh(3jg H/2k,T)

The magnetic susceptibility is

1 (oM B npl
X(T,H,n) = v <6—H>T,V,N =TT f(poH/2ksT)

where

fla) = d_(‘sinhz 4 3sinh(3z)
¥ = 3z \Ccosha + cosh(3z)

In the limit H — 0, we have f(0) = 5, so X = 4nu3/4k,T at high temperatures. This is a
version of Curie’s law.

(3) Compute the RMS volume fluctuations in the ' — p — N ensemble.

Solution :

Averages within the T — p — N ensemble are computed by

Tr AeBUH+PY)

Tr e—BH+pV)

{4)
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LetY = Tr —AH+pV) — =BG Then

Lo 5 e 8 s

2 = —— =
<V>_62Y op? & op? €
__19G¢  (oGY
B op? op) "’
and since%—G =V, we have
p
0°G

V2 — (V)2 = —kBTa—p2 .

For the case of a nonrelativistic ideal gas, we have

[e.9]

(VFy = /dV e PPV Z(T,V,N)V* / / dV e PPV Z(T,V,N)
0 0

[oe) o k
I G VN+k/ /dV e BV N (N + k)! <k¢BT>
N! P ’
0 0
since Z(T,V,N) = +7(V/A;)". Thus,
k. T k. T\
vy =Bl <v2>=<N+1><N+2>( ;)

and therefore

2
‘/1‘211’15 = <V2> - <V>2 = (N + 1)<k];T> = ‘/rms - N1/2 kBTT .

Thus V,,,./(V) = N~1/2 <« 1. This is, once again, the Central Limit Theorem in action.

(4) For the system described in problem (1), compute the distribution of speeds f(v). Find
the most probable speed, the mean speed, and the RMS speed.

Solution :

Again, we solve for the general case ¢(p) = Ap®. The momentum distribution is
g(p) = Ce ",

where C is a normalization constant, defined so that [d% g(p) = 1. Changing variables to
t = BAp®, we find

a
e

o (5A)
QT(E)




The velocity v is given by

Thus, the speed distribution is given by

f(v) =C [dlp e PAP" §(v—adp*!).

o w1y 8(p— (v/ad)i/e)
5(1) — aAp ) = alo —1)Apo—2
We therefore have
7 C d—a+1 _—BAp®
V) = ——— p e .
f( ) a(a - 1)A p:(v/aA)l/(afl)

We can now calculate

(") = C’/ddp e PAP° (ozApo‘_l)r ,

and so

1/a
- [ T(4=
Hmu:wwﬁzaﬁlw@Tﬂ“1<JJ;iﬂ> |

To find the most probable speed, we extremize f(v). We obtain

o d—a+1
BApY = ———,
(6%

which means

l—a~t
oo O‘A<w> = (@A) (d =+ 1) (R T)

15
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Solution Set #3

(1) Consider an ultrarelativistic ideal gas in three space dimensions. The dispersion is
£(p) = pe.

(a) Find T, p, and p within the microcanonical ensemble (variables S, V, N).

(b) Find F, S, p, and p within the ordinary canonical ensemble (variables 7', V, N).

(c) Find ©Q, S, p, and N within the grand canonical ensemble (variables T, V, ).

(d) Find G, S, V, and p within the Gibbs ensemble (variables 7', p, V).

(e) Find H, T, V, and p within the S-p-N ensemble. Here H = E + pV is the enthalpy.

Solution :

(a) The density of states D(E, V, N) is the inverse Laplace transform of the ordinary canon-
ical partition function Z(3,V, N'). We have

N
1% d379 e VN ﬁ_?’N
Z(B, V. N) = Nu</h3 ﬂp) = N V(PN

Thus,
c+zoo 2/3 Can E3N—1
D(E,V,N) — Z( N —_— .
v, / (8.V.N) " = 57 («*°he) (BN —1)!

Taking the logarithm, and using In(K!) = K'In K — K 4+ O(ln K) for large K,
% E
S(E,V,N)=ky;InD(E,V,N) = Nk, ln<N> + 3Nkyg ln<ﬁ> —3Nkzlna,

where a = 37%/3¢~*/3hc is a constant. Inverting to find (S, V, N), we have

aN*/3 S
E(S,V,N) = Vi3 exp<3NkB>.

17
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From the differential relation
dE =TdS — pdV + udN

we then derive

oF a N 1/3 S
TS, V. N) =+ <%>V,N = 3k, (V) e’“’(—m-B)

oF a (N /3 S
PS, V. N) =~ <W>SN =3 (V) eXP(wch)

)

OF a [ N\/? S S
ulS, V. N) =+ <a—N>S,V B (V) <4 - NkJ e’“’(sw) '

Note that pV = Nk,T.

(b) The Helmholtz free energy is
F(T,V,N) = —k,;TInZ

Vv
=3Nk,T — Nk:BTln<N> — 3Nk,TIn(3k,T) + 3Nk;Tlna ,

and from
dF = —-SdT — pdV + udN
we read off
oF \%
S(T,V,N)=—| 5= = NkyIn( — ) + 3Nky In(3k,T) + 3NkgIna
oT VN N
oF Nk, T
TV.N)=— (%) ==
p(T,V,N) <8V>T,N 7

F
w(T,V,N) =+ or = —kyTIn Y 3k TIn(3k,T) + (44 31na) kT .
ON )y N

(c) The grand potential is 2 = F' — N = —k,T In =, where

= S BuN 7 N) = Vet/ksT kT ’
_—Ze (B,V,N) =exps Ve pyEr .

N=0

Thus,

The differential is
dQY=—-SdT —pdV — Ndu ,



and therefore

—_ %Y _ 14 (kBT)3 w/ksT H
S(T,V, ) <8T>V7u 2 hep € ol 4k —
o9 k,T)*
T,

o0 V (kT

Note thatp = —Q/V.
(d) The Gibbs free energy is
G(T,p,N)=F +pV
= NkyTlnp — 4Nk, T In(kpT) + NkpT (4 + 3In(3a))
The differential of G is

dG = —-SdT +V dP + pdN ,
and therefore

S(T,p,N) = — <g§> = —NkyInp+ 4Nky In(k,T) — Nk, In(3a)
p,N

Vs =+ (5) ARl
T,N p

oG
w(T,p,N) =+ <6N>T =kyTInp — 4k, TIn(kpT) + kpT (4 + 31n(30a)) .
7p

Note that 4 = G/N.

