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92 Ex. 47 Deflection of Starlight by the Sun
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47.* Deflection of starlight by the sun

Estimate the defection of starlight by the sun using
an elementury analysis, Discussion: Consider first a
simpler example of a similar phenemenon. An eleva-
tor car of width £ is released from rest near the surface
of the earth, At the instant of release a narrow beam
of light is fired horizontally from one wall of the car
toward the ather wall, After release the elevatar car is
an inertinl frame, Therefore the light beam will cross
the car in what is a straight line with respect fa the car,
With respect to the eartl, however, the beam of light
is falling—because the elevator is falling. Therefore, in
o gravitational field, a heam of fight must Tall. As
another cxample o muy o stardight in its passnge
tangentially across the earth’s surface will reccive o
gravitational deflection (over and above any refraction
by the earth's atmaosphere). However, the tume o
cross the edrlh is so shorl, and In consequence the
deflection so slight, that this elfect has not yel been
detected on the earth. AL the surlface of the sun, how-
ever, the acceleration of geavity has the much greater
vilue of 273 meters por sceond per second, More-

G. GEOMETRIC INTERPRETATION

48. Geometric interpretation

Develop o geometrie interpretation of the Lorentz
transformation using the foliowing outline.

{a) Show that in the laberutory spucelinwe diagram
the world line of the arigin of the rocket frame will be
the line marked o in Fig. &84, This is the locus of oll
pvents thal ocewr ol the origin of the rocket frame,
that is, i is the recket © axvis. Show that the locus of
events that ocour at x* = T meler in the recket frame
i5 0 line that parallels the ¢ axis in Fipo 64, and
similarly for &7 = 2, 3, 4 nweters.

(B) Show that the slope of the ¢ axis relative to the
¢ axis in Fig. 64 is piven by the expression {omweters of
distance traveled Tor cach)meter of Lght-travel time)
= # = tanh 4, What happens tn the slope 5. in the
twa cases: (1) the rockel travels very slowly and (2) the
rocket travels at o speed very close 1o the speed
of light.

{c) Mow Tor the cructul step! Where shall we locate
the rocket v axisin Lhe lahoratory spacetine diagram?
The principle of relativity says thot the measured
speed of light muwst be the same in the two frames, The
dotted line in Fig. 63 s the world line of a Nash of
light. Show thal the principle of relativity requires that
the rocket & nxis be tilted upward at the same slope as

Ta.}r lor - wheeley

over, the time of passage across the surface is much
increased because the sun haz a preater diameter,
1.4 » 10° meters, Determine an “effective time of fall”
fram this diameter and the speed of lighl., From this
time af fall deduce the net velocity of fall toward the
sun produced by the end of the whole period of gravi-
tational inleraction, (The maximum acceleration act-
ing for this “efective time" produces the same net
effect Jealeulus proof!| produced by the actual ac-
celerntion —changing in magnitude and direction along
the path—in the entire passage of the ray through the
sun's field of force) Comparing this lateral velocity
with the forward velocity of the light deduce the angle
af deflection. The aceurnte analysis of special relativity
givies the same resdr, However, Einstein’s 19135 general
relativity predicied 8 previously neglected effect, as-
sociated with the change of fengrii'in a pravitational
field that produces something like a supplementary
refraetion of the ray of light and diwbles the predicied
deflection. {Deflection ohserved in [947 eclipse of the
sun: (9.8 + 1.3 = 107 radian; in the 1932 eclipse:
(8.2 4+ 0.8) = 10 radian.) "

Fig. 64. Location of the rocket time axis in the laboratory
spacelime diagram. .

Fig. 65. Location ol the rocket space axis in the laboratory
spacelime diagram.
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Fig. £6. Colibration of rocket space and tima axes,

the rocket ¢ axis i tilted to che right. Show Cthat Lthe
leci of events Lhat ocowr ot rocket times =1, 2, 3
meters respectively lie parallel 1o the rocket &% axis
as shown.

{d) Calibrate the rocket axes! Diraw the hyperhola
= o T{Fip &6). At the place where the hyperbola
crosses the laboratory ¢ axis (where v = (1), we have
=1 meter of time. ot the interval & — 8% 05 anin-
varinnd so thal (079 — () = | also, Therefore at the
place where the hyperbala crosses the rockel @ axis
(where o = 0, we have ¢ = 1 meter of thine, Because
af the svometry and the Lnearity of the tensformi-
tion equations, we cun use the detance along e
pocket 1° wsis from the arigin o & = [ us o unit
digtance o Ioy ol along bosd the o and the 88 axes,
This vompletes the derpvation of the construction.
Mexts apply !

