Chapter 11

Elastic Collisions

11.1 Center of Mass Frame

A collision or ‘scattering event’ is said to be elastic if it results in no change in the internal
state of any of the particles involved. Thus, no internal energy is liberated or captured in
an elastic process.

Consider the elastic scattering of two particles. Recall the relation between laboratory
coordinates {r,,r,} and the CM and relative coordinates { R, 7}:

_ ml’l"l + m2T2 m2

R r=R+—2 (11.1)
my + mg my + mg
T="7r—T r2:R—ﬁr (11.2)

If external forces are negligible, the CM momentum P = M R is constant, and therefore the
frame of reference whose origin is tied to the CM position is an inertial frame of reference.
In this frame,
my, v mq v
oM = —2 , oM = - —1— (11.3)
my + my my + my

where v = v{ — v, = V{™ — v§™ is the relative velocity, which is the same in both L and

CM frames. Note that the CM momenta satisfy

P = my o™ = o (11.4)

CM

Py =myvy" = —pv (11.5)
where = mym,/(m; + m,) is the reduced mass. Thus, p{™ + pS™ = 0 and the total
momentum in the CM frame is zero. We may then write

CM CM

2 2 2
pi = pyn , p5 = —pyn = gom = Po + P _ P

= = 11.6
2my  2maoy 21 ( )
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Figure 11.1: The scattering of two hard spheres of radii a and b The scattering angle is .

The energy is evaluated when the particles are asymptotically far from each other, in which
case the potential energy is assumed to be negligible. After the collision, energy and mo-
mentum conservation require

2
p M = pyn’ , ph M = —pyn/ = E'™M = M = g—z . (11.7)

The angle between n and n’ is the scattering angle x:
n-n' =cosy . (11.8)

The value of y depends on the details of the scattering process, i.e. on the interaction
potential U(r). As an example, consider the scattering of two hard spheres, depicted in
Fig. 11.1. The potential is

o ifr<a+bd

Ur) = { (11.9)

0 ifr>a-+bd.

Clearly the scattering angle is x = 7 — 2¢,, where ¢, is the angle between the initial
momentum of either sphere and a line containing their two centers at the moment of contact.

There is a simple geometric interpretation of these results, depicted in Fig. 11.2. We have

P, =mV +pyn pi =myV +pyn/ (11.10)
Py = myV —pyn Py =myV —pyn’ . (11.11)

So draw a circle of radius p, whose center is the origin. The vectors pyn and p,n’ must
both lie along this circle. We define the angle ¥ between V' and n:

V.n=cosi . (11.12)
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Figure 11.2: Scattering of two particles of masses m; and mso. The scattering angle x is the
angle between n and 1n/’.

It is now an exercise in geometry, using the law of cosines, to determine everything of
interest in terms of the quantities V', v, ¥, and y. For example, the momenta are

p, = \/m% V2 11202 + 2my Vv cos ¢ (11.13)
P = \/m% V2 + p2v? 4 2mypVucos(x — ) (11.14)
Py = \/mg V2 4+ 202 — 2mypVou cos (11.15)
ph = \/m% V2 + p2v? — 2mypVucos(x — ¢) , (11.16)

and the scattering angles are

0, = tan~! posing + tan ™! posin(x = ¢) (11.17)
! pv cosp +myV pv cos(x — ) +myV

6y = tan~* posing + tan~! posin(x = ¥) . (11.18)
? pv cos P — myV po cos(x — ) —myV
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(a) my; < my (b) my > my

Figure 11.3: Scattering when particle 2 is initially at rest.

If particle 2, say, is initially at rest, the situation is somewhat simpler. In this case, V =
m,V /(my + m,) and m,V = pv, which means the point B lies on the circle in Fig. 11.3
(my # my) and Fig. 11.4 (m; = m,). Let ¥, 5 be the angles between the directions of
motion after the collision and the direction V' of impact. The scattering angle y is the
angle through which particle 1 turns in the CM frame. Clearly

sin y

tan; = ——————
Z—; + cos

0y =3(m—x) . (11.19)

We can also find the speeds v} and v} in terms of v and y, from
2 2
Py =ph+ (% po)” —2 %pg cos(m — x) (11.20)

and
P2 =2p2(1—cosy) . (11.21)

These equations yield

Ui _ \/m% —l—m% + 2mimsg cos x y
mi + mso

sin(y) . (11.22)

Figure 11.4: Scattering of identical mass particles when particle 2 is initially at rest.
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Figure 11.5: Repulsive (A,C) and attractive (B,D) scattering in the lab (A,B) and CM
(C,D) frames, assuming particle 2 starts from rest in the lab frame. (From Barger and
Olsson.)

m2

The angle Umax from Fig. 11.3(b) is given by sin Umax = - Note that when m; = m,
we have 91 + ¥ = m. A sketch of the orbits in the cases of both repulsive and attractive
scattering, in both the laboratory and CM frames, in shown in Fig. 11.5.

