
PHYSICS 210A : STATISTICAL PHYSICS
HW ASSIGNMENT #3

(1) Consider a system of noninteracting spin trimers, each of which is described by the
Hamiltonian

Ĥ = −J
(
σ1σ2 + σ2σ3 + σ3σ1

)
− µ0H

(
σ1 + σ2 + σ3

)
.

The individual spin polarizations σi are two-state Ising variables, with σi = ±1.

(a) Find the single trimer partition function ζ.

(b) Find the magnetization per trimer m = µ0 〈σ1 + σ2 + σ3〉.

(c) Suppose there are N4 trimers in a volume V . The magnetization density is M =
N4m/V . Find the zero field susceptibility χ(T ) = (∂M/∂H)H=0.

(d) Find the entropy S(T,H, N4).

(e) Interpret your results for parts (b), (c), and (d) physically for the limits J → +∞,
J → 0, and J → −∞.

(2) The potential energy density for an isotropic elastic solid is given by

U(x) = µTr ε2 + 1
2λ (Tr ε)2

= µ
∑
α,β

ε2αβ(x) + 1
2λ
(∑

α

εαα(x)
)2

,

where µ and λ are the Lamé parameters and

εαβ =
1
2

(
∂uα

∂xβ
+
∂uβ

∂xα

)
,

with u(x) the local displacement field. The Cartesian indices α and β run over x, y, z. The
kinetic energy density is

T (x) = 1
2ρ u̇2(x) .

(a) Assume periodic boundary conditions, and Fourier transform to wavevector space,

uα(x, t) = 1√
V

∑
k

ûαk(t) eik·x

ûαk(t) = 1√
V

∫
d3x uα(x, t) e−ik·x .

Write the Lagrangian L =
∫
d3x
(
T − U

)
in terms of the generalized coordinates ûαk(t) and

generalized velocities ˙̂uαk(t).

(b) Find the Hamiltonian H in terms of the generalized coordinates ûαk(t) and generalized
momenta π̂αk (t).
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(c) Find the thermodynamic average 〈u(0) · u(x)〉.

(d) Suppose we add in a nonlocal interaction of the strain field of the form

∆U = 1
2

∫
d3x

∫
d3x′ Tr ε(x) Tr ε(x′) v(x− x′) .

Repeat parts (b) and (c).
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