Solutions Assignment 2

2.19 (a) The EOM for a particle in a vacuum are
z=0 and y = —g.

Integrating these equations for a particle starting from the origin with initial
velocities vy, and vy, yields

1
z(t) = vgot and y (t) = —ith + Vyot-
The trajectory, y (), is then
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Yt =z/v20) =
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Vo 202,

(b) Equation 2.37 in the text is

Vyo + Vter €
y= Lo 4+ verIn(1— .
VUzo VgoT

In the limit of small resistance both 7 and v, = g7 become very large. This
enables us to expand the log function as

(1 x x N 1 z2 N 1 z° N
n — —_ — — - R .
VpoT VgoT 202,72 303,73

Substituting this expansion into the equation for the trajectory yields

Vyo + Vter x 1 22 1 23
) X — UterT + = 2 2 + = 3 3 9
Vzo VpoT — 20%,T 3vg,T

Vyo 1 z? n 1 23 g z*
~ —z—-glca+-—=—) =Yvac— 3 .
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The leading order term agrees with the vacuum expression, and the first order
correction shows that the height is reduced for even small drag effects.

2.39 (a) The EOM and its integral for a cyclist are

d
md—:; = —a’—f,
_d  _ 1 vdvl/tdtt
v |+ cv? ¢ Joo flec+0? m Jo m’

As a change in variables let v=\/f/ctanf — f/c+ v> = (f/c)/cos? 6 and
dv = +/f/c/cos? §. The integral of the EOM then becomes

_ 1 /e (tanfl Ve/fo—tan™! mvo)

t
m c\ f

t = % (tan_1 \/c/ifv() —tan~! \/C/T’U) .



(b) For ¢ = .2N/ (m/sec)®, m = 80kg, and f = 3N, the times to slow are
given by the expression

t =103.3 (tan™" 5.164 — tan™" .25820) .

For an initial speed vg = 20m/s the time required to slow to 15m/s, 10m/s,
5m/s, and Om/s are

v(m/s) 15 10 5 0
t(s) 6.3 184 483 1425 °

2.41 For a baseball thrown vertically upward with a velocity of vy, the
EOM is

m% = —mg—cv® =—mg(1+v*/v},)
dv
E = —g (1 + rUQ/IUthr) )

where vZ,. = mg/c. Since dv/dt = v (dv/dy) we can write

IR
s dv=—g | dy
Vo 1+U2/Ut2€7‘ 0

For the maximum height v = 0. This leads to

Vier 071 d (v?/v}, ):—vgﬂln (L+vg/vi,) = —gy
9 v 1+ vg/vtzeT ter 9 0/ Yter max»

or
2

v
Ymax = 2)57;71 In (1 + U[%/U?er) .

In a vacuum v2,, — oo. Expanding the natural log we find

UQer U2er
Ymax = th In (1 + v%/vfer) = th (v(%/theT - Ué/2vzler +- )
2 2
Yo Yo
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As expected the maximum height is reduced in the presence of drag. For a
baseball thrown upward with a velocity of vg = 20m/ sec and a terminal veloc-
ity of vier = mg/c = /.15 x 9.8/ (.25 x 49) = 35m/s,the maximum height is
Ymax = 17.1m as compared to vg/Qg = 20.4m in a vacuum.




2.42 For a baseball dropped from the elevation ymax of problem 2.41 (y is
now positive going down) the EOM and its integral are

d

md—: = mg—cv® =mg(1—v*/v},)
dv dv
E = U@ :g(l_vz/vtzer)a

1% 1%
vdv Vger / 1 5 o /ymax
3 92/, 2 = —— 5 —~d (v /v er) — gdy7
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where V' is the velocity when the ball returns to the ground. Using the expression
for ymax Obtained in problem 2.41 yields

Ut; In(1-V?/v2,) = —U;@T In (1 + v /v,
1- Vz/vger = 1/ (1 + Ug/”?er) )

VQ/ther =1- 1/ (1 + Ug/”?er) = ’U(%/’U?er/ (1 + ’U(%/’U?er) )
V= ’U()/ 1+ U%/Utzer = ’Uovter/ Ut2€7‘ + ’U%

It is of interest to examine this result for small drag, vo/vie, << 1, and large
drag, vier/vo << 1. These results are

1 2
Wfvier < <LV =vo/\ L4 0f/vi, = v (1—zfz°>,

102,
UO/UteT > >1:V= Uter/ I+ Uthr/Ug = Vter <1 E: > .

In the case of small drag the return velocity is slightly less than the initial
velocity while for large drag the return velocity is slightly less than the terminal
velocity. For the case of the baseball in problem 2.41;

V =20 x 35/1/20% + 352 = 17.4m/s,

as compared to a return velocity of 20m/s in a vacuum.

2.49 (a) From Euler’s theorem

0 = cos® + isinb.

z=¢
Thus we can write
e?® = 0520 +isin260 = (eie)2 = (cos O + isinf)?
e?” = cos?6 —sin® 0 + 2isinfcosf.
Equating real and imaginary parts we find

c0s20 = cos2 0 — sin® 0 and sin 20 = 2sin 0 cos 0.



2.55 (a) Now consider crossed E and B fields, E= Ey and B = BZ. The
EOM is

dv

"

Separating this vector equation into its components yields

= q(Ej+ 7 x B3).

dv, dv, qF d dv,
— = WU, —> = — — WV
dt Y odt T m ST

:07

where w = ¢B/m. The initial conditions are v, = wv,o with all other initial
component velocities vanishing. This allows us to integrate the equation for the
z component and find

v, =0— 2= 2.