(e) The enthalpy is
H(S,p,N) = E+pV
From
dH =TdS + Vdp + pdN ,
we have

OH (la)3/4 pl/4 S
T(S,p, N :+<—> =3 eXp< )
( ) 95 ), n ke ANE,

OH a /4 S
V(S,p,N) =+ <a_p>s,zv = N<%> exp<4NkB>

OH S S
= (3) =1 o5
7p
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(2) Consider a surface containing N, adsorption sites which is in equilibrium with a two-
component nonrelativistic ideal gas containing atoms of types A and B . (Their respective
masses are m, and mg). Each adsorption site can be in one of three possible states: (i)
vacant, (ii) occupied by an A atom, with energy —A,, and (ii) occupied with a B atom,
with energy —Ag.

(a) Find the grand partition function for the surface, = (7', pta, g, NV)-

(b) Suppose the number densities of the gas atoms are n, and ng. Find the fraction
fa(na,ng, T) of adsorption sites with A atoms, and the fraction f;(n,,ng,T) of ad-
sorption sites which are vacant.

Solution :

(a) The surface grand partition function is

NS
Esurf(Ta Hay 1B NS) = (1 + e(AA'H‘A)/kBT + e(AB+“B)/kBT) .

(b) From the grand partition function of the gas, we have

na = /\:}73A etalkeT ng = )\;?’B ets/kpT
with

)‘T,A:\/% ; )\T,B:\/;;TIZT'
Thus,

1

fo= L+ np A3, eAalksT 4 pg Mg ePe/kpT
_ LN )‘?C’F,A efalksT
In= L4 np M p e2a/%T g A3 g efe/FuT
fo = N )‘?C’F,B eto/knT
B

- 1+nAA%A6AA/kBT+nB A%BeAB/kBT '
Note that f, + fo + fg = 1.

(3) Consider a system composed of spin tetramers, each of which is described by the
Hamiltonian

ﬁ = —J(010’2 +0'10'3 +0'10'4 +U203 +U2U4 +O'30'4) _IUOH(O-I +0’2 +0’3 +O'4) .

The individual tetramers are otherwise noninteracting.
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(a) Find the single tetramer partition function (.
(b) Find the magnetization per tetramer m = p(0| + 0y + 05 + 7).
(c) Suppose the tetramer number density is n,. The magnetization density is M = n,m.
Find the zero field susceptibility X(T') = (OM/0H ) ;_,-
Solution :
(a) Note that we can write
H=2J-1J(0)+0y+05+04)— poH (0, + 0y + 05+ 0y) .

Thus, for each of the 2' = 16 configurations of the spins of any given tetramer, only the
sum Y.} 0; is necessary in computing the energy. We list the degeneracies of these states
in the table below. Thus, according to the table, we have

0+ 09+ 03+ 04 | degeneracy g | energy E
+4 1 —6J — duoH
12 4 20 H
0 6 —2J
) 1 T2u0H
—1 1 —6J +4poH

- 2u0H dpgH
¢ e + 8 cos —kBT +2e cos T

B

(b) The magnetization per tetramer is

_of _ dln¢ 4 2 sinh(28uyH) + €%/ sinh(48u,H)
OH oH 103287 4 cosh(26pyH) + €97 cosh(4Bu H)

m = kT
(c) The zero field susceptibility is

X(T) = 16, pd ' 1+ €587
kyT  3e7287 444 €687

Note that for 3J — oo we have X(T) = (41)*n, /k, T, which is the Curie value for a single
Ising spin with moment 4/,. In this limit, all the individual spins are locked together, and
there are only two allowed configurations for each tetramer: |1111) and ||]]]). When
J = 0, we have X = 4p3n,/k,T, which is to say four times the single spin susceptibility.
Le. all the spins in each tetramer are independent when J = 0. When 3J — —oo, the only
allowed configurations are the six ones with 3.7, o, = 0. In order to exhibit a moment,
an energy gap of 2|.J| must be overcome, hence X o exp(—2/4|.J|), which is exponentially
suppressed.
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Solution Set #4

(1) A strange material obeys the equation of state E(S,V,N) = a S”/VAN?, where a is a
dimensionful constant.

(a) What are the SI dimensions of a?

(b) Find the equation of state relating p, 7, and n = N/V.

(c) Find the coefficient of thermal expansion a,, = + (g—‘f )p and the isothermal compress-
ibility kp = — % (%—‘;)T. Express your answers in terms of p and 7.

(d) v moles of this material execute a Carnot cycle between reservoirs at temperatures
T, and T5. Find the heat () and work W for each leg of the cycle, and find the cycle
efficiency 7.

Solution :

(a) Clearly [a] = K" m'2/J? where K are Kelvins, m are meters, and J are Joules.

T4 oE ~ 7aS
~\0S .y NVH
__(9EY _ 4aS”

P=7\ov gy ~ N2V5

We must eliminate S. Dividing the second of these equations by the first, we find S =
7pV /AT, and substituting this into either equation, we obtain the equation of state,

N 1/3
R T7/6
p=c () T

(b) We have

with ¢ = 77%(1‘1/6.

(c) Taking the logarithm and then the differential of the above equation of state, we have

dp AV TdT dN _

p 3V 6T 3N
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CARNOT CYCLE

pressure p

D T=T, C

volume V

Figure 3.5: The Carnot cycle.

o — L (VY _ T = -2 ()3
PovA\oT )y 2T 7 T v\op)py 1

(d) From the results of part (b), we have that dS = 0 means d(N?V4T) = 0, so with N
constant the equation for adiabats is d(T'V*) = 0. Thus, for the Carnot cycle of Fig. 7.1, we
have

Thus,

LVi=T,V§ , T,Vg=TV¢.

We shall use this relation in due time. Another relation we shall use is obtained by dividing
out the S factor common in the expressions for E and for p, then substituting for p using
the equation of state:

E=1pV = Le N3y T/6

AB: Consider the AB leg of the Carnot cycle. We use the equation of state along the

isotherm to find
VB

Wao = [aVp= 3N L]0 Vi)
VA
Since E depends on volume, unlike the case of the ideal gas, there is a change in energy
along this leg:
(AE)ag = Bg — Ep = Je N'VA TP (Vg = v2) .
Finally, the heat absorbed by the engine material during this leg is

706,23 <2/3
Qg = (AE)pg + Wpag = %CN1/3T2/ (VB/ _VA/ ) -
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BC: Next, consider the BC leg. Clearly )z = 0 since BC is an adiabat. Thus,
Wee = —(AE)gc = Eg — Ec = e NV3 (TS V2P — /0 vE3y
But the fact that BC is an adiabat guarantees V' /3 = (Ty/T))/6 VZ'?, hence

2/3 11/6
Wee = %ch/s VB/ Tz/ (T, = Ty) .

