PHYSICS 140A : STATISTICAL PHYSICS
HW ASSIGNMENT #1 SOLUTIONS

(1) The information entropy of a distribution {p,, } is defined as S = — >_,, py, log, p,,, where n
ranges over all possible configurations of a given physical system and p,, is the probability
of the state |n). If there are {2 possible states and each state is equally likely, then S = log, €2,
which is the usual dimensionless entropy in units of In 2.

Consider a normal deck of 52 distinct playing cards. A new deck always is prepared in the
same order (Ad 24 - - - K).

(a) What is the information entropy of the distribution of new decks?

(b) What is the information entropy of a distribution of completely randomized decks?

Now consider what it means to shuffle the cards. In an ideal riffle shuffle, the deck is split
and divided into two equal halves of 26 cards each. One then chooses at random whether
to take a card from either half, until one runs through all the cards and a new order is
established (see figure).

Figure 1: The riffle shuffle.

(c) What is the increase in information entropy for a distribution of new decks that each
have been shuffled once?

(d) Assuming each subsequent shuffle results in the same entropy increase (i.e. neglect-
ing redundancies), how many shuffles are necessary in order to completely random-
ize a deck?

(e) If in parts (b), (c), and (d), you were to use Stirling’s approximation,
Kl ~ KK e 5 VorK |

how would your answers have differed?



Solution :

(a) Since each new deck arrives in the same order, we have p; = 1 while p, 5, = 0.
Therefore S = 0.

(b) For completely randomized decks, p, = 1/Q withn € {1,...,Q} and Q = 52!, the total
number of possible configurations. Thus, S = log, 52! = 225.581.

random

(c) After one riffle shuffle, there are (2 = (gg) possible configurations. If all such configura-
tions were equally likely, we would have (AS) 4., = log, (gg) = 48.817. However, they are
not all equally likely. For example, the probability that we drop the entire left-half deck
and then the entire right half-deck is 2726, After the last card from the left half-deck is
dropped, we have no more choices to make. On the other hand, the probability for the
sequence LRLR - - - is 27°!, because it is only after the 515 card is dropped that we have
no more choices. We can derive an exact expression for the entropy of the riffle shuffle
in the following manner. Consider a deck of N = 2K cards. The probability that we run
out of choices after K cards is the probability of the first K cards dropped being all from
one particular half-deck, which is 2 - 2%, Now let’s ask what is the probability that we
run out of choices after (K + 1) cards are dropped. If all the remaining (K — 1) cards are
from the right half-deck, this means that we must have one of the R cards among the first
K dropped. Note that this R card cannot be the (K + 1)*! card dropped, since then all of
the first K cards are L, which we have already considered. Thus, there are (11( ) = K such
configurations, each with a probability 27%~1. Next, suppose we run out of choices after
(K 4+ 2) cards are dropped. If the remaining (K — 2) cards are R, this means we must have
2 of the R cards among the first (K + 1) dropped, which means (K; 1) possibilities. Note
that the (K + 2)' card must be L, since if it were R this would mean that the last (K — 1)
cards are R, which we have already considered. Continuing in this manner, we conclude

QK:2§;)<K+:—1> _ <2}1{(>

and

o = K+n—1
K aZ::l Dy 1082 Py nZ::O < n > ( + TL)
The results are tabulated below in Table 1. For a deck of 52 cards, the actual entropy per
riffle shuffle is S,5 = 46.274.

(d) Ignoring redundancies, we require k = S, 4o,/ (AS),me. = 4.62 shuffles if we assume
all riffle outcomes are equally likely, and 4.88 if we use the exact result for the riffle en-
tropy. Since there are no fractional shuffles, we round up to £ = 5 in both cases. In fact,
computer experiments show that the answer is k£ = 9. The reason we are so far off is that
we have ignored redundancies, i.e. we have assumed that all the states produced by two
consecutive riffle shuffles are distinct. They are not! For decks with asymptotically large



L& o [ Sk [log(%) ||
2 6 2.500 2.585
12 2704156 20.132 | 20.367
26 || 4.96 x 10 | 46.274 | 48.817
100 || 9.05 x 10°® | 188.730 | 195.851

Table 1: Riffle shuffle results.

numbers of cards N > 1, the number of riffle shuffles required is k& ~ %log2 N. See D.
Bayer and P. Diaconis, Annals of Applied Probability 2, 294 (1992).

(e) Using the first four terms of Stirling’s approximation of In K, i.e. outto O(K"), we find
log, 52! ~ 225.579 and log, (57) ~ 48.824.

2) In problem #1, we ran across Stirling’s approximation,
InK!~KInK — K+ in@2rK)+O(K™"),

for large K. In this exercise, you will derive this expansion.

(a) Start by writing

[e.9]

K! :/dxxKe_:”,
0
and define z = K (t + 1) so that K! = K&+ ¢=K [(K), where

F(K) = / dt 7@
—1

Find the function f(t).

(b) Expand f(t) = > 07 [, t" in a Taylor series and find a general formula for the ex-

pansion coefficients f,,. In particular, show that f, = f; = 0 and that f, = —%.

(c) If one ignores all the terms but the lowest order (quadratic) in the expansion of f(t),

show that .
-Kt?/2 _ 2_7T _
/dt e \/ 7 R(K),
21

and show that the remainder R(K’) > 0 is bounded from above by a function which
decreases faster than any polynomial in 1/K.

(d) For the brave only! - Find the O(K ') term in the expansion for In K.



Solution :

(a) Setting = = K (t + 1), we have
K! = KK+ e—K/dt t+1)%et,
~1

hence f(t) =In(t +1) —¢.
(b) The Taylor expansion of f(t) is

fit)=—32+ 35 — ;tt ...

(c) Retaining only the leading term in the Taylor expansion of f(t), we have

F(K) ~ / dt e KP/2

-1
00

2
:\/%—/dte_K’@/z.

1

Writing ¢ = s + 1, the remainder is found to be

o0

_ K2 —Ks2/2 —Ks T _K/2
R(K)=e /dse e <1/2K6 ,

0

which decreases exponentially with K, faster than any power.

(d) We have
[e.9]
F(K) = /dt o3 Kt g KtP = Kt ...
~1
[ee]
— /dt e—%KtQ{l +IKE - IR+ LKA+ }
~1
2
= ,/% : {1 — 3KV KT 4 O(K‘2)}
Thus,

InK!'=KInK - K+ 3K+ 3In(2r) + 5K+ O(K?) .



(3) A six-sided die is loaded so that the probability to throw a three is twice that of throw-

ing a two, and the probability of throwing a four is twice that of throwing a five.

(a) Find the distribution {p,, } consistent with maximum entropy, given these constraints.

(b) Assuming the maximum entropy distribution, given two such identical dice, what is

the probability to roll a total of seven if both are thrown simultaneously?

Solution :

(a) We have the following constraints:
X°(p) =p1+ P2+ D3 +Dps+p5+ps—1=0

XI(P) =p3—2p, =0
X*(p)=ps—2p5=0.

We define ,
S*(p,A) = — anlnpn — ZAGX(“)(p) ,
n a=0
and freely extremize over the probabilities {p,,...,ps} and the undetermined Lagrange

multipliers {)\y, A, Ay }. We obtain

oS* 0S*

=—1—Inp; — A =—1—-lnp,—Ag— A
8])1 1 0 ap4 4 0 2
0S5* 0S*

=—1—Inpy — Ay + 2 =—1—1Inp; — Ay + 2\
8]92 2 0 1 6p5 5 0 2
0S5* 0S5*

=—1—-Inp;— Xy — A =—-1-Inps— Ay .
8])3 3 0 1 apG 6 0

Extremizing with respect to the undetermined multipliers generates the three constraint

equations. We therefore have

—Ap—1 —Ap—1 —A
pp=e€ 0 pyg=e€ 0 e "2
py = e~ o1 o2 ps = e P2

We solve for {\j, A\;, Ay} by imposing the three constraints. Let x = p; = pg =

Then p, = ze?*1, p; =xe ™, p, = xe 2, and py = z €**2. We then have

p3=2p, = e =2
Py =2p5; = e =2,

—Ao—1,



We may now solve for z:

6
;pn:(2+21/3+24/3)3::1 = m:mﬁ.
We now have all the probabilities:
py = =0.1730 py =232 =0.2180
Py = 27232 = 0.1090 ps = 27232 =0.1090
py =232 =0.2180 pg =2 =0.1730 .