Defining zy = 0, the particle remains in the plane defined by z = 0.
(b) Note from the equation for dv,/dt, that if v,y = ¢E/mw = E/B our
remaining EOM at ¢t = 0 reduce to

dvy _ g = _
a7 dt Y

After a time dt we see these equations imply

dv
Uy = Uyo + 7:& = Uyo.

From the initial condition vyo = 0, the expression for v, after a time ¢ becomes

d
&& = U0 + WUy0t = Vygo.

Vg = Uz + dt

Continuing this integration process yields vy, = 0 and v, = v for all time.

(c) To solve these equations for a general initial v, it is convenient to define
vy = Uz + ¢F/mw so that u, is the velocity difference between v, and the drift
velocity vyo = qF/mw = E/B. The EOM of interest then reduce to

du, duy
— =Wy, —— = —Wly.
dt Yot N
We have already solved these EOM. For this initial condition these solutions are

Uy = Ugocoswt — v, =E/B+ (vy0 — E/B)coswt

vy = —Ugpsinwt — vy = — (vy0 — E/B)sinwt.

3.4 (a) Assuming that the velocity of the hobos relative to the flatcar is u,
then from the conservation of momentum after both hobos jump we find
th

mygcvyf —th (U_'Uf) =0— vy = mu
c (2



(b) If the hobos jump one after the other (with velocity relative to the flatcar
remains v for both hobos) then after the first hobo jumps the velocity of the
flat car v} is found from
mp,

(mfc+mh)v}_mh (U_U}) :0—>U;c = mu

After the second hobo jumps the conservation of momentum yields

mpevy —mpy (u—vg) = (mge +mp) v}

(Mmyge +mp) vy = mpu+ (Mpe +mp,) Lu
mye + 2mp,

v = < 1 + o )u
f Myfe +mp mfc-i-th

Since
mp mp

> ;
Mpe+ My Mye+2my

we have
my, mp, 2my,

+ > ,
Mype+ My Mye + 2my My +2my,

and vy for process (b) is greater than vy for part (a). Algebraically you could
also take the ratio of the final velocity for process (b), vp, to that for (a), v,.
This results in

mp mp Mmyfc + 2my,
Vp/Vq = +
Mype+ My My + 2my, 2my,
v v, = Mye + 2mn 1 1 _ 2mye + 3my >1
“ myg. +my 2 2my. + 2my,

3.11 (a) In a time d¢ the change in momentum from Newton’s 2nd law is
Fetdt = dp = (m + dm) (v + dv) — mv + dm (u — v) = mdv + udm,
where F' is any external force. Hence

dv dm
b Fe:ct —u—
L it

(b) In a gravitational field F*** = —mg and the EOM takes the form

md—v——m —ud—m
dt g dt

Assuming that the rocket ejects mass at a constant rate, m = mg — kt we find

(mofkt)%:f(mofkt)ngku.



Separating and then integrating to solve for v,

ku
— — | dt

t=uln —2 — gt
gt =uln — 0 g
This is exactly what one would expect given the solution for the velocity of a
rocket in the absence of a gravitational field.
(c) For the data mg = 2 x 10°kg, m (2min) = 10%kg, and u = 3000m/ sec
the approximate velocity of the shuttle after 2 min is

dv

v = wuln—2 —
mofkt

v=—9.8x 120+ 30001n2 = 903m/s
In free space (g = 0) the velocity would be
v =30001n2 = 2080m/s.

(d) The rocket would remain on the launch pad reducing its mass until
udm/dt > myg.

3.13 From problem 3.11 the rocket’s height is given by

¢ t
mo mo/kft 1 9
) = uln — 2 g ﬁz—/uh————ﬁ—ft,
v (0 A( mo — kt g) 0 mo/k 27
— Kkt 1
y(t) = u(mo/k—t)lnM—fth—&—ut,
mo 2
u mog 1 o
= ——mln— — = .
y (t) pmin— 291& + ut

From the data in problem 3.7, mg = 2 x 10%kg, m (t = 2min) = 10%kg, and
Ve = 3000m/ sec ., after 2min
3000 1 )
t = 2 mi = —————10%In2 — -9.8(120 3000 (120
y(t=2min) = — 02 - 0.8 (1207 + 3000 (120)

y(t=2min) =~ —2.50 x 10°m — .7 x 10°m + 3.6 x 10°m = 40,000m

3.22 The CM is found from the expression

1

For an object of uniform density, it is convenient to express the mass ele-
ment as dm = pdV where p is the mass per unit volume. For this exam-
ple p = 3M/2rR3. The volume element in spherical coordinates is dV =
drrsin d0rd¢ = r?dr sin §d0dé. For a hemisphere the coordinates ¢, 6, r range
from 0 — 27, 0 — 7/2, and 0 — R respectively. Due to symmetry the z and y



coordinates for the CM are both zero. The integral for the z coordinate of the
CM of a hemisphere is

3 R ,m/2 p27w ) . 3 R pm/2 ) .
oM = ﬁ/o /0 /0 zr<drsin 0dfd¢ = ﬁA /0 zr<drsin 0df

In spherical coordinates z = r cos @, hence

oM = R3/ 3dr/ cosfsinfdf = —; / 3dr/ (sin 0

. 3 R'1_3
M = R34 9273

Uniform Rod After the impulse the linear momentum of the rod is
Fot = muem — Vem = Fot/m.
The angular momentum about its center of mass is
Fotl)2 = Tw = iml2w.
12
Eliminating F'0t in terms of v.,, we find
MUl /2 = MI?w/12 — W = 6Vep, /1.

Immediately after the impulse the velocity of the end of the rod struck by the
impulsive force is

V] = Vem + wl/2 = dvep,.

The velocity of the opposite end of the rod at this point is

Vg = Vem — wl/2 = =20,



