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Linearized gyro-kinetics

(Received 5 December 1977}

Abstract—Finite gyroradius effects are retained in a far simpler manner than previous treatments by
transforming to the guiding center variables and gyro-averaging before introducing magnetic coordi-
nates.

MANY INSTABILITIES of interest in present and future magnetic confinement devices depend sensitively
on finite gyroradius effects. As a result, it is important to develop techniques which simply retain finite
gyroradius effects in complicated magnetic fields. When the time variation of the waves is slow

inetion gyro-kinetic techniques may be emplayed to retain gyro-effects for arbitrary values of the gyroradius
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The original gyro-kinetic work of RUTHERFORD and FRIEMAN (1968) and TavLor and HasTiE
(1968) considers general geometries but employs a WKB or eikonal assumption for the spatial

ipplied). The
t length. The
the observed
1al.

le, Fig. 1) a  .i¥ employ a form for @ satisfying both poloidal and toroidal periodicity constraints for axisymmetric
40 transits of i geometries with finite magnetic shear, Later work by CATTO and TsanG ( 1977} attempts to remove the
L these results WKB assumption by employing a concentric magnetic surface model (KADOMSTEV and PoGUTSE, 1969
and 1967). )
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sar- £S 1 center variables which permits finite gyroradius effects to be retained in lowest order. The present

R. Jones * ' introducing the transformation to the guiding center variables and performing the guiding center
Bt | gyrophase average before specifying the magnetic coordinates to be employed. In this way the
i unperturbed, gyro-averaged Viasov operator which retains finite gyro-effects is abtained in the most
; convenient manner for arbitrary unperturbed magnetic fields.

After the transformation has been performed, the magnetic coordinates can be introduced with

variation can be strictly Fourier decomposed (TANG ef al., 1977).
A gyro-kinetic description is obtained by employing the guiding center variables R, E, g, and ¢
where the guiding center variables are related to the original particle variables r and v via

1. 5, p. 151,

SEFNEPEP IR R

s

R=f+0“v><ﬁ,
v=yfi+ (i cos ¢ +é&sin d)=yhi+u,9,, 1)

With E=v?/3 =4, 2128, v =2(E-pB), v,2=[A-ah) - v}, B = iBl, 8 =B/B, Q=ZeB/Mc, v =+,

a0d the unit vectors . €, and @t forming an orthogonal system in which & =80 X411, The quantities Z and
are the species charge number and mass; e and ¢ are the magnitude of the charge on an electron

And the speed of light, Unlike previous treatments, magnetic coordinates have not been explicitly

i"tmd“oed, thereby drasticaily simplifying the analysis that follows.

anging to the guiding center vartables, 3/at — 8/3t while

G ST LW s 5 M

V> Ve - V@O ') x¥] - +v¢a~%+vu£, 2
V, >V, +0Ixi-V,,
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with V., =v3/aE +v, B%a/3p + v, ~19/0¢, =0ax¥,, I the unit dyadic, and
Ve =(wyfv )[~ (Vid) - & cos -+ (Vi) - rsin ¢3+(Ve) - § 3)
Vi = —(/B)VB — (v, 0 B)(V#) * §s cos ¢ +(Vii) - &sin $). @

Equations (3} and (4) are obtained by operating on s+ v=v, cos ¢ and &-v=, sin ¢ with V and v,
and forming the appropriate combinations.

The unperturbed Vlasov operator in the guiding center variables is obtained from the change of
variables (1) by noting that {Ze/Mc)vxB -V, = —05/a¢ and {(QvXd) - (A~ Uxn V)= —v, -V s0
that - .

a 8 9 ] 2]
—+v:V+(Z¢ xB* —Q—+—+ufi Vv [ Vo—+Vu——V({h)xv- Vg ]
Praid (ZefMc)yxB 'V, — TRy ofi Vg +v [ ¢6q> “ap O hyxv- V] (5)
For time variations slow compared to the gyromotion the dominant term in {5) is —{18/8¢ so that to 2
lowest order the variable operated on by (5), usually a portion of distribution function, must be .
independent of ¢. When the quantity being operated on is independent of the guiding center -
gyrophase, the unperturbed Vlasov operator may be gyro-averaged by employing v+ Voafad — 0, ;

@m! § dévv=(v,*/2)(I—&f)+ y%hd,

va=-@m {> doly - [V 18)%V] - (1-88) = nx[(r, Y200V In B+ 0h- VAl (6 +f -

=~ (2m)? § Ay - V('R % v] - n} = — (0,220 - Vx4, %)
and (27) '$ dpv - Vu =0 10 obtain
3 Z @ .
. _(2‘11')_1 § d¢{;+v ¥+ ()WZ)V)(B ‘Vu]—';,;’f(vu“”d) Ve {8) .