(b) The probability to roll a seven with two of these dice is

P(7) = 2p, ps + 2pap5 + 2314
=2(1+27%3 4 22/3) 42 = 0.1787.

(4) The probability density for a random variable x is given by the Lorentzian,

vy 1
Plz)=~1. —— .
@) T x? 4 42
Consider the sum X, = SV 2., where each z, is independently distributed according to

P(x;). Find the probability /7x(Y") that | X | <Y, where Y > 0 is arbitrary.

Solution :

As discussed in the Lecture Notes §1.4.2, the distribution of a sum of identically distributed
random variables, X = "N | ., is given by

Py(x) = [ 5 [P] e

—00

where P(k) is the Fourier transform of the probability distribution P(z;) for each of the z;.
The Fourier transform of a Lorentzian is an exponential:

/de’ P(z) e *® = ¢kl

Thus,
T dk .
Py(X) = /% e~ Nkl gikX
N~ 1

T XZ4 N2



The probability for X to lie in the interval X € [-Y,Y], where Y > 0, is

The integral is easily performed with the substitution X = N+ tan 6. Note that I7,(0) = 0
and I1,(o0) = 1.



PHYSICS 140A : STATISTICAL PHYSICS
HW ASSIGNMENT #2 SOLUTIONS

(1) A box of volume V' contains NN, identical atoms of mass m, and N, identical atoms of
mass ..

(a) Compute the density of states D(E, V, N, N,).

(b) Let z; = N;/N Dbe the fraction of particles of species #1. Compute the statistical
entropy S(E,V, N, z;).

(c) Under what conditions does increasing the fraction x; result in an increase in statis-
tical entropy of the system? Why?

Solution :

(a) Following the method outlined in §4.2.2 of the Lecture Notes, we rescale all the mo-
menta p, with i € {1,...,N;} as p{ = /2m;Fu, and all the momenta p; with j €
{Ny +1,..., Ny + Ny} as pf = /2my E uff. We then have

VNN, 2m, B \V1¢ om,E\"2¢
ot v - L (VB (VBN o

ARA h h

Thus,

D(Ea‘/aNlaNZ) = N1|N2'

N,/N__N,/N
11/ m22/

VN m \zNVd piNd-1
<27rh2> I'(Nd/2)’
where N = N; + Nyand m =m has dimensions of mass. Note that the N;! N,!

term in the denominator, in contrast to N!, appears because only particles of the same
species are identical.

(b) Using Stirling’s approximation In K! ~ K In K — K + O(Iln K'), we find

2 Ty,,T2
% =InD = Nln<%>+%Ndln<m>—N(wl Inz, +, 1nx2)+%Nd1n<m2}£; >+N(1+%d) :

where z, =1 — z,.

(c) Using z, = 1 — z;, we have

ﬁ — Nln<ﬂ> + %Ndln<ﬁ> .
Oz, x My

Setting 05/0z, to zero at the solution z = 27, we obtain

/2 2
* ml * m2
= "an /2 ’ T2 = —anm a2
my T+ my my T+ my

Thus, an increase of ; will result in an increase in statistical entropy if z; < z7. The reason
is that z; = 2] is optimal in terms of maximizing S.



(2) Two chambers containing Argon gas at p = 1.0atm and 7" = 300K are connected via a
narrow tube. One chamber has volume V| = 1.0L and the other has volume V;, = r V.

(a) Compute the RMS energy fluctuations of the particles in the smaller chamber when
the volume ration is r = 2.

(b) Compute the RMS energy fluctuations of the particles in the smaller chamber when
the volume ration is r = oo.

Solution :
For two systems in thermal contact (see Lecture Notes §4.5), the RMS energy fluctuation of

system #1 is AE, = \/k,T? Cy,, where

5 C'\/,10\/,2 __r C
v Cyp+Cyy r+1 Vil-

Thus, with C, = %N ky, = 3pV/T, we have

N Y Y -10
AEl_,/Tle \/ S pVik,T ’/r+1 7.93x 107107,

Thus, (a) for r = 2 we have AE, = 648p], and (b) for » = co we have AE, = 793 p]J, where
1pJ=10"121J.

(3) Consider a system of N identical but distinguishable particles, each of which has a
nondegenerate ground state with energy zero, and a g-fold degenerate excited state with
energy ¢ > 0.

(a) Let the total energy of the system be fixed at £ = Me, where M is the number of
particles in an excited state. What is the total number of states Q(E, N)?

(b) What is the entropy S(#, N)? Assume the system is thermodynamically large. You
may find it convenient to define v = M /N, which is the fraction of particles in an
excited state.

(c) Find the temperature 7'(v). Invert this relation to find v(T').
(d) Show that there is a region where the temperature is negative.

(e) What happens when a system at negative temperature is placed in thermal contact
with a heat bath at positive temperature?



Solution :

(a) Since each excited particle can be in any of g degenerate energy states, we have

N N!gM
(B, N) = <M> M = Ty =

(b) Using Stirling’s approximation, we have
S(E,N) = k,InQ(E, N) = —NkB{Van +(1—v)In(l —v) - Vlng} ,
where v = M/N = E/Ne.

(c) The inverse temperature is

L_(95) _ L (95) _k In v +1In
T Z?EN_NE aI/N_E v g0

hence
kT =—r—— .
" ln(l_T”) +Ing
Inverting,
g e—c/ksT
D) = T e

(d) The temperature diverges when the denominator in the above expression for 7'(v) van-
ishes. This occurs at v = v* = g/(g + 1). For v € (v*, 1), the temperature is negative! This
is technically correct, and a consequence of the fact that the energy is bounded for this sys-
tem: £ € [0, Ne|. The entropy as a function of v therefore has a maximum at v = v*. The
model is unphysical though in that it neglects various excitations such as kinetic energy
(e.g. lattice vibrations) for which the energy can be arbitrarily large.

(e) When a system at negative temperature is placed in contact with a heat bath at positive
temperature, heat flows from the system to the bath. The energy of the system therefore
decreases, and since g—]g < 0, this results in a net entropy increase, which is what is de-

manded by the Second Law of Thermodynamics.

(4) Solve for the model in problem 3 using the ordinary canonical ensemble. The Hamilto-
nian is N

151252(1—5%1) ,

i=1
where o, € {1,...,9+ 1}

(a) Find the partition function Z(7', N') and the Helmholtz free energy F'(T, N).



(b) Show that M = % counts the number of particles in an excited state. Evaluate the
thermodynamic average v/(T) = (M)/N.

(c) Show that the entropy S = — (g—F)  agrees with your result from problem 3.

Solution :

(a) We have )
Z(T,N) = Tre P = (1 4 ge=/ksT)V

The free energy is

F(TaN) = —k‘BTlnF(T7N) = —Nk;BTln (1 +ge—€/kBT) )

(b) We have
- N

~  OH
M:E:Z(l_éowl).

i=1
Clearly this counts all the excited particles, since the expression 1 — 4, , vanishesifi =1,

which is the ground state, and yields 1 if ¢ # 1, i.e. if particle ¢ is in any of the g excited

states. The thermodynamic average of M is (M) = (%—f hence

)T,N ’

(M) ge/mT
V= =

N - 1—|—ge_€/kBT’

which agrees with the result in problem 3c.