CD: For the CD leg, we can apply the results from AB, mutatis mutandis. Thus,
Wep = Je N T/ (213 — V2P

We now use the adiabat conditions ch/3 = (T,/T))"/® VBz/3 and VDz/3 = (T,/T,)"/6 VA2/3 to
write W as
Wep = 3e N1 1/° (VP — V5P

We therefore have 1/6 1+ 273 2/3
Qcp = Te N3 T, Tz/ (VA/ - VB/ ) -

Note that both W and Q. are negative.

DA: We apply the results from the BC leg, mutatis mutandis, and invoke the adiabat condi-
tions. We find Qp, = 0 and

2/3 11/6
Wpa = 2e NV TS, —T)) .

For the cycle, we therefore have
1/6 2/3 2/3
chc:WAB+WBC+WCD+WDA: %CNl/gTZ/ (TQ_TI)(VB/ _VA/ ) .

and thus

7] = = .
QAB TZ

This is the same result as for an ideal gas, as must be the case as per the Second Law of
Thermodynamics.

(2) The entropy of a thermodynamic system S(E, V, N) is given by
S(E,V,N)=rE*VPN",

where r is a dimensionful constant.

(a) Extensivity of S imposes a condition on («, 3, ). Find this constraint.
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(b) Even with the extensivity condition satisfied, the system may violate one or more sta-
bility criteria. Find the general conditions on (a, 3,v) which are thermodynamically
permissible.

Solution :
(a) Clearly we must have a + 4+ v = 1 in order for S to be extensive.

(b) The Hessian is
529 ala—1)S/E? afB S/EV ayS/EN
Q:m: aB S/EV 5(5—1)5/‘/2 By S/VN
9%\ ayS/EN ByS/VN (v —1)S/N?

As shown in the notes, for any 2 x 2 submatrix of @, obtained by eliminating a single

b
ac > b2. For example, if we take the upper left 2 x 2 submatrix, obtained by eliminating
the third row and third column of @, we have a = a(a — 1)S/E?, b = a3 S/EV, and
c = B(8 — 1)S/V2. The condition a < 0 requires a € (0,1). Similarly, 8 < 0 requires
B € (0,1). Finally, ac > b? requires « + 8 < 1. Since o + 3 + v = 1, this last condition
requires v > 0. Obviously we must have v < 1 as well, else either a or 3 would have
to be negative. An examination of either of the other two submatrices yields the same
conclusions. Thus,

. . . b
row and its corresponding column, and written (a c> ,wemusthavea < 0, c < 0, and

a € (0,1) , g€ (0,1) , v €(0,1).

(3) For an ideal gas, find the difference C, — C\, for the following functions . You are to
assume N is fixed in each case.

@) ¢(p,V)=p*V?
b) ¢(p,T) =pe/T

(¢) (T, V)=VT"!

Solution :

In general,
oS
C,=T <8_T>¢ |

dQ = dE + pdV .

Note that



We will also appeal to the ideal gas law, pV' = Nk T Below, we shall abbreviate ¢y, =
9 9
op = gr,and @, = a—‘;.

(a) We have
dQ = 2 fNkydI +pdV ,

and therefore

Now for a general function ¢(p, V'), we have

dp = @,dp+ ¢y dV
Nk

=7 sopdT+<sov—%sop)dV,

after writing dp = d(Nk,T/V') in terms of dT" and dV'. Setting dy = 0, we then have

oV Nkgpo
C,—Cyp=pl==) =—227P
v v p<aT><p p(pp—VQDV

This is the general result. For p(p, V) = p*V?, we find

C¢—CV:3NICB

(b) We have
dQ = (3f + 1)NkydT — Vdp,

and therefore 5
P
CSD—CV:NkB—V( ) .

T @
For a general function ¢(p,T), we have
dp = ¢,dp +opdl' = 9 = _Yr
P oT » ©p

Therefore,

¥
#p

This is the general result. For p(p,T) = p el/To, we find
T
C,—Cy :NkB<1+TO> )

(c) We have

27
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as in part (a). For a general function ¢(7, V'), we have

oV o7
do = ppdl + ¢y dV — ) =L
T v <6T>§0 oy ’

and therefore

%)
Py
This is the general result. For (T, V') = V/T, we find
CSD - CV - Nka .

(4) Find an expression for the energy density ¢ = E/V for a system obeying the Dieterici
equation of state,
p(V = Nb) = Nk, T e~ No/VEsT

where a and b are constants. Your expression for (v, T") should involve an integral which
can be expressed in terms of the exponential integral,

T

Ei(z) = /dt %t .

Solution :
We have 5 o5 5
E D
= 7 (22 =12 _
(a‘f)m (a‘f)m Y <6T>V,N "

where we have invoked a Maxwell relation. For the Dieterici equation of state, then,

O_E _ Nk;T Na o~ Na/VkyT
OV )py V—=Nb VE,T ‘

Let n = N/V be the density and € = E/N be the energy per particle. Then the above result
is equivalent to

de a —na/kgT

= Tome
We integrate this between n = 0 and n, with bn < 1. Define the dimensionless quantity
A =a/bkyT and t = A\(1 — bn). Then

_)\ ae—)\
e(n,T) —e(0,7T) / dt el = 1 - bn))\) - Ei()‘)} b
(1 bn)A

In the zero density limit, the gas must be ideal, in which case £(0,7") = % fkT. Thus,

e(n,T) = 1 fhT — {E.(%) —E|<#>}¢

In terms of the volume per particle, write v = V/N = 1/n.



Solution Set #5

(1) For a noninteracting quantum system with single particle density of states g(¢) = Ae”
(with e > 0), find the first three virial coefficients for bosons and for fermions.

Solution :

We have
= (1Y Cy(T o p(To2) = kT (12571 Cy(T)
j=1 7j=1

where

C,(T) = /dsg(s)e—ﬁ/kBT:Ar(rH)(13, ) .