In writing (8), the paralle] velocity correction (HAZELTINE, 1973) 14, must be neglected because it is the
same order as the gyroradius over scale length corrections to § dév « V. The curvature and VB drifts,
v4 are retained because perpendicular wavelengths are assumed small compared to parallel
wavelengths which are of the order of unperturbed scale lengths. It should be noted that the variable
operated on by (8) is a function of R, E, and g but not ¢. Once this variable has been solved for in
terms of the guiding center location R one must revert to the original particle variable r=
R—Q"vﬁx fi, thereby introducing particle  gyrophase dependence via the w¥=
v+, (frcos ¢ +@sin $). Because only the lowest order ¢ dependence is needed, distinctions

between particle and guiding center gyrophase, energy, and magnetic moment are not required.
It should be noted that the gyro-kinetic technique outlined in the preceding paragraphs has not
required that the magnetic coordinates be identified before carrying out the change of variables and
. gyro-average. The magnetic coordinates need only be introduced when it becomes necessary 1o
, evaluate the gyro-average of the inhomogeneous term in the linearized Vlasov equation. The
technique is illustrated in the following paragraphs for a Tokamak geometry. ;
The unperturbed distribution function Fj is taken to be a function of v? and the canonical angular ;
momentum (—Zefchp, with g =~ (cMR/Ze), -+ v, such that -

Fo=Fylt, v2) = N M2 T(¥o) P72 exp [ ~ Mu?/2T (4p)]

. MCcRaN M2 3
“FM{I—g"zeNBE[H"(z"r_E.m’ &

with =dln T/d1n N, Fy = F,(y, v?), and N(¢) and T() the density and temperature as a function of
poloidal flux . The second form of (9) follows from a Taylor expansion of F, about ¢, = ¢, and { and
R are the toroidal angle variable and the distance from the axis of symmetry to the point of interest
(IV¢1=1/R).

Defining the non-adiabatic portion of the perturbed distribution function g in terms of the ;
perturbed distribution function f via g = f+{(ZeF/ T)D, the linearized Vlasov equation may be written
as

3 Z Ey 0®
§+v-7g+ﬁiva-Vug=2Foﬁ OFy 3%
c

- 0
3t T %3t ogyal ao

Employing th
gyro-periad, {
section to the

In order tc
where —w <€

where L is the
axis a change
and {'={+(
exp [i{xd’ 4+ m
O 'vxo- Vi
unperturbed s.
that

ti>=(2'rr)"§
with &, =} x(

where all unpe
In general {
order to furthe
independent o)
response for t
neglecting the

Employing (13

where w, T() =
{ by using (15;

with g, (k, w) =
l.l}at from (15) i
hjin &m(“y wle
fin=—(ZeF\ 01
vanables for th

With we=(kT
(e =k -v,)i k)| ¢
When the ¢
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-~ Employing the gyro-kinetic variables of (1) and consideririg time variations slow compared to a
gyro-period, (10} yields 9g/a¢ = 0 to lowest order. As a result, applying the resuits of the gyro-kinetic

3) section to the next order equation for g results in the gyro-averaged equation for 4
()
g . _ dé [ZeF, 0 aF, oD
in & with ¥ and v, a0t Vegmn 28 (2020 02220, an

tom the change of

In order to simplify the right-hand side of (11), the magnetic coordinates W, 0, £ are introduced,
VR) ==V, " VR SO

where ~T<®=7is g poloidal angle variable. The potential d(r, 1) s assumed to be of the form