(c) The entropy is
oF _ Ne ge </keT
= (%= ) =Nk,In(1 el p — -
S <8T>N BI]( +ge B )+ T 1—|—ge_5/kBT
Working with our result for v(T"), we derive

—e/kgT _ 1
1—v

ksT :ln<g(1 —y)> ‘

Inserting these results into the above expression for S, we verify

1+ge

S=—-Nkgln(1l—v) —l—Nl{:BI/ln(M)
v
= —Nk:B{Vlnu—l—(l —v)In(l —v) —Vlng} )

as we found in problem 3b.



PHYSICS 140A : STATISTICAL PHYSICS
HW ASSIGNMENT #3 SOLUTIONS

(1) Consider a system described by the Hamiltonian
X N N
H = —HZai—l—AZ(l—U?),
i=1 i=1
where each o, € {—1,0,+1}.
(a) Compute the ordinary canonical partition function Z (7, N, H, A) and the free energy

F(T,N,H,A).
(b) Find the magnetization M (T, N, H, A).

(c) Show that %—J‘A/[ = —%, where N, = Zfil O5 -
Solution :
(a) We have

N
Z(T,V,N,A) = (eﬁH e PA 4 e BH )

F(T,V,N,A) = —NkBT1n<2 cosh(BH) + e—ﬁA)

(b) The thermodynamic magnetization is given by

M——<8—F> B N sinh(8H)
B OH )y A cosh(BH) + e FA~

(c) The Hamiltonian can be written I = —HM + AN,), since 6,0 =1—0*wheno €
{—-1,0,+1}. Thus,

Ny =+ or = - =
07 T \0A Jy OHOA ~ 0N~ OH

PF _OM 9N,

(2) Consider a three-dimensional gas of N identical particles of mass m, each of which
has a magnetic dipole moment m = pyn, where n is a three-dimensional unit vector. The

Hamiltonian is
2

N



(a) What is the grand potential (7, V, u, H)?
(b) Express M in terms of 7', V, N, and H, where N is the average number of particles.

(c) Find M(T,V,N, H) to lowest order in the external field.

Solution :

(a) The contribution from the orientational (n) degrees of freedom to the single particle
partition function is

1
dn 7 sinh(BuyH)
P _ BMOHTL = l d /BMOHI g 70
Sn /471' e 2/1 €re /BNOH )

where the integral is done by choosing the 2-axis to lie along H, then integrating out over

the azimuthal angle ¢ (yielding 27), and finally over x = H - fi = cosf. Then
§(TH) = VA" &, (T H)

and so Z(T,V,u, H) = ¢V /N! is the canonical partition function. The grand potential,
following the discussion in the Lecture Notes, is then

h(NOH / kBT)

toH kT

T, V,p, H) = —Vi, TAzt et/ksT . 20

(b) Let o = pyH/k,T, and define £(a) = o~ ! sinh a. We have
of?

— _ = w/kgT 2
M =-om =V er/kp -#oﬂfl(a)\a:uoH/kBT-

The particle number is

on

N = e = V! ekt ¢(a)
hence ,
M = NyuyH - % = NuoH - (ctnha - oz_l) .

Note that we have here used

OH o H

OoH ~~  H’

where H = |H|.
(c) We expand ctnh o = é + % + (’)(a3) in a Laurent series. To lowest order in H, then,

Nu H
M = :
3k, T




PHYSICS 140A : STATISTICAL PHYSICS
HW ASSIGNMENT #4 SOLUTIONS

(1) Consider a d-dimensional ultrarelativistic gas of classical indistinguishable particles
with a dispersion £(p) = c¢|p|.

(a) Find an expression for the grand potential £2(7, V, p).

(b) Find the average number of particles N (7', V, u1).

(c) Find the entropy S(T',V, p).

(d) Express the RMS fluctuations in the number of particle number, (AN )y, in terms

of the volume V/, temperature 7', and the pressure p.

Solution :

(a) The OCE partition function Z (7', V, N) is computed in §4.2.4 of the Lecture Notes. One

finds v N
VN (T(d) £2,
Z(T,2V,N) = — .
From E = ¢ 7% = Y"%_ eV Z(T,V, N), we obtain
_ T(d)y, d+1 pfk,T
QT,V,u) =— (7o) V (k,T) " el

(b) The particle number is

- _ 6_(2 _ I'(d) £2, d gi/kpT
N(T,V,p) = <0u>Tv (d+1) ho) V (k,T) e

)

(c) The entropy is

S(T7 V?:u) - <g_¥>v = <(d + 1)]€B — %) F((;jz)(jd Vv (kBT)d e#/kBT .
0

(d) The variance of the number N is (see eqn. 4.138 of the Lecture Notes)

var(N) = kT <_> —N=

Thus,



(2) Consider again the d-dimensional classical ultrarelativistic gas with ¢(p) = cp.

(a) If d = 3, find the momentum distribution function g(p).
(b) Again for d = 3, find a general formula for the moments ( |p|* ).
(c) Repeat parts (a) and (b) for the case d = 2.

(d) In d = 3, what is the distribution function f(v) for velocities?

Solution :

(a) We have
e~ Pep 3

9(p) = <5(P —p1)> = fd3p o—Bep 8m(k,T)3

e P

(b) The moments are

(pl*) = L(8e)* / dp p?* 5P = L(k 1 2)1 (Be)
0

(c)Ind=2,
e—,@cp 2

g(p) = ((p —p1)) = Ty e~ QW(;BT)Q e P

and

(pl*) = (50)? / dp p* e B = (k + 1)1 (Be)*
0

(d) The velocity is v = g—; = cp. Thus, the magnitude is fixed at |v| = ¢ and the direction

is distributed isotropically, i.e.
d(v—rc)
4re?

flv) =

(3) A classical gas of indistinguishable particles in three dimensions is described by the
Hamiltonian

H= g: {A‘piP - MoHsi} )
i=1

where A is a constant, and where S; € {—1, 0, +1} (i.e. there are three possible spin po-
larization states).



(a) Compute the free energy I, (T, H,V, N).

(b) Compute the magnetization density m,,, = M,,;/V as a function of temperature,
pressure, and magnetic field.

The gas is placed in thermal contact with a surface containing Ny adsorption sites, each
with adsorption energy —A. The surface is metallic and shields the adsorbed particles
from the magnetic field, so the field at the surface may be approximated by H = 0.

(c) Find the Landau free energy for the surface, £2_ (T, Ng, ).
(d) Find the fraction f,(7', 1) of empty adsorption sites.

(e) Find the gas pressure p*(T, H) at which f, = %

Solution :

(a) The single particle partition function is

A aps j - uS/ky,r _ ATV ET
TV, H) =V | 5 ek Sg_:leﬂo B :W-<1+2005h(u0H/kBT)>.

The N-particle partition function is Z,, (T, H,V, N) = ¢!V /N!, hence

gas

F,.. = —Nk,T 1n<4”VkBT>+1

gas —

T} - Nk:BTln<1 +2cosh (o H /K, T))

(b) The magnetization density is

(g d) — L OF by 2sinh(uoH/kT)
P T TV 9H T kT 1+ 2cosh(ugH /K T)

We have used the ideal gas law, pV = Nk, T here.

Mgas

(c) There are four possible states for an adsorption site: empty, or occupied by a particle
with one of three possible spin polarizations. Thus, = (T, Ny, ) = £V, with

E(T,p) =1+ 3 tB)/keT

Thus,
“qurf(Tv Ns7 M) - _NSkBT ln(l —|— 3 e(/’l‘+A)/kBT)

(d) The fraction of empty adsorption sites is 1/¢, i.e.