Thus, we have

+nop = Zj_(’url) (iz)j
j=1

tpop kT =Y 57U (£2)7
j=1

where
1

I AT+ 1) (kg 7)1

has dimensions of volume. Thus, we let x = +z, and interrogate Mathematica:

In[1]= y = InverseSeries[x + x72/27(r+1) + x°3/3"(r+1) + x"4/4~(r+1) + O[x]"5]

In[2]= w =y + y°2/2°(z+2) + y~3/3~(r+2) + y~4/4"(z+2) + Olyl"5.

The result is
p= nkBT[l + By(T)n + By(T)n? + ] :

29
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where
By(T) = 272" vy
By(T) = (2—2—2’“ _9. 3—2—7”) w2

B4(T) — :l:2—4—37“ 3—7“ <23+27’ —-5. 37” o 27” 314-7“),05)1 .

(2) How would you formulate the Lindemann melting criterion for Einstein phonons?
Solution :

For a one-dimensional harmonic oscillator, we have

h
(u?) = T ctnh (hwy/2k,T)

where w, is the oscillation frequency and m is the mass. For a d-dimensional Einstein solid,
then, the Lindemann criterion should take the form

(w?) = 0 ctnh (o /2K, T,) = (fa)?
0

1

where f ~ 75, with a the lattice spacing. The Lindemann temperature is then

hwg

111(%2) ’

ke, T, =

where
dh

= 2f2mwga?

Plugging in typical numbers, one finds < 1 for most solids, assuming 7w, /k; ~ 100 K.
This procedure would then predict a melting temperature much higher than that observed
for most solids.

(3) Derive the analogue of Stefan’s Law for a two-dimensional blackbody. What happens
if the photon dispersion is replaced by ¢(k) = C|k|*?

Solution :

The power emitted per unit length of the boundary of such a two-dimensional blackbody



is

apr d%k . Oe e(k) ok - v)

dL — (2m2 " 0k eW)/ksT 1

[e.e]

2 k2a
_ aC /dk: -
on2 | AR

0

272
—1
= gT*te |

Thus, for a = 1, we have P/L = oT?3.

L oreta)c@ta oo T

31
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Solution Set #6

(1) In our derivation of the low temperature phase of an ideal Bose condensate, we split
off the lowest energy state ¢, but treated the remainder as a continuum, taking ;1 = 0 in
all expressions relating to the overcondensate. Under what conditions is this justified? Le.
why are we not obligated to separately consider the contributions from the first excited
state, etc.?

Solution :

In the condensed phase, there is an extensive population N, of the lowest single particle
energy state, and the chemical potential takes the value 1 = ¢, — %, where g, is the

degeneracy of the single particle ground state. Let ¢, be the energy of the first excited state
and g, its degeneracy Then the number of bosons in the first excited state is

_ g1 ~ g1ksT
eer=m/ksT 1 e, —p

Ny

assuming e, — u < k7. Now
kT

B

90Ny

er—p=_(59—p)+ (1 —&) = + (61 — €o) -

So we need to ask about the energy difference Ae; = ¢, — ¢. If Ae; o< V77, assuming
0 < r < 1, then the number of particles in the first excited state will be subextensive, and
the corresponding density n, = N;/V oc V"~! will vanish in the thermodynamic limit. In
this case, we are justified in singling out only the single particle ground state as having
an extensive occupancy. For a ballistic dispersion and periodic boundary conditions, the
quantized single particle plane wave energies are given by

R (2nl, P (27N (2nl,
E(lmvlwlz)_%{([/x) +<Ly> +<Lz> )
2

and thus e, oc V=23, Therefore r = 2 and the occupancy of the first excited state is
subextensive.

(2) Consider a three-dimensional Bose gas of particles which have two internal polariza-
tion states, labeled by o = £1. The single particle energies are given by

p?
e(p,o) = o + oA,

33
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where A > 0.

(a) Find the density of states per unit volume g(¢).

(b) Find an implicit expression for the condensation temperature 7,.(n, A). When A —
00, your expression should reduce to the familiar one derived in class.

(c) When A = oo, the condensation temperature should agree with the familiar result
for three-dimensional Bose condensation. Assuming A < kpT,.(n,A = o), find
analytically the leading order difference T, (n,A) — T.(n, A = c0).

Solution :

(a) Let gy(¢) be the DOS per unit volume for the case A = 0. Then

Bk k2 dk 1 /2m\/?
gO(E) de = (271')3 = 72 = 90(5) = 4—7_‘_2 <ﬁ> 81/2 @(E) .

For finite A, the single particle energies are shifted uniformly by +A for the 0 = +1 states,
hence
9(e) = gole + ) + go(e = A)..

(b) For Bose statistics, we have in the uncondensed phase,

o0

g 9le)
"= / & T 1

—00

— Li3/2 (e(u+A)/kBT) )\;3 + Li3/2 (6(u—A)/kBT) )\;3 )

In the condensed phase, u = —A — O(N 1) is pinned just below the lowest single particle
energy, which occurs for k = p/h = 0 and ¢ = —1. We then have

n =g+ ((3/2) A\p® + Ligp (e 22/FT) A3
To find the critical temperature, set ny, = 0 and p = —A:
n = ((3/2) A + Ligy (e 2/ FpTe) AT

This is a nonlinear and implicit equation for 7, (n, A). When A = oo, we have

ke, T2 (n) = 2%712 (%)2/3 .

(c) For finite A, we still have the implicit nonlinear equation to solve, but in the limit
A > kT, we can expand T,(A) = T° + AT, (A). We may then set T.(n, A) to T2°(n) in
the second term of our nonlinear implicit equation, move this term to the LHS, whence

C(3/2) \p? m m = Ligjp (e 24T ) A5
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which is a simple algebraic equation for 7. (n, A). The second term on the RHS is tiny since
A > k,T2°. We then find

T.(n,A) = T(n) {1 32 kg T W)y O(e—m/kBT:%n))} ,

(3) For an ideal Fermi gas in three dimensions,

(a) Find an expression for the isothermal compressibility 7. \ as a function of the tem-
perature 7" and fugacity z.

(b) Find an expression for the adiabatic compressibility x g y as a function of the temper-
ature 7" and fugacity z.

(c) Find an expression for the ratio C, /Cy, y as a function of the temperature 7' and
fugacity z.