(e Show that if twe events are stimaliuneous in the
laboratory Frome they will lie oo Gine parealle] oo the
lubaratory v oasis of the spacclione diagram (Fig, 67),
Show that if two events are simulioneows i the rocker
Frame they will lie oo line poradlel te the rockel &
axis of the spucetime dingrinm, Hence the two obsery-
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Flg. 65, A meter stick at rest in [aboratory frome appears
Lorentz-contracted when ohserved in rocket frame,

ers will not necessarily agree on which events are

simultzneous. This 15 the refative syachronization af

cloghs,

{1 Using lines of simultancily in Fig. 7, show that
at rocket time ¢ = | meter, the observer in the rockel
frame determines that the clock al the laboratory
arigin has not el reached one meter af time (ie., the
laboratory elock runs slowd, whereas the observer in
the laborulory frame observes that the clock at the
laboratory orizgin already reads mare than onge meter
of time (L., the rockel elock tuns slow). This i3 tme
hideiion.
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Fig. 67, HMustration of fime dilation.

() A meter stick les at rest in the Eiboratory frame
with one end ot the origin of that frame (Figo 68).
Maewsurement of its length in the laboratory frame will
pive o result like whoin Figo 6% Moasurcment of its
lemath in Lhe rocker frante (i, determining the posi-
tion of the epdpoints at the “same time™) will give a
result ke o in the figure. Show thal this measure-
mend resulls inoan observed Lorenes contracsion in the
racket frame, Using Fig, 69 show thal o meter stick at
pest in the recket frame with one end at the origin of
it frwme witl be Lorentz contracted when observed
in the laboratory frame.
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Fig. 69, A meler stick at rest in rocket frame appears
Lorentz-contracted when observed in laboratary frame,
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64 Ex.49 The Clock Paradox 11

{h) Sketch spacetime diagriams far the relativity of
simultaneity, time dilation, and Lorentz contraction
in the liniting cases that the relative velogily between
laboratory and rocket frumes i3 very snall and very
large.

(i} Return to the spacetime diagram of Fig. 22 in
the chapter, which describes the maotion of particles
and light flashes in two dimensions. Show that the
rocket “plane of simmuliuneity’ i tilied relative 10 the
lahoratory plane of simultancily. Explain the implica-
tions of this tll for the relative cimultaneity of events
that occur at diferent positions on the x axis aof the
laboratory spucetime diggram, and [o the relative
simultaneity of events that oceur at different positions
on the p axis of the laborutory spacclime diagra.

Fig. 70. Loculion af spaee apd 1ime axes o rocket frame
moving in negative boratary ¥ diceetion.

(1) Consider a rocket frame moving in the segative
v dircetion in the laboratory frame, Verify the features
of Fig. T, in particular the oppasite sense of the rela-
tive synehronization af clacks and the same sense of
Lime dilation when compared with the rochet moving
in the posilive x direction,

49, The clock paradex 11~
a worked examplet

When Peter rewurped from his fourteen pears of
traveling (Ex. 27) he was stll young cnough 1o learn
enme relativity, Dut the more he studied the more
puzeled be beeame. Fle and his brother Paul, being in
relative motion, “each should see the other's clocks
running slow.” This simple slogan, pul in Pauls
mouth, made it easy cnough 1o understand  why
“Peters clocks—and Peter's uging processcs—ran
slow,™ so thil Peter was the younger of Lhe two an his

t5ee E. Lowry, Aines ican Journal of Physics, 3L, 59
{1963}

return, “But if the slogan is valid,” Peter asked, “then
would not f—if I had investigated—have  found
Paul's clocks running slow? So how did he age more
than 17" Questin: What is the way out af Peter's
difficultias?

Solution: As Peter studied more, with this para-
dox worrying him, he learned that words ke
“ohserver” and “observed time” do not have the
simple meaning he had at first attributed to them.
He should not Lhink of how he might directly
hive kept day-to-day track af Paul's aging hack
an earth, either by radio messages of by other
methads. That procedure, while conceivable,
does not lend itscll to the simplest analysis, Peter
discovered. The observer in relativily theary, he
found, is to be understood as a whale framework
of rods and recording clocks moving along with
uniform  velocity—with the same velocity ns
Peter himself as e recedes from the earth, 8. =
24/25 = 06, That purade of clocks (“Peter’s
clocks and Peler's reference frame™) zooms by
ke earth. As each clock passes Paul it punches
aut (17 the reading of Paul™s clock and (2] ils own
reading and location. The shorthand  phrise
“Petar observes Paul™ means that Peter collects
[hese cards—=or the information on them—at
sume later time.

wiy what?" Peter asked himself at this point.
“In any case 1 know that the reading of Paul’s
clack increases from one punchout to the next
ooly (1 — @707 = 725 as much a5 the incredse
in readings of my own clock, S0 Paul is the nun
who should have been younger at the end of my
journey, nol me. Bul lock at his gray hairl
Where am | going wrong?”