1
T 14 3t A /RT

fO(T7 /j’)




(e) Setting f, = 3, we obtain the equation 3 e(**2)/ksT = 1, or

et/kpT = 1 g=O/knT

We now need the fugacity z = et/kT in terms of p, T, and H. To this end, we compute the
Landau free energy of the gas,

Qo = —pV = —k, T ¢ /T

Thus,

ky T Ar(kT)?
p*(T,H) = —BV ¢ et/ kT — 77;(1423) . (1 + 2cosh(,u0H/kBT)>e_A/kBT



PHYSICS 140A : STATISTICAL PHYSICS
HW ASSIGNMENT #5 SOLUTIONS

(1) Consider a system composed of N spin tetramers, each of which is described by a
Hamiltonian

H = —J(0,094 0,03+ 0,04+ 0903+ 090, +030,) — K0,090304 — jigH (0 + 09+ 03+ 04) .
The individual tetramers are otherwise noninteracting.
(a) Find the single tetramer partition function ¢. Suggestion: construct a table of all the
possible tetramer states and their energies.
(b) Find the magnetization per tetramer m = p(o| + 0y + 05 + 7).
(c) Suppose the tetramer number density is n;. The magnetization density is M = n;m.
Find the zero field susceptibility X(7') = (OM/OH ) ;_,-
Solution :
(a) First, note that
—J (0109 + 0105 + 0104 + 0205 + 090, + 0304) = 2J — L J(0) + 0y + 05 + o,)? .
Next, construct a table, as in Tab. 1. We see that

(=2 eﬁ(ﬁJ—i—K) cOSh(4ﬁ,u0H) + 86_61{ COSh(QﬂNOH) +6 6—5(2J—K) )

(b) We have

1 a¢ 4 1y €POTTE) sinh (4B H) + 8 pig e ™K sinh (261, H)

¢ OH — eP6I+K) cosh(4BuyH) + 49K cosh(20u,H) + 3 e=B2I—K)

(c) In the limit H — 0, we have

16 B I +EK) 116 Bug e=PK

M(T, H) = Ny m(T,H) = eIB(6J+K) —|—4€_BK +3€—,3(2J—K) Ny,

SO
B 16nt,u% e(6J+EK) kT | o=K/kgT

X(T) = kT 6T HEK) kT g o~ K/kpT | 3 o~(2J-K)/kpT *

Note that this expression reduces to 4n,p3/k,T when J = K = 0, which is the limit of
noninteracting spins.



[ %) ] E [ [v) [ E

[T111) | —6J — K —dpoH || [1111) | K —2uoH
[ TLUL) | =67 — K + dpoH || | 1111) | K — 2u0H
[ T1LL) 2] - K [TLT) | K — 2p0H
| T1TL) 2] - K (LT | K = 2p0H
| TLIT) 2] - K (LT [ K+ 2p0H
[ 1111) 2] - K [TI1T) | K + 2p0H
[ 1101) 2] - K [T1LT) | K + 2p0H
| TL1T) 2] - K (1110 | K + 2p0H

Table 1: Energy table for problem 1.

(2) Look up the relevant parameters for the HCl molecule and find the corresponding
value of O,,,. Then compute the value of the rotational partition function &, (7") at T' =
300 K, showing the contribution from each of the terms in eqn. 4.266 of the Lecture Notes.

Solution :

HCl is a diatomic molecule. Let the separation of the nuclei be d. From elementary me-
chanics, the moment of inertia about the CM is I = ud?, where . = mymc,/(my + me,)
is the reduced mass. The molar mass of hydrogen is 1g/mol, while that of chlorine is
35.5g/mol. Thus, u = 0.97g/mol. I find d = 0.13nm via web sources. Thus, the tempera-
ture associated with rotations is

h? (1.055 x 10727 g cm? /s)?

© 2ud?k,  2-(0.97g/6.02 x 1023) - (1.3 x 1078 cm)? - 1.38 x 10~ 16 erg/K ’

The rotational partition function is

o0

T 1 16 4 [(6OY
_ —vetyer_ L1 16 4 (60
Erot /dL(2L+1)e (~)+3+15T+315<T>+""
0

where © = h?/2Ik,. At T = 300K, ©/T = 0.05, and the above series yields
Erot = 20 4 0.33333 4 0.0033333 4 0.0000317 + ... = 20.336698 . .. .

(3) In a chemical reaction among o species,
<1A1+C2A2+”'+C0'A0':07

where A, is a chemical formula and ¢, is a stoichiometric coefficient. When ¢, > 0, the
corresponding A, is a product; when ¢, < 0, A, is a reactant. (See §2.13.1 of the Lecture
Notes.) The condition for equilibrium is

ZCaua =0,
a=1



where 41, is the chemical potential of the a™ species. The equilibrium constant for the reac-
tion is defined as

/{(Typ) = H xga s
a=1

where z, =n,/ > ;_; n, is the fraction of species a.

(a) Working in the grand canonical ensemble, show that
o (T E(T) Y
T _ B+ Sa )
() = ] (Bs)
Note that the above expression does not involve any of the chemical potentials /.

(b) Compute the equilibrium constant «(7',p) for the dissociative reaction N, = 2N
at T = 5000 K, assuming the following: the characteristic temperature of rotation
and that of vibration of the N, molecule are 6, ; = 2.84K and O, = 3350K. The
dissociation energy, including zero point contributions, is A = 169.3 kcal mol~*. The
electronic ground state of N, has no degeneracy, but that of the N atom is 4 due to
electronic spin.

Solution :

(a) In the GCE, we have

QT, V. {py}) = ks TV Z A3 etalbT ¢

a=1

where \, = (272 /m k,T)"/? the thermal wavelength for species a and &,(T) is the inter-
nal coordinate partition function for species a. We then have

na:—i<89> :za)\;?’fa,
14 a:ua T,V,ub;é

a

where z, = eta/ksT  OK, so we now define

— n[l — zCLA[;ggll — kBT é’CL Z[l
“ Zgzl ny, p/kBT p /\2 7

since ), n, = —2/Vk,T = p/k,T. (Remember {2 = —pV'). Therefore

X

M1l
Y

k(T,p) xge
a=1
d kBTga a d ¢



However,
o g

1 g
Ca — Caba/kpT _ —
GELZQ, _ge B —exp<kBTaZ<a/’[/a>—l7

=1

since $7_, G, 1, = 0.

(b) The internal partition function for N is just &y = (25 + 1)(2] + 1), where S = 3 is the
total electronic spin from Hund’s rules, and I = 1 is the nuclear spin. It turns out that we
will never need to know the value of I. For for N, the internal partition function is

T eA/T
2@ ' 1— 6_8V1b/T ’

by, = (2117
rot
This formula requires some explanation. We appeal to Eqs. 4.288 and 4.289 in the Lecture
Notes. Since T' > ©__., we have

rot/

T
20,

rot

o0
R
0

where the factor of % comes from summing only over half the allowed L values, i.e. either
all even or all odd, and where v = L(L + 1) so du = (2L + 1) dL. We then have &, =
(2141)*T/20,,, because g, +g, = (21+1)*. The vibrational partition function was derived
to be £, = 1 csch(0,,,/2T), however since we are including the zero point vibrational
energy shw ;, = 3k, in the dissociation energy, we get the above expression for €N,
According to our result from part (a), we have

)\3
’{(Tv p) = 32k‘iB@rot : e_A/T ’ (1 o e_QVib/T) ’ lﬁ?
p/\N

— 8V B0 AT (1 O,

p)\N
Now we need to evaluate some quantities. The gas constant is
R = N,k; =8.314J /mol - K = 1.986 x 10~% keal /mol - K ,

hence at 7" = 5000 K, we have A/k,T = 17.0. Furthermore, © ;, /T = 0.670. The thermal
wavelength of N at this temperature is found to be

B 27 - (1.055 x 10727 g cm? /s)? v 6.60 A
N\ (14g/6.02 x 10%) - (1.38 x 10 B erg/K) - 5000K ) 0
We also have
kyO.or _ Do (1.38 x 1016 erg/K) ) (2'84 K) _ 1‘35p0/p

pAy p (1013 x100g/cm - 5%)(6.60 x 1075 cm)?

where p, = 1.013 x 10° Pa is atmospheric pressure. Putting it all together, we obtain

k(T = 5000K, p) = 3.09 x 1077 . 20 .
p



PHYSICS 140A : STATISTICAL PHYSICS
HW ASSIGNMENT #6 SOLUTIONS

(1) A substance obeys the thermodynamic relation E = aS*/V N?.