Solution :

Recall
N=V/[degf

—00
o0

S:—kBV/dEg{flnf+(1—f) ln(l—f)}

— 00
oo

p= kT [deg (- 1),

— 00

where g = g(¢) and f = f(e—p) in the above expressions. Note further that the differential
of the Fermi function is written in terms of dT" and dy as follows:

1 of AT
i) = () e n % ).

VVAN = [ dInV + LdT + I du

Thus, we have

VdS = J,dInV + JydT + J; du

dp:KldT+K2d/L,
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where
I [degs B=hyfdeg{fmf - pma-p)
B 7 af £— B T of E— U 2
nefues(-5) (5F)  amnfes(5) (5F)
Iy = /d€g<— g—if) ngkB/dsg<— g—if) (2‘%‘) =k I,
and
Klz—kB/dsg{lnu—fH(— %)(a—m}
r 9
K, = —kBT/ds %(— a_ij)

(a) Setting dT" = dN = 0, we obtain dyu = —(I; /I3) dIn V', and therefore

o (mv\ L
e op Jry DKy — LK,

(b) Setting dN = dS = 0, we obtain

I I
dp=-2dnV + 24T = ﬁdlnv+ﬁdT.
I I I3 I3
This can be used to express d1" and dy in terms of dIn V' at fixed IV and S. The final answer
is quite involved and I won’t reproduce it here. I regret asking this question!

(c) We set dN = 0 to write dIn V‘ v in terms of dT" and dy, and set dp = 0 to write du‘p =

—(K,/K,)dT. Thus, we can write both di and dInV in terms of dT" and compute C,, y.
For Cy, y, set dN = dInV = 0 to find du = —(I,/13) dT and substitute into the equation
for dS. Again the final result is somewhat tedious.

(4) Atlow energies, the conduction electron states in graphene can be described as fourfold
degenerate fermions with dispersion (k) = hv,|k|. Using the Sommerfeld expension,

(a) Find the density of single particle states g(¢).

(b) Find the chemical potential (T, n) up to terms of order 7.



(c) Find the energy density £(T,n) = E/V up to terms of order 7.

Solution :

(a) The DOS per unit volume is

(b) The Sommerfeld expansion is

00 7

2 Tt

/ de fe — ) d(e) = / de §(e) + (KT)? ¢/ (1) + 360 (ks T) 6" (1) + ... .

— 00 — 00

For the particle density, set ¢(c) = g(¢), in which case

wo LY T (kTY
™\ hvg 3\ hog

The expansion terminates after the O(T?) term. Solving for 1,

1/2

w(T,n) = hog(mn)'/? [1 — 31” <I;:;Z>2
— th(ﬂ'n)l/2{1 - 61” <I;i>2 - 77;2 <I;i>4 +... }

(c) For the energy density £, we take ¢(c) = ¢ g(¢), whence
eir 2| (i) + (L)

2 2 4
_ 2 3/2 (kTN 7w (kT
2\ hogn {1+2n<th> 8n2<th +...

37
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Solution Set #7

(1) For each of the two cluster diagrams in Fig. 1, find the symmetry factor s, and write
an expression for the cluster integral b, (T').

(a) (b)

Figure 6.6: Mayer cluster expansion diagrams.

Solution :

The symmetry factors of the diagrams are s, = 2 - (3!)? = 72 and s, = 6! = 720. To see
this, note that sites 2, 3, and 4 and sites 5, 6, and 7 of figure 1a can be separately permuted
in any of 3! = 6 ways, and finally that the two triples themselves can be swapped to give
a final factor of 2. For figure 1b, the sites {2, 3,4, 5,6, 7} can be permuted in any way. One
then has

a 72V/de f12f13f14f23f24f34 f78f68f58f67f57f56 flS

by = / H Fix Fis Fut s o i

(2) Consider the one-dimensional Ising model with next-nearest neighbor interactions,
H = _JZUnUnH —KZanan+2 ,
n n

on a ring with IV sites, where NN is even. By considering consecutive pairs of sites, show
that the partition function may be written in the form Z = Tr (R"/?), where Risa 4 x 4
transfer matrix. Find R. Hint: It may be useful to think of the system as a railroad trestle,

39
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2 7 :
6 4
@ 3 @1 8@6 ®)
4 3 7 1 3
2

Figure 6.7: Labeled Mayer cluster expansion diagrams.

depicted in Fig. 2, with Hamiltonian
]LAI = — Z |:JO'J/LJ + J,LLjO'j+1 + KO'jO'j+1 + K/J,J/,LJ+1] .
J
Thel’l R - R(o'j/’l‘j)7(0'j+1:uj+1

values (++), (+—), (—+), or (——).
K

), with (o) a composite index which takes one of four possible

Hj
J J

K o

Figure 6.8: Railroad trestle representation of next-nearest neighbor chain.

Solution :

The transfer matrix can be read off from the Hamiltonian:

R(Uu) ) = BImoto’) BK (oo’ +pp')
Expressed as a matrix of rank four, with rows and columns corresponding to {++, +—, —+, ——},
we have
o28(J+K) 0287 1 028K
o287 o—28(J-K)  ,—28K 1
R= 1 28K —28(J-K) 28]
028K 1 0287 e28(J+K)

Querying WolframAlpha for the eigenvalues, we find

AM=2luw—(1+u! IV u2v? — 2uv? 4+ du + 02 + 20 +u
Ap=3luw+1+ut) Vu2v? — 2uv? + du + 02 + 207 +u

>
w
I
D=

1—u Vu2e? + 2u? — du+ 02 — 207 +u o

(
(
—(
(

>
=

I
D=

w + (1 — uw V2 4+ 2uv? — du + 02 — 207 + 0| |



where u = ¢

2
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B and v = 2K The partition function on a ring of NV sites, with NV even, is

Z =Tr(RN?) = 72+ M2 e 0P e a2
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Solution Set #8

(1) Consider a ferromagnetic spin-S Ising model on a lattice of coordination number z.

The Hamiltonian is
H= —JZO’Z-O'j _NOHZUi ,
(i) i
whereo € {—5,—S +1,...,+5} with 25 € Z.

(a) Find the mean field Hamiltonian H, M

(b) Adimensionalize by setting 0 = k,T/2J, h = pyH/zJ, and f = F/NzJ. Find the
dimensionless free energy per site f(m, h) for arbitrary S.

