1 Midterm - Physics 110 A
All problems are worth 10 points.

1. Making use of the permutation symbol verify the vector identity
g = = =\ 2 =\ 2
b :b-b:(u-b) +(u>< b) ,

where the vector @ is an arbitrary unit vector.

2
Solution (i) Using the permutation symbol the expression for (ﬂ ) ) is

(ﬂx ?)2

(ﬁ X 7)2 = wuibpby — u;bjurb, = (W - ) (? . ?) - (ﬂ ?)2

€ijk€intibrtebn, = (8j40kn — 0ndke) wjurbrby,

Since W - w = 1, we have the required result,
- — =\ 2 =\ 2
b.b:(u.b> +(u>< b) .

2. A rocket of initial mass mg uses its engines to hover stationary above the

ground (gravitational acceleration is ¢g). How long does it hover while burning

fuel of mass (1 — 6_2) mg? Assume that the exhaust velocity u is a constant.
In the presence of a gravitational field the EOM is

md—v =—mg — ud—m
a — "M
Since the rocket is hovering dv/dt = 0, and the EOM reduces to

dm dm
U— =—-—-mg — u—— = —
dt g m g

Since the fuel is Am = m; — mg, the mass of the rocket after the fuel is burned
is my =mo — Am =myg (1 — (1 — 6’2)) = e 2my. From the EOM we find the
time to be

e ?mg d -2
m e ‘m
u/ — = uln 0 = —2u=—gt
T m mo

2u/g.

no

t

3. In the presence of the Earth’s gravitational field, consider a baseball with a
quadratic drag term, —cv?. The baseball is initially thrown directly downward
from the top of a tall building at twice the terminal velocity, vg = 2vte, where
vter = y/mg/c. Find the expression that describes the velocity of the object as
a function of time (prior to reaching the ground) during the decent and discuss



the physical results described by your answer. Hint: you may find the use of
parrtial fractions useful for performing the necessary integration.
The EOM is (v and y positive in the downward direction)

d d

md—:zmg—cv2—>d—: :g(l—njgvz> :g(l—v2/vfer)
dv 1 1 1

Y gdt— - dv = —gt
v2jvd, —1 g =5 <v/vter—1 v/vter—|—1> v g
E’U /U 1 - 1 dv — Uter In UV — VUger 3Vger — _qt
2 ter 2V¢er U — Vter U‘l_vter 2 Vter U+Ute7’ g
UV — Uter

= e 29t/ vier _, 3 (U — Ver) = e 29t/ veer (v + Veer)
VU + Vter

) B 3+e—29t/vte7‘
(3 e 29t/'Uf,e7‘> V = Vter (3 +e Q‘qt/vtET) — U = Vter

3 — e—th/vteT .

The solution shows that the velocity of the object is always greater than vy,
while approaching the terminal velocity after starting with an initial velocity of
Vo = 2Uter-

4. The figure shows the end view of a child’s toy of mass m which amounts to
a vertical cylinder mounted on top of a hemisphere. As shown in the figure the
radius of the hemisphere is R and the CM at equilibrium is a height h above
the floor. (a) What is the gravitational potential energy of the toy as it tips
through an angle 6 from the vertical. (b) For what values of R and h is the
equilibrium at 6 = 0 stable?

M — =
Oy
§ ] ! !
h ’.'I I
-_\ R -/'__.l'
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Figure for problem 4.

(a) The height of the center of the hemisphere does not change as the toy
tips. Hence the potential energy is determined by the height of the CM above
the center of the hemisphere which is y = (h — R) cos 6. Hence

U = mgy = mg (h — R) cos 6.



(b) Equilibrium occurs when

%:—mg(h—R)sinHzOHGZO.

This equilibrium is stable when d?U/df* > 0. This leads to the condition

d*U
— =-mg(h—R)cos(0 =0)=mg(R—h)>0
do” o—o

The center of mass must lie below the center of the hemisphere.

5. A uniform wire of mass m and length ¢ = ma is bent into a perfect semicircle
of radius a. Find the vertical height above its diameter for location of the center
of mass, yem, of the wire.

The center of mass in the y direction is

1
m

If we define the mass per unit length as y = m/¢ = m/mwa the dm = pds, where
ds is a differential arc length along the semicircle. Hence

dm = padf = ™ ado ="ap.
Ta ™

Measuring 6 from the positive = axis the height of this differential segment is
y = asinf. With these definitions the integral is given by

I 2
ycmzf/ aSin9d9=—E(COS’R’—COSO):*CL.
T Jo ™ 7r

6. Consider an overdamped oscillator with w, = .65. The oscillator is given a
kick so that at ¢ = 0 its initial velocity at the origin is vg. (a) Find the expression
x (t) for this oscillator including both decay terms. (b) Find the expression for
the the maximum distance, Ty ax, from the origin that the oscillator obtains in
terms of vg/B. Comment on the contribution of both terms to x,.x, specifically
the ratio of the term with the decay paramter to the term that decays more
rapidly.
(a) The solution for an overdamped oscillator is

z(t) =e Pt (C’leV BP-wit 4 CheV 527“’?) ,

Since 1/8% —w? = /% — .368% = \/.6453% = .88, the expression for z (t) be-
comes
z(t) = Cre P54 Che™8/5,



From the initial conditions

z(t=0) = Ci1+Cy=0
x(t:) = —§(01+902):v0.

Substituting for Cy we find

—§ (Cl - 9C1) = Uy — Cl = 5’00/8B.

Hence

51}0 _ _
x@>=gg(eWﬁ_egww)

(b) The maximum distance occurs at the time when z (tyay) = 0. This leads
to the condition

) = 2 (el ge9tmen/5)
ax 8

e Ptmex/5 = 9emWlmax/S — Bt /5 =109 — 9Btimax/5

8Btmax/d = ln9ﬂtmaX:%1n9

The distance from the origin at this time is
5U0
86

Clearly the term that decays more quickly only contributes about 1/9 as much
as the term that decays according to the decay parameter.

5
(e—ang)/s _ e—(91n9>/8) — 8%) (760 — .084) = .422v,/8.

Tmax — T (tmax) =