(a) Compute the heat capacity Cy, y in terms of N, V,and 7.
(b) Compute the equation of state relating p, V, N, and 7.

(c) Compute the ratio Cy, n/Cv,n, where C,, y is the heat capacity at constant ¢ and N,

with p = V2/T.
Solution :
(a) We have
3 2\ 1/3
T_ 8_E _ 4aS L g TVN '
oS V.N VN2 4a

Plugging this into the expression for E (S, V, N), we obtain
E(T,V,N) = Y(4a) V3 T43VI3 N3
and hence

OFE

o _ %(4@—1/3 T3y 1/3 N2/3

V,N

Cyn =

(b) We have T'(S, V, N) and so we must find p(S, V, N) and then eliminate S. Thus,

B aS*
SN V2N2

OF

_ — l(4a)—1/3 T4/3V_2/3N2/3 )
oV 4

p:

Cubing this result eliminates the fractional powers, yielding the equation of state
256a p3V? = N2T* .
Note also that £ = pV and Cy, , = 4pV/3T.

(d) We have dE = dQ — pdV, so

dQ:dE+pdV:C’V7NdT+{<g—‘E/> —I—p}dV.
T,N
Now we need to compute dV!(p’ ~- We write
dp = —‘;—de%—%dV,
hence v
V], =57 dT .



Substituting this into our expression for d@), we have

oF Vv
Con = Cun + {<a—v>m #2} a7

It is now left to us to compute

a_E — %(4&)_1/3 T4/3V_2/3N2/3 _ %p .
av TN

We then have -
p
Con=Cyn+ ST 50y -
Thus,
CSD7N _ § )
CV,N 2

(2) Consider an engine cycle which follows the thermodynamic path in Fig. 1. The work
material is ¥ moles of a diatomic ideal gas. BC is an isobar (dp = 0), CA is an isochore
(dV = 0), and along AB one has

p(V) =pg + (pp — pg) - “//B__‘Z.
A

p
Ce B

v

Figure 1: Thermodynamic path for problem 2.

(a) Find the heat acquired @,z and the work done W, 3.

(b) Find the heat acquired Qg and the work done W



(c) Find the heat acquired @, and the work done W,.

(d) Find the work W done per cycle.

Solution :

Note that p- = pg and V- = V,, so we will only need to use {p,, pg, Va, Vg } in our analysis.
For a diatomic ideal gas, F = ng.

(a) We first compute the work done along AB. Let’s define u such that V' = V, 4 (Vg —V, ) u.
Then along AB we have p = pg + (pp — pg)V1 — u, and

Was :/de

1
= (Vg = Va) / pA—pB)Vl—U}
0

=pa(Ve = Va) + 3(Ve — Va)(pa — 1B) -
The change in energy along AB is
(AE)zp = Bg — Ea = 5(p8Ve — paVA) »
hence

Qag =

E)ap + WAB

(A
%pBV pAVA + %pAVB + %pBVA .

(b) Along BC we have
Wgc =pg(Va — V)
(AE)BC = %pB(VA - V)

Qpc = (AE)gc — Wge = 3pg(Va — Vi) -

(c) Along CA we have



(c) The work done per cycle is

W: WAB+WBC+WCA
= 3(Vg — Va)(pa — 1g) -

(3) For each of the following differentials, determine whether it is exact or inexact. If it is
exact, find the function whose differential it represents.

(@) zy?dx + %y dy
(b) zdx +xdy+ydz
(c) 2 2dx — 223 dy

(d) e*dz + In(y) dy

Solution :

We will represent each differential as dA =} A, dat.

04, _
dy
A(z,y) = %:1:2@/2 + C, where C is a constant.

(a) A, = zy®and A, = z%y, so 2y = %. The differential is exact, and is dA, where

(b) With A, =z, A, = z,and A, = y, we have 8521 =0= %,but 6521‘ =1 85% =0. So
the differential is inexact.

(@A, =2"%and A, = —227%, 50 % = —2z 3 and % = 0, so the differential is inexact.
(d) A, =e"and A, =Iny, so a% 2 = () = % = 0. The differential is exact, with A(z,y) =

e* +ylny—y+C.



PHYSICS 140A : STATISTICAL PHYSICS
HW ASSIGNMENT #7

(1) A strange material satisfies E(S,V, N) = a S%/V3N2.

(a) What are the SI dimensions of a?

(b) Find the equation of state relating p, 7', and n = N/V.

(c) Find the coefficient of thermal expansion o, = (%)p. Express your answer in
terms of 7.
(d) Find the coefficient of isothermal compressibility x = —% (%—‘;)T. Express your
answer in terms of p.
Solution :
(a) Since [S] = J/K, we have [a] = K®m?/J5.
(b) We have
T_ 23 _ 6aS® __(9oFE ~ 3aS®
“\os )y vaNe 0 PT T av ), T ViINg

The combination 7% /p°® eliminates S, and we obtain the equation of state,

192ap°V? = N2T6 .

(c) At constant p and N, we have InV = 3InT + const. Thus, the coefficient of thermal

expansion is
o — <81n V> 3
p or b N T

)

(d) At constant T'and N, we have InV = —% Inp + const. Thus, the isothermal compress-

ibﬂity is
R OlnV B 3
T p TN - 2p '




(2) v moles of the substance in problem 1 execute a Carnot cycle between reservoirs at
temperatures 7} and 7). The top isotherm extends from volume V), to V5. Find the heat Q)
and work W for each leg of the cycle, and compute the cycle efficiency.

Solution :

It is useful to use §2.7.6 of the Lecture Notes as a template. From the results of problem (1),
we have
1

3

N2V3T6 1/5
192a )

Thus, under isothermal conditions,

N2T6 1/5
) v :%pdV.

1
El = — _
aB|; 5(192& V2/5

Thus, along an isotherm, we have

=

Wy = [dVp=5(E — E,)

=

Qi =E; —E+W;=6(E - E).

Along an adiabat, we have TV? = const. and E/T = const., so

E.=(2) FE E.=-L(ls) g E =1F
" <VA> . ’ ¢ T2<VA> . ’ . T2 n

where AB is an isotherm at 75, BC is an adiabat, CD is an isotherm at 7}, and DA is an

adiabat. We now have
3/5
W,,=5FE,—E,) =5 { <—B> - 1} E,

Vi
AN
QAB:6(EB_EA):6{<VA> _1}EA

<

and

Ve
T2 VA
T v 3/5
QCD:6(ED Ec)zﬁi{1_<vi> }EA
T
WDA:EA_ED:<?1_ )EA
2



Adding up the work along the four legs of the Carnot cycle, we have
T, AL
= AV (E) 1V E
vee (R e

W T,

and the efficiency is

QAB T2 ’
which is the same result as for an ideal gas. Were the efficiency different from that of the
ideal gas Carnot cycle running between the same two reservoirs, one could use one of
the engines to drive the other run as a refrigerator and thereby violate the Second Law
of Thermodynamics, i.e. transferring heat from the cold reservoir to the warm reservoir
during a cycle. The fact that this is impossible requires that the efficiencies are exactly the
same.

Ui

(3) An interacting diatomic gas obeys the equation of state
plv—b)=RTe ",

where v = N, V/N is the molar volume.