(c) Expand the free energy as
f(m,h) = fo + sam® + bm* — chm + O(h?, hm?, m%)
and find the coefficients f;, a, b, and c as functions of # and S.
(d) Find the critical point (6., k).
(e) Find m(6., h) to leading order in h.

Solution :

(a) Writing o; = m + do,;, we find

Hy. = %Nsz2 — (poH + 2J) Zai .

7

(b) Using the result
sinh((S + 3)BueH)

S
Z e'Biu‘OHeHU e - 1 R
s sinh (iﬁluoH)

we have

f= %m2 - HIHSiDh((QS +1)(m+ h)/29) + @ lnsinh ((m + h)/29) .
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(c) Expanding the free energy, we obtain

f = fo+ sam?®+ 2bm* — chm + O(h?, hm®,m°)
ST ey HEHDES25 4 )
56 360 63

:—Gln(2S—|—1)—|—< m4—%5(5—|—1)hm+....

Thus,

S(S +1)(282 +2S +1)
9063

fo=—-0In(2S+1) , a=1-35(S+1)07" , b= , c=25(5+1).
(d) Seta = 0 and h = 0 to find the critical point: . = £5(5 + 1) and h, = 0.

(e) At = 6, we have f = f,+ 1bm* — chm + O(m5). Extremizing with respect to m, we
obtain m = (ch/b)'/3. Thus,

Mlferh) = (m) o

(2) The Blume-Capel model is a S = 1 Ising model described by the Hamiltonian
¥ -

where J;; = J(R; — R;) and S; € {-1,0,+1}. The mean field theory for this model is
discussed in section 7.11 of the Lecture Notes, using the 'neglect of fluctuations” method.
Consider instead a variational density matrix approach. Take o(S;,...,Sy) = [, 0(S;),

where
5 n-+m n—m
005) = ("5 Yos. + (1= ms+ (“57 )

(a) Find (1), (S,), and (S?).
(b) Find E = Tr (oH).
(c) Find S = —k,Tr (o1n o).

(d) Adimensionalizing by writing § = k,T/J(0), § = A/J(0), and f = F/N.J(0), find
the dimensionless free energy per site f(m,n,6,9).

(e) Write down the mean field equations.

(f) Show that m = 0 always permits a solution to the mean field equations, and find
n(6,6) when m = 0.
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(g) To find 6., set m = 0 but use both mean field equations. You should recover eqn.
7.322 of the Lecture Notes.

(h) Show that the equation for 6, has two solutions for 6 < §, and no solutions for ¢ > §,,
and find the value of §,.!

(i) Assume m? < 1 and solve for n(m, 0, §) using one of the mean field equations. Plug
this into your result for part (d) and obtain an expansion of f in terms of powers of
m? alone. Find the first order line. You may find it convenient to use Mathematica
here.

Solution :

(a) From the given expression for g, we have
<1>:1 ’ <S>:m ) <S2>:n7
where (4) = Tr(g A).

(b) From the results of part (a), we have

)

E ="Tr(o
NJ(O)m?>+ NAn ,

1
2
assuming J;; = 0 for al ¢.

(c) The entropy is

S =—k,Tr(olnp)
:_N%{<n;m>m<";m>+(pﬂwmu—n%+<nzm>m<nzm>}'

(d) The dimensionless free energy is given by

(e) The mean field equations are

Ozﬁ:—m—l-%@ln(Z_m)

om +m
_of 1 n? —m?

!This problem has been corrected: (6., d..) is not the tricritical point.
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These can be rewritten as

m = ntanh(m/0)

n?=m?4+4(1—n)2e 2/,

(f) Setting m = 0 solves the first mean field equation always. Plugging this into the second

equation, we find
2

T3 +exp(6/0)

(g) If we set m — 0 in the first equation, we obtain n = 6, hence

) 2
° 2+exp(6/6,)

(h) The above equation may be recast as

2
d=0Inl=—2
“<9 >

with 6 = 6. Differentiating, we obtain

0o 2 1 o
-G = =

Plugging this into the result for part (g), we obtain the relation 6 e’*! = 2, and numerical
solution yields the maximum of 4(¢) as

0, = 0.3164989. .. , 0 = 0.46305551. .. .
This is not the tricritical point.

(i) Plugging in n = m/tanh(m/6) into f(n,m,0,d), we obtain an expression for f(m,6,9),
which we then expand in powers of m, obtaining

f(m,0,6) = fo + %am2 + ibm4 + %cm6 +O(m®) .
We find

a= 339 {5—91n<2(19_9)>}

b= 45193 {4(1 — 9)91n<2(19_ 9)> +150% — 50 + 46(0 — 1)}

2(1 - 6)
0

c 24(1—9)291n< >+245(1—9)2+0(35—1549+18902)}.

1
1890 65(1 — )2 {
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The tricritical point occurs for a = b = 0, which yields

9, = . 8, =2m2.

Lol

If, following Landau, we consider terms only up through order m®, we predict a first order
line given by the solution to the equation

b:—%¢@.

The actual first order line is obtained by solving for the locus of points (6, d) such that
f(m,8,0) has a degenerate minimum, with one of the minima at m = 0 and the other at
m = +my. The results from Landau theory will coincide with the exact mean field solution
at the tricritical point, where the m, = 0, but in general the first order lines obtained by the
exact mean field theory solution and by a truncated sixth order Landau expansion of the
free energy will differ.
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Solution Set #9

(1) Consider a two-state Ising model, with an added quantum dash of flavor.

invited to investigate the transverse Ising model, whose Hamiltonian is written
H= —JZUfU}C —HZO’;,
(i) g

where the of* are Pauli matrices:

. (01 ._ (10
i \1o), 0 TN 1),

(a) Using the trial density matrix,

_ 1 1 T 1 z
0; =35t 5Mmy0; +5mMm;0;

You are

on each site, compute the mean field free energy F/N J(0) = (0, h,m,, m.), where
0 = k;T/J(0), and h = H/J(0). Hint: Work in an eigenbasis when computing

Tr(oln o).

(b) Derive the mean field equations for m, and m,.

(c) Show that there is always a solution with m, = 0, although it may not be the solution

with the lowest free energy. What is m (6, h) when m, = 0?

(d) Show that m, = h for all solutions with m_ # 0.