11.2 Central Force Scattering

Consider a single particle of mass y movng in a central potential U(r), or a two body central
force problem in which g is the reduced mass. Recall that

dr  do dr ¢ dr

=T . =_-_ .7 11.23
dt —dt do pr? d¢’ ( )
and therefore
1,2 ’
E = sur —1—2/”2 +U(r)
e odr\ P2
= — | — — . 11.24
2prt <d¢> g 7O (-2
Solving for g—;, we obtain
dr 2urt
i i\/£—2 (E-U(r)) —r?, (11.25)
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Figure 11.6: Scattering in the CM frame. O is the force center and P is the point of
periapsis. The impact parameter is b, and x is the scattering angle. ¢¢ is the angle through
which the relative coordinate moves between periapsis and infinity.

Consulting Fig. 11.6, we have that

¢ 7 dr
= , 11.26
CRNVG il R iy e (11.26)
Tp
where 7}, is the radial distance at periapsis, and where
62
Uat(r) = 5, + U(7) (11.27)

is the effective potential, as before. From Fig. 11.6, we conclude that the scattering angle
is

X = |m— 26| . (11.28)

It is convenient to define the impact parameter b as the distance of the asymptotic trajectory
from a parallel line containing the force center. The geometry is shown again in Fig. 11.6.
Note that the energy and angular momentum, which are conserved, can be evaluated at
infinity using the impact parameter:

E = w3, , 0= pv b . (11.29)
Substituting for £(b), we have

T dr b
Bb =2
R b e
o =R o

In physical applications, we are often interested in the deflection of a beam of incident
particles by a scattering center. We define the differential scattering cross section do by

(11.30)

d # of particles scattered into solid angle df2 per unit time
o= .

11.31
incident flux (11.31)
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Figure 11.7: Geometry of hard sphere scattering.

Now for particles of a given energy E there is a unique relationship between the scattering
angle x and the impact parameter b, as we have just derived in eqn. 11.30. The differential
solid angle is given by df) = 27 sin y dy, hence

112
do _ b ‘% :‘d(2b) . (11.32)

aQ - siny

dcos x

Note that g—g has dimensions of area. The integral of g—g over all solid angle is the total

scattering cross section,

™

do

Or = 27r/dx siny 0 (11.33)
0

11.2.1 Hard sphere scattering

Consider a point particle scattering off a hard sphere of radius a, or two hard spheres of
radii a; and a, scattering off each other, with a = a; + ay. From the geometry of Fig. 11.7,

we have b = asin ¢, and ¢, = %(71 - X), so

b* = a®sin® (A7 — 3x) = $a® (1 + cos x) . (11.34)
We therefore have
do d(30*) | ,
o= e = ha (11.35)

and o, = ma®. The total scattering cross section is simply the area of a sphere of radius a
projected onto a plane perpendicular to the incident flux.
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11.2.2 Rutherford scattering

Consider scattering by the Kepler potential U(r) = —%. We assume that the orbits are
unbound, i.e. they are Keplerian hyperbolae with £ > 0, described by the equation

k
r

a(e? —1) 1

r(¢) = T r— = cos¢g, == - (11.36)

Recall that the eccentricity is given by

214 2%2 — 14 <“b%>2 . (11.37)
We then have
() =
= Se02¢0 —1= tan2¢0 = ctnz(%x) . (11.38)
Therefore L
b(x) = = ctn(3y) (11.39)

We finally obtain

do d(3b%) B 1< k )2 dctn?(3x)

dQ  dcosx 2\ dcosx

1/ kK 2 d 1+ cosx
2\ w2, ) dcosy \ 1 — cosy

:< ’“ )2 esct (1) | (11.40)

2pv2,

which is the same as
do Y, 1

Since 3—6 x x~*as x — 0, the total cross section o, diverges! This is a consequence of

the long-ranged nature of the Kepler/Coulomb potential. In electron-atom scattering, the
Coulomb potential of the nucleus is screened by the electrons of the atom, and the 1/r
behavior is cut off at large distances.

4

11.2.3 Transformation to laboratory coordinates

We previously derived the relation
sin y

tan = ————— |
Y+ cos x

(11.42)
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where ¥ = ¥, is the scattering angle for particle 1 in the laboratory frame, and v = %

is the ratio of the masses. We now derive the differential scattering cross section in the
laboratory frame. To do so, we note that particle conservation requires

d d
<£>L- 27 sin ¥ dd = (%)CM- 2w sin y dy , (11.43)
which says
do do dcos x
— ] == . . 11.44
<dQ>L <dQ>CM dcos? ( )
From
9 1
cost) = ——
V1 + tan?9
____yHcosx (11.45)
V1472 +2ycos x ’
we derive
dcosv 1+ vycosx (11.46)

deosx (1++2 +2’ycosx)3/2

do\ (140?20 00s)" (o (11.47)
Q) 1+ ycosx d ) e '

and, accordingly,