(a) Show that E(T,V,N) = %N kyT, the same as for an ideal gas.

(b) Find the molar specific heat c,, as a function of the specific volume v.

Solution :

(a) We know that

Oe dp
=) =72 —
(50), = (5F),
where € and v are molar energy and molar volume, respectively. For our system, the RHS
of the above equation vanishes, hence ¢ = (7). In the dilute limit we know the answer,

and since ¢ is independent of volume, this is true for arbitrary molar volumes. Thus,
e(T)=%fRT,ie. E = fNk,T.

»=7 (ar), = (), ++ (o)
v="\or), ~\ar) ""\ar),

The first term on the RHS yields §fR. To evaluate the second term, we appeal to the
equation of state at constant pressure, which yields, upon taking the differential,

RTa
v2 ¢

(b) We have

pdv=Re " dT + —a/v gy

= RT e~ qy
v—2>




Thus,

=
ar ), T_TL(:Q—_I’)
We then have ;
Re—aU
1
Cp:§fR+w-
’l)2

Note that ¢, (v — c0) = (3 f + 1)R, which is the ideal gas value.



PHYSICS 140A : STATISTICAL PHYSICS
HW ASSIGNMENT #8 SOLUTIONS

(1) A grocer starts his day with 4 boxes of pears, 5 boxes of oranges, and 6 boxes of apples.
Each box contains 24 fruit and is initially completely filled.

(a) Atsome time, the grocer notes that exactly half the pears, a third of the oranges, and
a quarter of the apples have been sold. Assuming that customers take fruit from
random positions in each of the boxes, find the dimensionless entropy In W of the
fruit distribution.

(b) A clumsy customer then topples the table on which the fruit boxes rest, and all the
fruit fall to the ground. The customer cleans up the mess, putting all the fruit back
into the boxes, but into random locations. What is the entropy of the final state?

Solution :

(a) The grocer starts with 96 pears, 120 oranges, and 144 apples. By the time the grocer
checks, 48 pears, 40 oranges, and 36 apples have been removed. The number of ways of

doing this is
96\ (120 /144
= =38 10% .
W= (1) (2 () s 10

(b) There are a total of 96 + 120 4 144 = 360 slots for the fruit, which contain the remaining
48 pears, 120 oranges, and 108 apples. The rest of the slots, which amount to 360 — 48 —
120 — 108 = 84 in total, are empty. Therefore,

B 360!
941481 - 120! - 108!

and the dimensionless entropy is In W/ = 472.1.

Thus, In W = 216.3.

W/

=1.093 x 102 |

(2) The triple point of a single component thermodynamic system is an isolated point
(Ti,p,) in the (T, p) plane where there is three phase coexistence between solid, liquid,
and vapor. Consider three phase coexistence between a pure solid, a pure vapor, and a
solution where the solute fraction is x. Find the shift (AT}, Ap,) as a function of z, T} , and
the quantities s ; ,, and vy ; , i.e. the molar entropies and volumes of the three respective
phases.

Solution :

At the triple point, we have ug (1, p;) = p (T3, py) = 1y (1%, pi), which gives two equations
for the two unknowns 7} and p,. We write 7, = T + AT and p; = p{ + Ap, and we solve

p (TP + AT, p) + Ap) — aky (TP + AT) = p (T + AT, p? + Ap)
p(TE + AT, p) + Ap) = pd(TY + AT, p) + Ap) ,



where the 0 superscript indicates the value for a pure phase. We now expand in the no-
tionally small quantities AT and Ap, and we use

e S ORI
aT ), ON),r N, o )ry \ON) o N’

where s and v are the molar entropy and molar volume, respectively. This yields the linear
system,
sy — 8, v, —uvy\ (AT (xRT
<Ss_3v Uv_vs> <Ap> a < 0 > '

(vy —vg) - zRTY

sy (v, — vg) + 8, (Vg — vy) + sg(vy —vy)
(sy — 85) - ¢RTY

sy (v, = vg) + 5.(vs —vy) + 85(vy —vy)

This yields

AT =

Ap =

Note that we do not retain terms of order AT, because we have assumed z is small, i.e. a
weak solution.

(3) A solution of 4.00 g of hemoglobin in 100 mL of water was prepared and its osmotic
pressure was measured to be 7 = 0.0130 atm at 7" = 280 K. Estimate the molecular mass of
hemoglobin.

Solution :

We use the formula mv = £ RT for the osmotic pressure 7 of weak solutions. Here v is the
molar volume of the solvent, and z is the molar fraction of solute. If M is the molar mass
of hemoglobin, then
. 4.00g /100g  18¢g
M / 18g 25M°

since the density of water is 1.0g/cm?® = 1 g/mL. We then have

RT
_ 18
M=zme 2y
18¢ (8.314 x 107 erg/mol K) (280 K)
= . =70710g .
25  (0.013atm)(1.013 x 106 g/cm s? atm)(18 cm3 /mol)

The actual value is M = 65706 g.



PHYSICS 140A : STATISTICAL PHYSICS
HW #9 SOLUTIONS

(1) Consider a three-dimensional gas of noninteracting quantum particles with dispersion

e(k) = Ak

(a) Find the single particle density of states per unit volume g(¢).

(b) Find expressions for n(7, z) and p(T), z), each expressed as power series in the fugac-
ity z, for both Bose-Einstein and Fermi-Dirac statistics.

(c) Find the virial expansion for the equation of state up to terms of order n?3, for both
bosons and fermions.

Solution :

(a) The density of states for dispersion (k) = A |k|? is

d
g(e) —g/(;“;d 6(e — AK7)

gQ E/A)l/g) . d_q
- P s B
with 5
o g —d/o
D= A .
V) ol (d/2)
(b) We have
(£1)y71Cy(T
j=1
= kT (1)1 29 j71 CH(T) &
7j=1
where

:/de g(e) e7e/kuT :DF(d/o—)< ‘3 ) .

Thus, we have
m .
+nup = Zj_r (£2)?
j—l

+pur/ksT = Z] U (d2)7
7=1



where r = d/o and

o 1 L @ym)ioT(d)2) [ A N/°
7 Dr(d/o) (k,T)¥s ~ 2gDT(d/o) \k,T)
has dimensions of volume.

(c) We now let x = £z, and interrogate Mathematica:

In[1]= y = InverseSeries[x + x72/2°r + x°3/3°r + x"4/4°r + O[x]"5]

In[2]= w =y + y°2/2°(z+1) + y~3/3~(r+1) + y~4/4"(z+1) + Olyl"5.

The result is
b= nkBT[l + By(T)n + By(T)n2 + ] ,
where
By(T) = 270+ o
By(T) = (2—27” — 23700 )}

B,(T) = 49— (Br+1) gl—r <22r+1 _ 5.3l _or-1 3r>v% ‘

Substitute o = 2 to find the solution for the conditions given.

(2) You know that at most one fermion may occupy any given single-particle state. A
parafermion is a particle for which the maximum occupancy of any given single-particle
state is k, where k is an integer greater than zero. (For k£ = 1, parafermions are regular
everyday fermions; for k& = oo, parafermions are regular everyday bosons.) Consider
a system with one single-particle level whose energy is ¢, i.e. the Hamiltonian is simply
H = en, where n is the particle number.

(a) Compute the partition function =(x, T') in the grand canonical ensemble for parafermions.

(b) Compute the occupation function n(u,T"). What is n when 1 = —00? When p = &?
When i = +00? Does this make sense? Show that n(u,T") reduces to the Fermi and
Bose distributions in the appropriate limits.

(c) Sketch n(u,T) as a function of x for both 7= 0and T > 0.