(e) Show that for § < 1 there is a curve h = h*(#) below which m_, # 0, and along which
m,, vanishes. That is, sketch the mean field phase diagram in the (6, 1) plane. Is the

transition at h = h* () first order or second order?

(f) Sketch, on the same plot, the behavior of m, (6, h) and m, (¢, h) as functions of the

field h for fixed 6. Do thisfor 0 =0, 6 = %, and 6 = 1.
Solution :
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(a) We have Tr (00”) = m, and Tr (00*) = m,. The eigenvalues of g are 1(1 & m), where
m = (m2 +m?)"/2. Thus,
1—|—mln 1+m —i—l_mln 1-—m .
2 2 2 2

(b) Differentiating with respect to m, and m, yields

2 m

fO,h,my,m,) = —%mi —hm,+6

om, 1—m
of 0 1+m\ m,
am. —0——h+§ ln<1_m> gt
Note that we have used the result
Im _my
amu m

where m,, is any component of the vector m.

(c) If we set m,, = 0, the first mean field equation is satisfied. We then have m, = msgn(h),
and the second mean field equation yields m_ = tanh(h/6). Thus, in this phase we have

m, =0 , m, = tanh(h/6) .

(d) When m,, # 0, we divide the first mean field equation by m,, to obtain the result

0 <1—|—m>
m = —In ,
2 1—m

which is equivalent to m = tanh(m/6). Plugging this into the second mean field equation,
we find m, = h. Thus, when m,, # 0,

m, =h , m, =\ m? — h? , m = tanh(m/0) .

Note that the length of the magnetization vector, m, is purely a function of the temperature
6 in this phase and thus does not change as & is varied when 6 is kept fixed. What does
change is the canting angle of m, which is a = tan~!(h/m) with respect to the £ axis.

(e) The two solutions coincide when m = h, hence

2h
(1)

Inverting the above transcendental equation yields h*(#). The component m,, which
serves as the order parameter for this system, vanishes smoothly at # = 6.(h). The transi-
tion is therefore second order.

h = tanh(h/6) — 0*(h) =

(f) See Fig. 9.1.
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Figure 8.9: Solution to the mean field equations for problem 2. Top panel: phase diagram.
The region within the thick blue line is a canted phase, where m, # 0 and m, = h > 0;
outside this region the moment is aligned along 2 and m,, = 0 with m, = tanh(h/6).
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Final Examination

All parts are worth 5 points each

(1) [40 points totall Consider a noninteracting gas of bosons in d dimensions. Let the
single particle dispersion be ¢(k) = A |k|?, where o > 0.

(a)

(b)

Find the single particle density of states per unit volume g(¢). Show that g(¢) =
CeP~1O(¢), and find C and p in terms of A, d, and o. You may abbreviate the total
solid angle in d dimensions as Q; = 2792 /T'(d/2).

We have
() de = 'k _ (2m)~4Q, k1 dk
E = amd d
and hence
—d i1 dk -1
9(e) = 2m) K = ot
de
where p = d/o and
Qd A—d/o A—d/o

o(2m)d T 2d-17df2 L(d/2)o

Under what conditions will there be a finite temperature 7, for Bose condensation?

The number density is
n(T,z) = dz—:L =CT(p)BPLiy(z)
e z=lefe —1 P P
0

The RHS is a monotonically increasing function of the fugacity z. It vanishes for
z = 0. In the limit z — 17, the RHS diverges for p < 1. In this case, we can invert this
equation to obtain a unique solution for z(7',n). In this case, there is no Bose con-
densation. If p > 1, the RHS is finite for z = 1, which establishes a maximum density
Nmax (1) at each temperature, above which the system must be in a condensed phase.
Thus, the criterion for a finite 7, is p > 1, i.e. d > 0.
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(©)

(f)

FINAL EXAMINATION

For T' > T,, find an expression for the number density n(7, z). You may find the

following useful:

gd-t gy
/dE i 7 = L@ BT Lig(2)
0
where Li(2) = >°72, 21 /j1 is the polylogarithm function. Note that Li, (1) = ¢(q).
This has been computed in part (b) above: n(T, z) = CT(p) (k;T)? Li,(2).

Assuming T, > 0, find an expression for T (n).

Set z = 1and T' = T,.. We then have

it~ (srgan)

For T' < T, find an expression for the condensate number density ny (7', n).

We set z = 1. Then ny = n — n,. (1), i.e.

where T, (n) is given in part (d).

For T' < T, compute the molar heat capacity at constant volume and particle number
cyy(T,n). Recall that ¢, y = 32 (92, v-

The energy density is

o0

E= V/ds e;f(f)l —CVI(p+1)¢lp+1) (kTP

0
Thus,

c»NzCE) Ok, VT(p+2) ¢+ 1) (kT .
’ oT VN

As we have derived above, the particle number is related to the critical temperature
by
N =CVI(p)(p) (ks To)" .

Therefore the molar heat capacity is

N T \°
cvn(Tom) = 3 Cyn = R- =23 '<Tm0'

where R = N, k; is the gas constant.
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For T' > T, compute the molar heat capacity at constant volume and particle number
ey n(T, 2).

In this regime,

N(T,V,z) = /ds%s)_l—ovr()(k T)P Li(2)

E(T,V, 2) /d - eﬁe = VI 1) (TP Uiy (2).

Now take the differentials:

AN = CVT(p) (b, T)" - {p Li (2) ‘%T Tl (2) @}

z

. dT d
dE=CVI(p+1) (kBT)p+l ) {(p—l— 1) L'p-i—l( 2) 7 T +1Li ( ) ZZ} '
Since dN = 0, we can use the first of these to solve for dz in terms of dT":

dz
z

_pLip(z) dT

Li, 1(2) T°

Inserting this into the equation for dE, we have

2
dE‘N =CVIQp+1) (kBT)p+1 ' {(p + 1) L,y (2) — pLIp(Z) } . dT

Lip—l(z) T

T
(P+DLipn(z)  plip(z) | dr
Li,(2) Li, 1(z) T’

:ka:BT-{

and hence

cyn(T,2) =pR- {(p+ DLi,a(2)  pliy(z) } |

Li,(2) Li,_1(2)

Show that under certain conditions the heat capacity is discontinuous at 7}, and eval-
uate ¢y, ~(TF) just above and just below the transition.