Rupping over in his mind once again the events
of his journgy, Peter could not help but remember
the moment when he had stopped his outward
trip and started his return to the earth, *1 stopped
and [ turned back; but,” he suddenly asked him-
self, “what about my inertial reference frame?
How can an inertial frame turn back? He looked
into 1his issue more and more carefully, He
found himself forced to conclude that the refer
ence frame employed for the first part of his
fight —and especially the lattice clock alongside
bim thast had recorded information for Lthe seven
outhound years—must have kept on their swill
way like a slream of superhighway traffic us one
car makes a U-turn into the returning lanes,
Anather stream of clocks acvompanied him home
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—a second inertial reference frame, For all the
seven vears of return one of these clocks re-
muined faithfully alongside. When it tock aver
escort duty, it adopted the seven-year reading of
the outhound clock. 1L read fourteen years at the
time when Peter rejoined Paul.

The inbound parade of ¢locks was pussing the
earth all these seven years, One by one as they
went by they punched out their readings and the
readings of Paul's clock. The punch cards made
growing pile en the ground al Paul's feel. As
those seven years went by for Pete’s inkound
escort, the cards showed that Paul's clocks ran
off only 7/25 of this time; that is (7/23) of T years
or 1.96 youars,

sVt an oearth is the matier with my reason.
ing?" Peter asked aloud at this point. “Maw | find
myscll concluding thul Paul should have aped 1.96
vears on my outbound teip, wnd 1,90 wears an gy
inbound trip. or alogether 392 years. Yet |
Laow 1 aped [ourteen years, and T Amow he aped
more than 1 did, What have T overlooked?” S0
saving, he drew a specetime dutgram (Fig. 7Hh
and at least hod the answer Lo his diffieulty—the
Lime AB that he hod so far left oot of account.
This time, Peler suw, correets for the dilferenve
hetween the standirds of simutianeily of his out-
going and returning reference Inones. A sEpErale
caleulation, using the results of Txo 11, wives for
this time the value 46,08 years. This supplement
has to be added to Paul's aging as measured by
Peter's twa sets of reeording clocks, Peter's Final
caleulation for Paul's age (including his age of 21
years when the trip began) gave

21 4 196 - 4608 + 1.9 = T1 years

He could thankfully rejoice in his own compuri-
tive youth of 21 4+ 14 = 35 years (uneorrected
far the time required to learn spacetime physics!).
The present analysis doss not purparl Lo be the
simplest way to caleulate the aping of the twing,
For that one goes back to Paul's analysis, cul-
lined in Ex. 27, There one bas to consider only 2
single inertial reference frame, the Frame with its
arigin at Paul. The present analvsis illustrates
how gy correct method of analyiis leads to the
came result us any other copect method of
analysis,
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Fig. 71. Peter's bookkeuping on Paul’s aging process. Dur-
ing Peter's autbound journey (OT in diagram) his clock
Mashes @ new yoar seven fmes. Anogroay of synchronized
chacks ezeort him, Each makas s own seventh vear (lash
somewhere alung the “line of simulisneiy " AT and punches
aut 2 record. The Peter elock which punches out a record
a1 A sees Paul's clock reading enly 196 years (“slowing of
4 clock e viewed from o moving reference frame™). On the
retuen journey a ditferent sy of s nehronized elocks
sseonts Peter (“second inertial reference frame”) Each al
Linen fashes o seven yeur sign as it crosses the line of simul-
fneity BT, The one which travels ulungside Pewer mikes
seven muone Tlashes nlong the world fine T, the Lt of them
siwnaling fourtesn years of trive] Just as Peter rejoins Paul
at C. During the perind BC, while the elocks of Peter's
inbound reference frame indicate the passage of seven
yeurs, Poul has aged only another 194 yenrs (ogain the
“glowing of o clock as viewsd Trom a moving reference
frame™). But the bevkkeeping done so far by Teter's two
inertial referenve frames is incomplete, Meither ane of them
s the job ol countiog the time lapse AR Ttis 46,08 years
{feorrection for change in standard of simulineity™ be-
sween Peter's outgoing and incoming inertial reference
frarmes), Thus the slowing of Paul's clocks 8 ohserved by
Peters Lwo sets af recording glocks in no way keeps Peter
Fromm evding up younger thie Pl
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