D(r, 1) =(27)2 Z Lw dxf dwd,, (x, w) exp (—iwr-i-r'm//+im0—il{), (12)
"ﬁ)XV‘VR]. (5) im Ve (8

where L is the Landau contour (above ali singularities in the complex plane). Away from the magnetic
—03/d¢ so that to E axis a change of variables from R 10 &, &, {* where Y=g +Q vy xi Vg, 0 =0+0"tyxf. vo,

function, must be and §'=(,’+Q“vxﬁ'V§ (JammN, 1971 apg NEWBERGER, 1976) gives exp r‘(m[x+m9—_l{)=
he guiding center § explilc’+m@ ~ 1Y~ i)ty x5 k] with k=x¥y+mVO-iV; and o= +(cMR/Ze)E - vy -
v V$afop — 0, 2 ' 0 'vxi - Vy, Expanding Fo(d, v¥) and aFo(%,_ul)/a% about y, =y, neglecting gyroradius over
% ! unperturbed scale length corrections and employing (29r)™! $de exp(—i0 k- yx n)=Jy(k, v ) so
1 that
é ' @E(2n)"§dqsd>(r, 0
(- Val (6) 3
‘{% =Qw)2 Z dxj dw¢l;m.fo(kivl.fﬂ) exp(—imr+l'xl[/'+im®'-il{') (13)
%) 3 Ln e L
i

with &, =i X (kx )|, then (11) becomes

L P =Z___"FM{@_ T ﬂ"_[ (“_’U_Z_E)Jai’}
®) ae T ATV Vg T lar zenag M 57 3 arl as)

where all unperturbed quantities are functions of the primed variables.

In generai (14) must be soived by integrating along the unperturbed guiding center trajectories. In
order to further iliustrate the treatment of the gyromotion effects, yfi+v, will be assumed to be
independent of ¢' and @, This approximation is the one usually employed in evaluating the jon
Tesponse for the trapped electron and collisionless drift instabilities. For ufi+v, a constant and
neglecting the ¢ dependence of the right side of (14), g may be taken to be

:d because it is the
‘ure and VB drifts,
pared to parallel
1 that the variable
been solved for in
ticle variable r=
via the v=
cded, distinctions
not required.
iragraphs has not
: of variables and
Mmes necessary to
'V equation, The

g=Q2my2) dkj dawg',,(k, o) exp (=iwt+ixg’+im@' ~ i), (15)
L

fim J—w

Employing (13) and (15), equation (14) may be transformed to obtain

o ) = ZEFd Do = 0, Volk 0 /)
Bim (6, @)= PR -

Where v, T(y) = UcTI ZeNY(aNTag){1 + n{(Mv*/2T) - (3/2)]). Reverting to the unprimed variables ip, ©
{ by using (15),

@, (x, ) (16)

‘»mmﬁ&aw;m:;i:-.i:;.;.=;.\'.-\~'_7;t"\k:é>.§:$sé.£}ii,- S b ke e iz i

canonical angular

’

g=Q2w)y? Z dx J dwg,,,(x, @) exp (~ fot + kg +im® - i), (17)
Lm L

with g (x, w)= Bim'(x, ) exp (i 'y X i + K). The g from (17) is in terms of partiele variabes while
t}"‘_‘ from (15) is in terms of the guiding center variables. The gyrophase dependence exp (if)~1k - yx
8) in &m (K, w) enters as it does when a trajectory integral over the full gyromotion is performed. Using
fbﬂ? “(ZeFM/T)fb,m * 8 to form the perturbed density m,_ =fd%vf,  and employing ¢, v,, y
Variables for the velocity integrations results in

“e as a function of
%o =4, and { and

: point of interest

o L I W

N may be written - Mt T Dy, 1+]k"fv-1- W~ tuyl 1 "72‘”’ T, £z nwgé] |, (18)
- With @y = (IcTy ZeN)(aN]ay), v =271M, T, =1,(5) exp(~b), b=klzTyMﬂ7'=kJ_2t)2/202. §=
(“';yh"' Vg}flkuf Upy, and Z(¢) the usual plasma dispersion function,

(10) N the ¢ variation of P is slow compared 16 a gyroradius then &, 23> «2 IV¢[* may be employed




«==3> TavLor I. B. and HasTie R. J. (1968) Plasma Phys. 10, 479.
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to expand T, about the poloidal wave vector squared, k 2=k *—x* [Vyf*, If only terms to order k2
are retained then the inverse transform form « space back to ¢ will recover the second derivatives of
&,,..(x, @) with respect to w because x*— —3%/o¢>,

In summary, the linearized, unperturbed, gyro-averaged Vlasov operator containing finite
gyroradius effects is obtained by a substantially simpler method than previous work, the technique
transforms from the particle variables to the guiding center variables and gyro-averages before (rather
than after) explicitly introducing the magnetic coordinates.
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