£~

Figure 1: k = 3 parafermion occupation number versus ¢ — p for kg7 = 0, kgT = 0.25,
ksT = 0.5, and kgT = 1. (Problem 2b)

Solution:

The general expression for ='is

== H Z (z e_ﬁaa)n“ )

Na

Now the sum on n runs from 0 to &k, and

k

. 1—:L'k+1
D Ca
= 1—=2x

(a) Thus,
_ 1 — ektD)Bu—e)
== 1— eﬁ(ﬂ_e)
(b) We then have
_ 9% _19m=
op B ou
1 k+1

eBle—n) —1  ek+D)BE—p) — 1

(c) A plot of n(e, T, 1) for k = 3 is shown in Fig. 1. Qualitatively the shape is that of the
Fermi function f(e — p). At T = 0, the occupation function is n(e,7 = 0, ) = EO(p — €).
This step function smooths out for 7" finite.



(d) For each k < oo, the occupation number n(z,T) is a finite order polynomial in z, and
hence an analytic function of z. Therefore, there is no possibility for Bose condensation
except for k = oo.

(3) A gas of quantum particles with photon statistics has dispersion e(k) = A |k|*.

(a) Find the single particle density of states per unit volume g(¢).
(b) Repeat the arguments of §5.5.2 in the Lecture Notes for this dispersion.

(c) Assuming our known values for the surface temperature of the sun, the radius of the
earth-sun orbit, and the radius of the earth, what would you expect the surface tem-
perature of the earth to be if the sun radiated particles with this dispersion instead of
photons?

Solution :
(a) See the solution to part (a) of problem 1 above. For d = 3 and ¢ = 4 we have
_ 8 4-3/4_-1/4

(b) Scaling volume by A scales the lengths b A/3 the quantized wavevectors by A\~1/3,
g y g y q y

and the energy eigenvalues by A\~%/3, since ¢ « k*. Thus,

__(9EN _4E
P==\av ), ~3v>

which says
OFE 0
()7 (%), -rto = wn-re
T 1%
Indeed,
p(T) = —k;T /g(e) In(1— e_E/kBT)

= _22%%43/4 (kBT)7/4/du w V(1 —e ™).
7T

(c) See §5.5.5 of the Lecture Notes. Assume a dispersion of the form (k) for the (non-
conserved) bosons. Then the energy current incident on a differential area dA of surface
normal to 2 is

43 1 0e(k) 1
4P =dA ’/(27r)3 O(cos0) - e(k) - - Ok, e®/kT 1



Note that

k) k
6;_}(@) = f % =cosfe'(k) .
Now let us assume a power law dispersion ¢(k) = Ak®. Changing variables to ¢ =
Ak kT, we find
aP o2
d_A =0T s
where

2
g k]23+ @ A_%
8m2h '
One can check that for g = 2, A = fic, and « = 1 that this result reduces to Stefan’s Law.

c=(2+2)T(2+2)

Equating the power incident on the earth to that radiated by the earth,

_ R?
47TR% . UTé(H—O‘ 9. 171T7ra02
(63

R \att
T. = (=2 T. .
(o)

Plugging in the appropriate constants and setting o = 4, we obtain T, = 45.2 K. Brrr!

=47 R2 - aTeZ(Ho‘fl) ,

which yields




PHYSICS 140A : STATISTICAL PHYSICS
MIDTERM EXAMINATION SOLUTIONS

(1) A particle has a g,-fold degenerate ground state with energy ¢, = 0 and a g,-fold de-
generate excited state with energy €, = A. A collection of N such particles is arranged on
a lattice. Since each particle occupies a distinct position in space, the particles are regarded
as distinguishable.

(a) Find the free energy F(T, N).

(b) Find the entropy S(T', N). Sketch S(T', N) versus T for fixed IV, taking care to evaluate
the limiting values S(7'= 0, N) and S(T = oo, N).

Suppose now that the ground state is magnetic, such that in an external field H, the g,
ground state energy levels are split into g,/2 levels with energy ¢, . = +uyH and g,/2
levels with energy ¢, _ = —puyH. (We take g, to be even in this case.) The states with
energy €; = A remain g,-fold degenerate.

(c) Find F(T,N, H).

(d) Find the sero field magnetic susceptibility,

0= (37,0

where M is the magnetization.

Solution :
(a) We have
_BA\N
Z(T,N) = (g0 +g1e )",
hence
F(T,N)=—k,TlnZz
= —Nk,Tln(gy + g e 2/*eT) .
(b) The entropy is

A 9 e—A/kBT

kBT . o n 3 e_A/kBT

+1n(gy + gy e~ 2/kaT)

OF
S=—(==] =Nk
(a7), = s
From this we see that S(T" = 0,N) = Nkylng, and S(T" = oo, N) = Nkyln(gy + 9;),
which makes physical sense. The sketch should show a smooth interpolation between
these values as a function of 7'.




(c) Now we have

F(T,N,H) = —Nk,T ln<go cosh(pgH/k,T) + g4 e—A/kBT) '

(d) The magnetization is

M(T,H) = — <5F> _ Ny go sinh(pgH/k,T)
T,N

a—H 9 COSh(MOH/k;BT) + g o~ A/kgT *

Taking the derivative and setting H = 0, we have

x():l<a_M> :#(2)' 90
N\OH Jpnp—o kT gy+ gy e 2/ksT



PHYSICS 140A : STATISTICAL PHYSICS
FINAL EXAMINATION SOLUTIONS

Instructions: Do problem 4 (34 points) and any two of problems 1, 2, and 3 (33 points each)

(1) A noninteracting system consists of N dimers. Each dimer consists of two spins, S and o,
where S € {—1,0,+1} and o € {—1,+1}. The Hamiltonian is

N N
H= —JZSiai —,uOHZSZ- .
i=1 i=1

Thus, the individual dimer Hamiltonian is h = —JSo — poHS.

(a) Find the N-dimer free energy F'(T, N).

(b) Find the average (5) and the zero field susceptibility X o(T") = % ‘H:O'
(c) Find the average (o) and the zero field susceptibility X (T") = % o'

(d) Examine the J — 0 limits of X 4(7") and X, (7") and interpret your results physically.
Solution :

(a) There are six energy states for each dimer, listed in Tab. 1

| s|o| WmSo | S| o] So |
[T =T —poH [ 1] =1 J—pH
0 | +1 0 0 | -1 0

1 +1 | +T+pH || =1 =1 | =T+ poH

Table 1: Energy table for problem 1.

Thus, the single dimer partition function is

¢ = Tre Bh — oI oBruoH 4 | 4 o8 o=BugH  =BJ BuoH | | | B o=BpuoH
= 2 + 4 cosh(BugJ) cosh(BuyH) .

For N noninteracting dimers, Z = (" (the dimers are regarded as distinguishable). Thus,

F(T,N) = —Nk,Tln (2 + 4 cosh (J/k,T) cosh(,uOH/kBT)>

(b) We have

Tr e—Bh(S0) 2 + 4 cosh(BJ) cosh(BH) ’




SO

cosh(J/kyT) sinh(uyH/k,T)

(5) = cosh(J/k,T) cosh(pgH/k,T) + %

Expanding to linear order in H and taking the coefficient, we have

‘ cosh(J/k,T) o
- 0H ln=0  cosh(J/k,T)+ 1 kT

Note that usually we define X = 22 with M = p (S), so our result above differs by a factor of .

(c) We have

_ Tro e Bh(S,0) BT oBugH | BT o—BugH _ o=BJ BuoH _ B o—BuoH

(o) = Tr e—Bh(S0) 2 + 4 cosh(BJ) cosh(BSH) ’

SO

~ sinh(J/kT) sinh (g H /k;T)
~ cosh(J/k,T) cosh(pgH/k,T) + 1

Expanding to linear order in H and taking the coefficient, we have

X, (T) = 8(0)\ _ sinh(J/ksT) Mg
777 0H lm=0  cosh(J/k,T) + 3 kT
(d) As J — 0 we have
X(T, T =0) = 2\ (1,7 =0)=0
3k, T

The physical interpretation of these results is as follows. When J = 0, the individual dimer
Hamiltonian is & = —yH S. The factor of 2 in X4 is due to the fact that S = 0 in £ of the states.
The o spins don’t couple to the field at all in this limit, so X, = 0.