Setting z = 1 and T' = T, the results from parts (f) and (g) yield

plp+1)Cp+ 1R
¢(p)

plp+ )¢+ 1R p*C(p)R
¢(p) Cp—1)°

CV,N (TC_ ) =

CV,N(TC+) =
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Subtracting these values we obtain the discontinuity at the transition,

2 R
Ac=cyn(T) —cyn(T0) = _PLDR :

¢ C(p—1)

For1 < p <2wehave T, > 0and Ac = 0, since ((p — 1) = oco. For p > 2, however,
there is a finite discontinuity in the specific heat at the transition.

(2) [30 points total] Consider the following model Hamiltonian,
f{ = ZE(O—hO-j) )
(i5)

where each ¢; may take on one of three possible values, and
-J +J 0
E(o,0Y=|+J —J 0 ,
0 0 +K

with J > 0 and K > 0. Consider a variational density matrix o, (cy,...,0y) =[], 0(0;),
where the normalized single site density matrix has diagonal elements

N n-—+m n—m
Q(U) = < 2 >50,1 + < 2 )50,2 + (1 _n) 50,3 .

(a) What is the global symmetry group for this Hamiltonian?

The global symmetry group is Z,. If we label the spin values as o € {1,2,3}, then

th;e group elements can be written as permutations, 1 = (153) and J = (573, with
Je=1

A~

(b) Evaluate F = Tr (o, H).

For each nearest neighbor pair (ij), the distribution of {¢ 0;} is according to the
product ¢(o;) 6(c;). Thus, we have

E=1iNzT> d(0)d(0')e(o,0")

52(1) 3*(2) 246(1) 6(2) 2(3)

- %sz.{ <"+2m>2 - <"‘2m>2 - 2<”+2m) <"‘2m> (+0)+ (L= )P (+K)
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(c) Evaluate S = —k; Tr (o, Ing,,).
The entropy is

S =—Nk,Tr(oln o)
:_Nk3{<n—gm>ln<n—;m> . <n—2m>ln<n_2m> +(1_n)1n(1—n)}.

(d) Adimensionalize by writing § = k,7T/z.J and ¢ = K/J, where z is the lattice coordi-
nation number. Find f(n,m,0,c) = F/NzJ.

This can be solved by inspection from the results of parts (b) and (c):
n+m n+m n—m n—m
< 5 > ln( 5 >—|—< 5 > ln( 5 >—|—(1—n) ln(l—n)] .

(e) Find all the mean field equations.

f=—tm*+3c(1-n)*+6

There are two mean field equations, obtained by extremizing with respect to n and
to m, respectively:

2 _ 2
a—f—O:c(n—l)—k%91n<w>

on 4(1 —n)?
ﬁ:0:—771—1—%011a<n_m>.
om n-+m

These may be recast as

TL2 _ m2 +4 (1 - n)2 6—20(n—1)/6

m = ntanh(m/0) .

(f) Find an equation for the critical temperature 6., and show graphically that it has a
unique solution.

To find 6, we take the limit mm — 0. The second mean field equation then gives n = 6.
Substituting this into the first mean field equation yields

0=2(1—0)e 201/

If we define u = =1 — 1, this equation becomes

u=-¢e""

It is clear that for ¢ > 0 this equation has a unique solution, since the LHS is mono-
tonically increasing and the RHS is monotonically decreasing, and the difference
changes sign for some v > 0. The low temperature phase is the ordered phase,
which spontaneously breaks the aforementioned Z, symmetry. In the high tempera-
ture phase, the Z, symmetry is unbroken.
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(3) [30 points total] Provide clear, accurate, and brief answers for each of the follow-

mg:

(a) Explain what is meant by (i) recurrent, (ii) ergodic, and (iii) mixing phase flows.

(b

(c

(e

)

)

~

~

(i) In a recurrent system, for every neighborhood N of phase space there exists a
point ¢, € N which will return to N after a finite number of application of the
T-advance map g,, where 7 is finite. (ii) An ergodic system is one in which time
averages may be replaced by phase space averages. (iii) A mixing system is one for
which, as t — oo, the instantaneous time average of a quantity may be replaced by its
phase space average.

Why is it more accurate to compute response functions X;; = dm,/0H; rather than
correlation functions C;; = (0, 0;) — (0;)(0;) in mean field theory? What is the exact

thermodynamic relationship between X;; and C;;?

Within the conventional mean field theory approach we have discussed, C;; = 0
because each site is independent, as the trial density matrix is a direct product of
individual single site density matrices. Extremizing the free energy, though yields a
set of coupled nonlinear equations for m; in terms of all the local fields { H,}, so X, is
nonzero. Another way to look at it is that X;; = —0?F/0H,; 0H ;- and the variational
approach assures us that F is accurate up to terms of order (§p)?, where p = p,, + &p.
Using this expression, we see that C;; is only accurate up to terms of order ép. The
exact relation between correlation and response functions is C;; = kT X, ;.

What is a tricritical point?

A critical point 7, may be extended to a critical curve in an extended parameter space
(T, \), where X is an additional parameter which does not explicitly break the sym-
metry group G' which is spontaneously broken in the ordered phase. At a specific
point (7}, \;) along this critical curve, the transition may change from first to second
order. The confluence of the first and second order boundaries lies at a tricritical point.

Sketch what the radial distribution function ¢(r) looks like for a simple fluid like
liquid Argon. Identify any relevant length scales, as well as the proper limiting value
for g(r — o).

See Fig. 6.13 of the Lecture Notes. Note that g(co) = 1, and g(r) = 0 for r < a, where
a is the hard sphere core diameter.

Discuss the First Law of Thermodynamics from the point of view of statistical me-
chanics.

The thermodynamic energy is E = Y, P, E,, where P, = Z~'e=Fn/ksT Thus dF =
dQ = dW,withdQ = > E,dP,and dW = —)_ P, dE,. The differential heat is
due to changes in the probability distribution P,, while the differential work is due

to changes in the energy eigenvalues ..

(f) Explain what is meant by the Dulong-Petit limit of the heat capacity of a solid.
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In the high temperature limit (but below the melting point), the ion cores of any solid
behave classically. Each of the NV ion cores has 2d degrees of freedom: d coordinates
and d momenta. The potential energy can be modeled as a harmonic potential (in all
the coordinates), and the kinetic energy is the usual ballistic expression. Thus, from
equipartition, the energy is N x 2d x 1k,T = Ndk,T, and the heat capacity in this
limit is Cy, y = Ndk.