(2) Recall that a van der Waals gas obeys the equation of state

a
(p—i-ﬁ)(v—b) — RT,
where v is the molar volume. We showed that the energy per mole of such a gas is given by
e(T,v) = §fRT - %,

where 7' is temperature and f is the number of degrees of freedom per particle.



(a) For an ideal gas, the adiabatic equation of state is
vT//? = const. Find the adiabatic equation of state (at
tixed particle number) for the van der Waals gas.

(b) One mole of a van der Waals gas is used as the working P
substance in a Carnot engine (see Fig. 1). Find the molar
volume at v in terms of vg, T}, T, , and constants.

(c) Find the heat g absorbed by the gas from the upper
reservoir.

(d) Find the work done per cycle, Weyc. Hint: you only need v

to know Q ag and the cycle efficiency 7. Figure 1: The Carnot cycle.
Solution :

(a) We have

0=Tds=de+ pdv
_1 a
— LfRdT + <p+v2>dv

RT dv
v—>

= 1fRAT + = LfRT dIn[(v - b)T'/?]

where s = N, .S/N is the molar entropy. Thus, the adiabatic equation of state for the van der Waals
gas is

ds=0 = (v—b)T7/? = const.

Setting b = 0, we recover the ideal gas result.

(b) Since BC is an adiabat, we have

f/2 1/2 T, //2
(vg = b) 15" = (vc — b) T} = ve =b+ (vg —b) <?>
1

(c) We have, from the First Law,

Qag = Eg — Ep + Wag

a a
:y<———>+l//dvp
Ua U
Ua
FrRT
:1/<i—i>+l//dv[ 2—%],
vy Vg v—>b w
Ua



hence

Up —

with v = 1.

(d) Since the cycle is reversible, we must have

Weye vg — b
T]:Q—Ai; = WCVC:VR(TQ_Tl)In(@i_b>

(3) In homework assignment #9, you showed that the grand partition function for a gas of ¢-state
parafermions is

_ 1 — elatD)(u—ea)/kpT
\:(Ta ‘/7/’[/) == H < 1 _ e(llz_aa)/kBT 9

where the product is over all single particle states. Consider now the case where the number of
parafermions is not conserved, hence p = 0. We call such particles paraphotons.

(a) What is the occupancy n(e, T') of g-state paraphotons of energy ?

(b) Suppose the dispersion is the usual e(k) = hck. Assuming g = 1, find the single particle
density of states g(¢) in three space dimensions.

(c) Find the pressure p(T'). You may find the following useful:

7dt e’f:ll Ty ) 7dt ot ln<1 _16_t> — T+ 1) .
0 0

(d) Show that p = C,nk,T, where n is the number density, and C|, is a dimensionless constant
which depends only on g.

Solution :

(a) For pu # 0, for a single parafermion state, we have

02 10mlnE

o B ou
- 1 B q+1
eBle—p) — 1 elat)Ble—p) — 1~

Setting = 0, we find

_ 1 B q+1
et/ksT 1 elatl)e/kpT _q

n(e,T)




(b) With g = 1, we have

e P Bk o KAk
g - B N = o2 g ~ 272 (he)?

(c) The pressure is

p= —g = kT [de g(¢) { In(1— e_(qH)a/kBT) —In(1 - e_a/kBT)}
%2 o /ds 2 {1 — e @T) (1 - ee/hT) )

_C()(/fBT). 1
- (! <q+1>s>-

p1) = (1- g+ 1)) - g

Thus,

(d) We need to evaluate

d qg+1
n= [deg(e s/kT 1 elarDe/ksT _

d B g+1
27T2 PE e e’ s/k T_1 olatDe/bsT _ 1
0

A L

From this we derive

o - P _<@ q*>+3q+3
q — - )
nkgT  ((3) ¢*+3q+2

(4) Provide brief but substantial answers to the following:

(a) A particle in d = 3 dimensions has the dispersion £(k) = ¢, exp(ka). Find the density of states
per unit volume g(¢). Sketch your result.

(b) Find the information entropy in the distribution p, = C e, where n € {0,1,2,...}. Choose
C so as to normalize the distribution.



(c) An ideal gas at temperature 7' = 300 K undergoes an adiabatic free expansion which results in
a doubling of its volume. What is the final temperature?

(d) For an N-particle noninteracting system, sketch the contributions AC, to the heat capacity
versus temperature for (i) a vibrational mode at energy fw,, and (ii) a two-level (Schottky) defect
with energy splitting A = ¢, — ¢,. Take care to identify any relevant characteristic temperatures,
as well as the limiting values of ACY,.

Solution :

0.03

(a) Inverting the dispersion relation, we obtain the expres-
sion k(e) = a~'In(e/egy) O(e — ;). We then have

k2 dk k2 1 0.02; ;
o) = T = | |
21 de 2w agye 0
Thus, ’
0.01 —
1 1 €
= ~In? = -
Q(E) 27203 ¢ n <EO> 9(5 EO)
PRI T S N S ST N N AN ST N N
The result is plotted in Fig. 2. "o 5 2 15 20
(b) Normalizing the distribution, Figure 2: DOS for problem 4.a.
1= ip =C i e = ¢
" 1—e X’
n=0 n=0
hence C' = 1 — e~ *. The information entropy is
S = —anlnpn =—In(1- e_A) +C)\Zne_)‘" .
n=0 n=0
Now
> 1 > df 1
. —n\ __ -\ _ Y —
fm_ﬂ;f 1 7 n;)”e T @D e

Thus, the information entropy is

S(A) = e>‘/\— i In(1— e_A) .

Note that S(A — 0) ~ 1 — In A which diverges logarithmically with 1/\. This is approaching the
uniform distribution. For A — oo, we have p,, = 4,, 5, and S(A — o0) = 0.

(c) Under an adiabatic free expansion, AE = @ = W = 0 with IV conserved. Since F = % fNE,T
is independent of volume for the ideal gas, there is no change in temperature, i.e.

Tﬁnal =1

initial

= 100K \
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Figure 3: Heat capacities for a IV identical vibrational modes (left) and Schottky defects (right).

(d) The characteristic temperatures for the vibrational mode (vibron) and Schottky defect are given
by © = hw,/k, and © = A/ky, respectively. A detailed derivation of the heat capacity for these
systems is provided in §§ 4.10.5-6 of the Lecture Notes. One finds
oV e®/T
scr =7 ) o

where the top sign is for the vibron and the bottom sign for the Schottky defect. All you were
asked to do, however, was to provide a sketch (see Fig. 3). The " — oo limit of the vibron result is
given by the Dulong-Petit value of k;, per oscillator mode. For the Schottky defect, AC|, vanishes
in both the 7" — 0 and 7" — oo limits.

(5) Write a well-defined expression for the greatest possible number expressible using only five
symbols. Examples: 1+ 2 + 3,100, T'(99). [50 quatloos extra credit]
Solution :

Using conventional notation, my best shot would be

9
99

99

99 3.7x108
This is a very big number indeed: 9° ~ 3.7 x 108, s0 99 ~ 1037%1° and 9% ~ 100"

But in the world of big numbers, this is still tiny. For a fun diversion, use teh google to learn
about the Ackermann sequence and Knuth’s up-arrow notation. Using Knuth’s notation (see
http://en.wikipedia.org/wiki/Knuth’s up-arrow notation), one could write 9 1%° 9, which
is vastly larger. But even these numbers are modest compared with something called the “Busy
Beaver sequence”, which is a concept from computer science and Turing machines. For a very en-
gaging essay on large numbers, see http://www.scottaaronson.com/writings/bignumbers.html.
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